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Abstract: In this paper, we define the generalized Pell p-circulant sequence and the Pell p-
circulant sequence by using the circulant matrices which are obtained from the characteristic

polynomial of the generalized Pell (p,i)-sequence and then, we obtain miscellaneous
properties of these sequences. Also, we consider the cyclic groups which are generated by the
generating matrices and the auxiliary equations of the defined recurrence sequences and then,
we study the orders of these groups. Furthermore, we extend the Pell p-circulant sequence to
groups. Finally, we obtain the lengths of the periods of Pell p-circulant sequences in the
semidihedral group SD,, for m=>4 as applications of the results obtained.
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1 Introduction

Kilic [17] defined the generalized Pell ( p,i)-numbers as follows:
for any given p( p =1,2,3,...) n>p+land 0<i<p
P (n)=2P " (n-1)+P{ (n-p-1) (1.1)

p

with initial conditions P! (1)=---=P{(i)=0 and
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PU(Gi+1)=PY (i+2)=-=PY (p+1)=1.
It is clear that the characteristic polynomial of the generalized Pell ( p, i) -sequence is
f(x)=x""-2x"-1.

Davis [4] defined the circulant matrix C, = [Cij l} ) associated with the numbers ¢, C,, -+, C,_,

as follows:
I CO Cn—] C2 Cl ]
C1 CO C3 C2
C, = :
Cn—2 Cn—3 CO Cn—l
_Cnfl Cnfz C1 CO n

The (n—1)th degree polynomial P(X)=c,+CX+---+C,_ X" is called the associated
polynomial of the circulant matrix C, [cf.2,15,20,22,24].

Suppose that the (n +k ) th term of a sequence is defined recursively by a linear combination of
the preceding K terms:

a, . =6Ca,+Ca,,, +-+C_a,,, ,

where C,,C,,...,C,_, are real constants.

Kalman [16] derived a number of closed-form formulas for the generalized sequence by the
companion matrix method as follows:

010 0 0]
001 00
00O0--00
A=l. . Lo
00O0-- 01
_Co GGG,y Ck—l_

He also showed that

A? 1 — an+1

a._, a

n+k-1

These have been used by Gray in the development of the related theory Toeplitz matrices [13],
and by Shannon and Bernstein in an extension of a generalization of continued fractions to
arbitrary order recursive sequences [23].

In Section 2, we define the generalized Pell p-circulant sequence and the Pell p-circulant
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sequence such that these sequences are obtained from the circulant matrix C,,,  which s
defined by using the characteristic polynomial of the generalized Pell (p,i)-sequence. Then

we obtain their miscellaneous properties.

In [5,6,7,8,9,19], the authors obtained the cyclic groups and the semigroups via some special
matrices. In Section 3, we consider the multiplicative orders of the circulant matrix C,,,
and the Pell p-circulant matrix M, , working to modulo m and then, we obtain the cyclic

groups which are generated by reducing these matrices modulo m. Also in this section, we
study the defined recurrence sequences modulom . Then we derive the relationships between
the orders of the obtained cyclic groups and the periods of the defined sequences according to
modulo m.

The study of recurrence sequences in groups began with the earlier work of Wall [26] where
the ordinary Fibonacci sequences in cyclic groups were investigated. The concept extended to
some special linear recurrence sequences by several authors; see for example,
[1,3,5,7,9,10,11,18,19,21,25]. In Section 4, we define the Pell p-circulant sequence by means
of the elements of the groups which have two or more generators, and then we examine this
sequence in finite groups. Furthermore, we examine the behaviours of the lengths of the
periods of the Pell p-circulant sequences in the semidihedral group SD,, for m>4.

2 The Generalized Pell p-Circulant and The Pell p-Circulant
Sequences

We can write the following circulant matrix for the polynomial f (x) is as follows:
1t (i=]).

1 if(i=j+1)and (i=p+2,j=1),
-2 if(i=j+2),(i=p+1,j=1)and (i=p+2,j=2),

0 otherwise.

