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All associated Stirling numbers
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Abstract: Associated Stirling numbers of first and second kind are usually found in the literature in various forms of stairs depending on their order r. Yet, it is shown in this note that all of
these numbers can be arranged, through a linear transformation, in the same arithmetical triangle
structure as the ‘Pascal’s triangle’.
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Introduction

First, one provides the plane with an orthonormal reference mark and trigonometrical direction.
For positive integer r fixed, let Sr = {Sr (n, k)}n≥0,k≥0 be the set of the Stirling numbers of
second kind at order r, laid out as in the literature, in lines according to the value of n and in
columns according to k. It is pointed out that Sr (n, k) is the number of partitions of a set of n
elements in k subsets of size at least equal to r.
These numbers check the relation of recurrence:
n−1
Sr (n, k) = k.Sr (n − 1, k) + (r−1
)Sr (n − r, k − 1)

One gives initially the following definition:

27

Definition 1. One will say that an integer sequence t(i, j) has a structure of arithmetical triangle,
or more simply is an arithmetical triangle, if and only if all its terms t(i, j) are calculable starting
from initial data and of a relation of recurrence of the type:
t(i, j) = g(i, j)t(i − 1, j − 1) + h(i, j)t(i − 1, j)
where g et h are integer functions of discrete variables i, j.
Examples: The triangles of Pascal and Stirling numbers of both kinds are arithmetical.
We introduce, for any order r, two arithmetical triangles σr and πr such as one find, for r = 1,
the classical Stirling numbers of first and second kind. Their associates are obtained for the
orders r higher than 1 but we will arrange them on the plane in an original way, i.e. in the form
of arithmetical triangle.
Indeed, in the literature ( [1,4–8]), these numbers are almost always represented in the form of
lines, according to the value of an index n related to the combinatorial interpretation of the Stirling
numbers: one then obtains, with the higher orders, structures of numbers rather heterogeneous:
modular properties of the case r = 2 are studied by Howard [4].
There exists however an exception in the authors being interested in the enumeration of the
hierarchies H(n, k) of level k on a set with n elements or in the phylogenetic trees: one can find
that for example at L. Comtet (1970) [1] but also at P. Hilton et al. [2,3]. The latter introduce what
they name the factors of Stirling, which are precisely the associated Stirling numbers of second
kind with order 2 laid out in arithmetic triangle, but they are not recognized as such. Besides, this
familiar structure is not generalized at any order and for both kind of associated Stirling numbers.
It is what we will try to make in this study.
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Linear transformation of the associated Stirling numbers
of first kind

First, we focus on the associated Stirling numbers of first kind at order r > 1, noted dr (n, k) in
the literature: dr (n, k) is defined as the number of permutations of a set of n elements having
exactly k cycles, all length > r. These numbers check the relation of following recurrence [7]:
Relation 1.
dr (n, k) = (n − 1)dr (n − 1, k) + (n − 1)r−1 dr (n − r, k − 1)
where (n)k indicates the downward factorial, as well as the initial conditions:
∀n 6 kr − 1

dr (n, k) = 0

dr (n, 1) = (n − 1)!
Example for r = 3: [8]
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2
6
24
120
720
5040
40320
362880
3628800
39916800