CP+2 - [Cii :I(P+2)(P+2) B

For example, the matrix C, is as follows:

-1 1 =2 0

0 -1 1 -2
C,=

2 0 -1 1

1 2 0 -l

Define the generalized Pell p-circulant sequence by using the matrices C,,, as shown:
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22X+ Xo ot = Xppas n=1mod(p+2),

Xy =9 =2Xop +Xo_p = X po n=pmod(p+2), forn>p+2, (2.1)
X0 pt = Xn_p2 =2X 550> N=p+1lmod(p+2),
~Xoopor = 2%y F X g s n=0mod(p+2)
where X, =X, =---=X,,, =0 andX,,, =1.
For n>0, by an inductive argument, we may write
_Xn(p+2)+p+2 Xi(ps2yepst  Kn(pe2)ep Xips2yz  Kn(pe2)at |
Xips2)r  Kn(pe2pepez  Xn(pe2)rpsl Xips2pe3s  Rn(pe2)s2
( c.. )n K Ky Ky Xo(p+2)+3 (2.2)
Xapr2)rp  Kn(pe2)ip1  Xn(pr2)sp—2 Xi(ps2)iprz  Kn(pe2)rpa
| Xagprappat Kagprapep Xn(pr2)rpor Knpeayt Xn(pr2yrps2 |
It is easy to see that (Cp+2 )n 1s a circulant matrix of order p+2.
We next define the Pell p-circulant sequence as
Qnipia = Ay — 28, —Q, for n>0 (2.3)
where , =a,=---=a,,,=0,a,,=1and p=2.

We then obtain that the generating function of the Pell p-circulant sequence {an} is as follows:

g(x)

By (2.3), we can write the following companion matrix:

Xp+1

XP2 42X —X+1

[1-2 0...0 -1
1 0 0..0 0
01 0..0 0
MP+2:|:mij:|p+2><p+2: 0 0 1 oo 0 0
0 00 ...10]

The matrix M, is said to be the Pell p-circulant matrix. It is clear that

a a

n+p+2 n+p+1
an+ p+l | M an+ p
. - p+2 .
a‘n+1 a‘n

For n> p+1, by an inductive argument, we may write
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_an+ p+2 2an+ p+l a,, —& —8,3 —a, p+1 |
a,, p+l1 - 2an+p —a, —a,, —a,, - an+p
(M) =| : : : P (2.4)
n+2 - 2an+1 —a, p+l a,_ p+2 a,_ p+3 —a,,
A, —2a,-a,, —a, ., —& ,n -, |

Note thatdetM ,, = (—1)p . It is well-known that the Simson identity for a recursive sequence

can be obtained from the determinant of its generating matrix.

Lemma 2.1. The characteristic equation of the Pell p-circulant sequence

2 1 .
XP=xP"+2x" +1=0 does not have multiple roots.

Proof. Let
h(z)=z"?-z""+2z" +1
and let 4 be a multiple root of h(z). Then h()=0 and h'(x)=0. We first note that 0 is not

aroot of h(z). So, we obtain

h(y):(p+2”ﬂﬂ_(p+0yp+2pﬂwh=ym%(p+2ﬁf—(p+0y+2p):0‘

Thus
_(p+1)xy-7p’-14p+1
#ha = 2p+4

and hence,

(i) = (p+1)+4-7p> —14p+1 i (p+1)+4/-7p*—14p+1 ~ (p+1)+4/-7p*-14p+1 o ley

1 2p+4 2p+4 2p+4
and
(p+1)—+/-7p*> -14p+1 i (p+1)—+-7p* -14p+1 ’ (p+1)—+/-7p° -14p+1
h(:uz): 2p+4 2pid - Tp+a +2=-1

Since p>2, by induction on p, it is see that h(z)#—1 and h(g,)=—-1, which are

contradictions. Thus, the equation h ( ,u) =0 does not have multiple roots. m

Let h(g) be the characteristic polynomial of the Pell p-circulant matrix M. If

£1,Ey,--, &, are eingenvalues of the matrix M then by Lemma 2.1, it is known that

p+2°

E1,Ey,--05Ep,, are distinct. Let V be a ( p+ 2) ><( p+ 2) Vandermonde matrix:
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[ . p+l p+1 p+1 ]
& & Epi2
p p p
& & )
V= : : :
& & Epia
1 1 1
Suppose that
n+p+2—i
&
n+p+2—i
Wi _ 2
n+p+2-i
8p+2

and V" isa ( p+ 2)><( p+ 2) matrix obtained from V by replacing the jth column of V by

W'. We can now establish the Binet formula for the Pell p-circulant sequence with the
following Theorem.

Theorem 2.1. Let @, be the nth term of the Pell p-circulant sequence. Then

o) _ det (V (i’j))

L a— (V)

(,..)' <[]

Proof. Since the eigenvalues of the matrix M, are distinct, the matrix M, is

where

diagonalizable. Let D = diag(el, EyyeerE ), then it is easy to see that M .V =VD . Since

> “p+2

the matrix V is invertible, (V )71 M.,V = D. Hence, the matrix M, is similar to D. So we

p+2

get (M 042 )n V =VD" for n>1. Then we write the following linear system of equations for:

n+p+2—i

me +mleP +.4ml = ¢

il i2 ip+2
(n) Lp+l (M .p (n) _ e
my e, +Mye; +---+My, =&,

mi(]n)g';)):; + mfg)g§+2 +eet mi(;;]zz = 5;1224
So, we obtain
det(V (i’j))
m'=—2"  fori,j=12...,p+2. =
det (V)
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3 The Cyclic Groups via the matrices C.,, and M, ,

For given a matrix A=[a; | with m;’s integers, A(mod m) means that cach element of A is
reduced modulo m, that is, A(mod m)=(a;(mod m)). Let us consider the set
(A), ={A" (mod m)i>0} . If ged(m, det A)=1, then the set (A) is a cyclic group. Let the
notation ‘<A>m‘ denotes the order of the set <A>m. Since detM , = (—1)p , it 1s clear that the

set <MP+2>m is acyclic group for every positive integer m. Similarly, the set <CP+2>m is a

cyclic group if gcd(m,Cp+2):1. We next consider the cyclic groups generated by these

matrices C,,, and M, .

Theorem 3.1. Let f be a prime and let <G> be any of the cyclic groups <Cp+2 >ﬂn and

ﬂn

<M p+2 >,;n such that ne N . If u is the largest positive integer such that‘<G> ﬂ‘ = ‘<G> e then
‘<G>ﬁv =B <G>ﬁ‘ for every v>u. In particular, if‘<G>ﬁ‘ # ‘<G>ﬁ2 , then
‘<G>ﬁ‘ o <G>ﬁ‘ for every v>2.

Proof. Let us consider the cyclic group <M p+2> and let ‘(M P+2>

g | be denoted by h(ﬂ”). If
(Mo, )h(ﬁaﬂ) = (mod :Ba+l)’ then (M,,, )h(ﬂaﬂ) = | (mod ﬂa) where @ is a positive integer

and | isa (p+2)x(p+2) identity matrix. Thus we find that h(,b’a) divides h(ﬂa“). Also,

writing (M ps2 )h(ﬂ ) =1+ (mij(a) . ﬂa) we get from the binomial expansion that

(Mpﬂ)h(ﬂa)ﬁ =(| +(mij(a) ,ﬂa))ﬂ :izi“('?j<mij(a) ,ﬂa)i = (mod ﬂa+l)

which yields that h(g*"') divides h(8%)- 8. Thus, h(B*")=h(B*) or h(B*")=h(p")- 5.
It is clear then that h ( ﬂa“) =h ( p° ) - f holds if and only if there exists an integer mij(a) which
is not divisible by £. Since U is the largest positive integer such that h( p ) =h ( i ) , we have
h( ik ) # h( £ ) . Then, there exists an integer mij(””) which is not divisible by . So we get
that h ( £ ) #h ( ,B“*z) . To complete the proof we may use an inductive method on U .

There is a similar proof for the cyclic group <Cp+2 >ﬂ . o
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Theorem 3.2. Let <G>m be any of the cyclic groups <CP+2>m and <M 042 >m and let

=11

t
i=l1

AR (t > 1) where [, ’s are distinct primes. Then

(@),]=1em[(G),¢ (@) (G |

Proof. Let us consider the cyclic group <CP+2>m. Suppose that ‘<C> e

=¢; for 1<i<t and let

‘<Cp+2 >m‘ = . Then by (2.2), we obtain

RN Omod S for1<j<p+l,
aozi(p+2)+ p+2 =1mod /Biei
and
8, (pr2)-j =0modm for 1< j<p+],
A, (pr2yepr2 = 1 mod m.
This implies that a,, ., =K-8, ., ; for 1< j<p+2and keN thatis, (Cp,,)" isof the

form k-(Cp,, )ai for all values of i. Thus it is verified that

(s | =tem [ (Cpa) s (Coua) oo (o) | |

There is similar proof for the set <M pi2 >m . m
It is well-known that a sequence is periodic if, after a certain point, it consists only of
repetitions of a fixed subsequence. The number of elements in the repeating subsequence is the
period of the sequence. A sequence is simply periodic with period K if the first k elements in

the sequence form a repeating subsequence.

Reducing the generalized Pell p-circulant sequence and the Pell p-circulant sequence of the by
amodulus M we can get the repeating sequences, respectively denoted by

{xn(m)} :{xl(m), X, (M), X, (m),..., X, (m)}

and
{a,(m)} :{a1 (m),a,(m),a,(m).....a, (m)}

where X, (m)=x;(modm), a,(m)=a;(modm). They have the same recurrence relation as

in the definitions of the generalized Pell p-circulant sequence and the Pell p-circulant sequence,
respectively.