40
420
3948
38304
396576
4419360
53048160

2240
50400
859320
13665960 246400

One sees in the general case that these tables are not arithmetical triangles but stair steps whose
size increases with r. To be an arithmetical triangle, it would be necessary at least that each line
contains a number of elements equal to its subscript. The following theorem then gathers in only
one structure, for any order, the various representations of the dr (n, k):
Theorem 1. For all r > 1, the {dr (n, k)}n≥1,k≥1 has a structure of arithmetical triangle: the
latter will be noted σr and its terms {Dr (m, k)}m≥1,k≥1 .
One understands thereby that it is possible, for all r, to lay out the dr (n, k) in triangular
structure in the plane, in such a way that they follow a standard law of recurrence in the same way
as in Definition 1.
Proof. Let r > 1 be fixed and let R be the application in the space of numerical sequences s with
two integer variables n and k defined by:
R : s(n, k) 7→ R(s(n, k)) = s(n + k − 1, k)
Or:
s(n, k) = R(s(n − (k − 1), k))
This application is linear. Indeed, for all real numbers a, b, all sequences u, v, and all natural
integers n and k:
[R(a.u + b.v)](n, k) = R[(a.u + b.v)(n, k)]
= (a.u + b.v)(n + k − 1, k) = a.u(n + k − 1, k) + b.v(n + k − 1, k)
= a.R(u(n, k)) + b.R(v(n, k)) = [a.R(u) + b.R(v)](n, k)
Hence:
R(a.u + b.v) = a.R(u) + b.R(v)
One already see that, for k = 1, the s(n, 1) are invariants of R given that:
s(n, 1) = R(s(n, 1))
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Let us take here s ≡ dr . By definition, the dr verify the previous relation 1 :
dr (n, k) = (n − 1)dr (n − 1, k) + (n − 1)r−1 dr (n − r, k − 1)
Using this expression as a function of the transformation R, we obtain:
R(dr (n − (k − 1), k)) = (n − 1)R(dr (n − 1 − (k − 1), k))
+(n − 1)r−1 R(dr (n − r − (k − 2), k − 1))
Let us prove now that, ∀i > 1, the application of Ri (i.e. i times the composition of R with
itself) to Relation 1 gives us the following:
Relation 2.
Ri (dr (n − i(k − 1), k)) = (n − 1)Ri (dr (n − 1 − i(k − 1), k))
+(n − 1)r−1 Ri (dr (n − r − i(k − 2), k − 1))
• The case i = 1 has just been proved.
• Let us suppose it true for one fixed i.
It is enough to express each term in Ri of Relation 2 as a function of Ri+1 , namely:
Ri (dr (n − i(k − 1), k)) = Ri+1 (dr (n − (i + 1)(k − 1), k))
Ri (dr (n − 1 − i(k − 1), k)) = Ri+1 (dr (n − 1 − (i + 1)(k − 1), k))
Ri (dr (n − r − i(k − 2), k − 1)) = Ri+1 (dr (n − r − (i + 1)(k − 2), k − 1))
This proves the heredity of our relation to the rank i + 1. Now, it is enough to set down
i = r − 1 in relation 1, which gives:
Rr−1 (dr (n − (r − 1)(k − 1), k)) = (n − 1)Rr−1 (dr (n − (r − 1)(k − 1) − 1, k))+
(n − 1)r−1 Rr−1 (dr (n − (r − 1)(k − 2) − r, k − 1))
hence:
Rr−1 (dr (n − (r − 1)(k − 1), k)) = (n − 1)Rr−1 (dr (n − (r − 1)(k − 1) − 1, k))+
(n − 1)r−1 Rr−1 (dr (n − (r − 1)(k − 1) − 1, k − 1))
After having set down m = n − (r − 1)(k − 1), this new relation becomes:
Rr−1 (dr )(m, k) = (m + (r − 1)(k − 1) − 1)Rr−1 (dr )(m − 1, k)+
(m + (r − 1)(k − 1) − 1)r−1 Rr−1 (dr )(m − 1, k − 1)
thus:
Dr (m, k) = (m + (r − 1)(k − 1) − 1)Dr (m − 1, k)+
(m + (r − 1)(k − 1) − 1)r−1 Dr (m − 1, k − 1)
with
Dr = Rr−1 (dr )
One finds well with the new sequence Dr (m, k) an arithmetical triangle-type relation like in
Definition 1.
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The application of Rr−1 to the associated Stirling numbers of first kind at order r thus gives
them a structure of arithmetical triangle. We now will see that there exists a geometrical manner
to interpret the action of R on these numbers in the plane.
Let s be an element of the space of the almost zero sequences with two natural integer variables n and k. One can represent s in a table T of abscissa n > 1 and ordinate k > 1, by
positioning each term s(n, k) in the box of coordinates (n, k).
Let n0 be fixed. Let us name Ln0 the line of abscissa n0 in table T : it thus contains all
{S(n0 , k)}k . R transforms this line into {S(n0 −k, k)}k : thus, any element of coordinates (n0 , k)
is found with the coordinates (n0 − k + 1, k), which corresponds geometrically to a plane rotation
of Ln0 of angle π4 around the box of indices (n0 , 1) : Ln0 changes thus in diagonal of a square
with side Ln0 .
In a more general way, let be a “line” Dn0 ,p0 of elements s(n, k) starting from s(n0 , 1) (invariant of R) and passing through s(p0 , 2) with p0 > 1. Geometrically, the subscripts of its elements
(n, k) check the following discrete equation:
(k − 1)(n0 − p0 ) + (n − n0 ) = 0

∀n, k > 1

Let us apply R to Dn0 ,p0 :
h

R (Dn0 ,p0 ) = R s(n, k)(n,k)∈Dn

i
0 ,p0

= s(n − (k − 1), k)(n,k)∈Dn

0 ,p0

Yet, the equation of Dn0 ,p0 can be also written:
(k − 1)(n0 − p0 ) + (n − n0 ) = (k − 1)(n0 − p0 ) + (n − (k − 1) − n0 ) + (k − 1)
= (k − 1)(n0 − (p0 − 1)) + (n − n0 ) = 0
Thus R transforms the line Dn0 ,p0 into the new line Dn0 ,p0 −1 of equation:
(k − 1)(n0 − (p0 − 1)) + (n − n0 ) = 0
passing through this time by the points: s(n0 , 1) and s(p0 − 1, 2).
The transformation R is equivalent to a plane “rotation” of Dn0 ,p0 of centre s(n0 , 1) and ”angle” (Dn0 ,p0 , Dn0 ,p0 −1 ). To be more rigorous, it is the real geometrical line confused with Dn0 ,p0
which undergoes a rotation: the “rotation” of the elements s(n0 , p0 ) of Dn0 ,p0 , as for it, is rather
their projection parallel to the axis of the n on Dn0 ,p0 .
Definition 2. The transformation R applied to the definite sequences will be known as geometrical rotation or simply rotation.
The traditional concepts of angle and centre of rotation could also be used. Moreover, one
will call centre of rotation associated with m the R-invariant term of the line associated to m.
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NB: One can already notice that the application of Rp to a “line” of zero slope gives a new slope
equal to p.
Finally, R may be naturally prolonged into an homeomorphism of the plane: we can then
consider it as an elastic transformation.
Let us apply now this result to the associated Stirling numbers of first kind with order r = 3,
namely d3 (n, k), in the form which one traditionally finds in the literature, noted Σ0 :
2
6
24
120
720
5040
40320
362880
3628800
39916800
···

40
420
3948
38304
396576
4419360
53048160
···

2240
50400
859320
13665960 246400
···
···

Hence:
2
6
24
120
···

40
420 2240
3948 50400 246400
···
···
···
···

One finds an application of Theorem 1, according to which Σ0 will become arithmetical at the
end of r − 1 = 2 iterations of R.
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Linear transformation of the associated Stirling numbers
of second kind

At order r, these numbers check the law of following recurrence [1]:
Relation 3.
sr (n, k) = ksr (n − 1, k) +

n−1
r−1



sr (n − r, k − 1)

We can see that the terms in sr in this relation are of the same form as the dr in Relation 1.
It is then possible to define r − 1 linear transformations of the same type as R and to extend
Theorem 1 to the numbers sr (n, k):
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Theorem 2. For all r > 1, the {sr (n, k)}n≥1 has a structure of arithmetical triangle.
k≥1

One will note πr this structure and {Sr (m, k)}m≥1 its terms.
k≥1

Proof. Like above one could show that:
Rr−1 (sr )(m, k) = k.Rr−1 (sr )(m − 1, k) +



m+(r−1)(k−1)−1
r−1



Rr−1 (sr )(m − 1, k − 1)

thus
Sr (m, k) = k.Sr (m − 1, k) +



m+(r−1)(k−1)−1
r−1



Sr (m − 1, k − 1)

with:
Sr = Rr−1 (sr )

Let us pose the following definitions:
Definition 3. One calls line associated with a natural integer n in πr or σr , the whole of the terms
corresponding to sr (n, k) or dr (n, k) for all k.
Definition 4. For all positive integer r and all integer h, one will call respectively Σhr and Πhr the
arithmetical structures obtained after h iterations of R applied to the arithmetical triangles σr and
πr .
Thus, for h = 0, the structures Σ0r and Π0r are σr and πr , respectively. Moreover, according
to Theorems 1 and 2, for h = −(r − 1) = 1 − r, Σ1−r
and Π1−r
are precisely the structures of
r
r
numbers dr (n, k) and Sr (n, k) laid out such as we find them in the literature.
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Conclusion

We propose to apply a geometrical transformation to the associated Stirling numbers of both
kind and any order: it makes them move from the “rough” and various state in which they are
traditionally found in literature to the unique “compact” structure of an arithmetical triangle. This
approach can lead to new striking combinatorial properties of associated Stirling numbers. This
will be the subject of a forthcoming work.
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