Theorem 3.3. The sequence {an(m)} is simply periodic for every positive integer m.

Similarly, the sequence {Xn (m)} is a simply periodic sequence if gcd(det C m) =1.

p+2°
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Proof. Let us consider the Pell p-circulant sequence {an(m)}. Let

Q={(6, %00

of elements of Z_, at least one of the p+2-tuples appears twice in the sequence {an (m)} .

0<g,<m —1} , then |Q| =m"*?. Since there are m"** distinct p + 2 -tuples

Thus, the subsequence following this p + 2 -tuple repeats; that is the sequence is periodic. So if
a, (m=a,(m), a,(m=a,(m),., a,,(m=a,,,(m) and i>j, then
i= jmod p+2.From the definition, we can easily derive that

a(m)=a;(m), a_(m)=a,,(m), ..., 3, (m)= I (m)=a, (m).
Thus we get that the sequence is a simply periodic.

There is a similar proof for the sequence {Xn (m)} ) mi

We denote the lengths of the periods of the sequences {Xn(m)} and {an(m)} by pr(m),

Ip(m), respectively. Then, we have the following useful results from (2.2) and (2.4),

a

respectively.

Corollary 3.1. Let B bea prime. Then
i. Ifged(detC,.,, 8) =1, then 1 (B) =(p+2)(C..), |-

i 12(8)=|(M,.), |
Let £ be a prime and let

A(B*)= {x“ (mod B*):neZ, x"? =x"" —2x° —1}
such that k € N . Then, it is clear that the set A( ,Bk) is a cyclic group.

Now we can give a relationship between the characteristic equation of the Pell p-circulant
sequence and the period 17 (m) by the following Corollary.

Corollary 3.2. Let # be a prime and let k € N . Then, the cyclic group A( ﬂk) 1s 1somorphic

to the cyclic group <M pe2 >ﬂk . o

4 The Pell p-Circulant Sequence in Groups

Let G be a finite j-generator group and let X be the subset of GxGxGx---xG such that
j

(XI,XZ,...,XJ-)E X if and only if G is generated by X;» X550, Xj. We call (Xl,xz,...,xj) a

generating j-tuple for G .
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Definition 4.1. Let G =<X> be a finitely generated group such that X = {Xl, Xyyeens X j} . Then

we define the Pell p-circulant sequence in the group G as follows:

Ch )72 (. 1-1) if ntj<p+2,

T (@) (aers) () if ntj > p+2

for n>1, with initial conditions

a, =X for 1<k<]j.

For a j-tuple (Xl,xz,...,xj)e X, the Pell p-circulant sequence in a group G is denoted by

]

PCl . ().

(% X0
Theorem 4.1. A Pell p-circulant sequence in a finite group is simply periodic.

Proof. Suppose that n is the order of G . Since there n°* distinct p+ 2 -tuples of elements of

G, at least one of the p+2-tuples appears twice in the sequence PC(Z )(G). Thus,

X oo X
consider the subsequence following this p+ 2 -tuple. Because of the repeating, the sequence is

periodic. Since the sequence PC(‘; L )(G) is periodic, there exist natural numbers U and v,
K]

with U >V, such that

au+1 :a‘v+l7 au+2 =av+2’ cte au+p+2 =a\/+p+2 .

By the definition of the sequence PC(‘;’X2 ) (G), we know that
(3. )2 (a.;) if nH < p+2,
" (a‘n+j—2)2 (an+j—p—2)(an+j) if Il+j > p+2 |

Therefore, we obtian @, = 4a,, and hence,

a1J—v+1 = a'19 au—v+2 = a2" . "a'u—v+p+2 = ap+2 b

which implies that the sequence is a simply periodic sequence. O

Let LPC )(G) denote the length of the period of the sequence PC(‘; _ (G). From

P
(xl,xz,...,x i

i

the definition of the sequence PC(Z )(G) it is clear that the period of this sequence in a

Xy peensX]

finite group depends on the chosen generating set and the order in which the assignments of

X, X,,...,X; are made.
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We shall now address the lengths of the periods the Pell p-circulant sequences in the

semidihedral group SD,, . A group SD,, is semidihedral group of order 2™ if

SD,, = <a,b

a’ =b>*=eblab=a"?" >
for every m>4. Note that the orders a and b are 2" and 2, respectively [cf. 12,14].

Theorem 4.2. The lengths of the periods the Pell p-circulant sequences in the semidihedral

group SD, are as follows:
i. LPC?(SD,,;a,b)=2""12(2) for p=2,
ii. LPC”(SD,,;a,b)=2""2-1?(2) for p>3.

Proof. i. We prove this by direct calculation. Note that |a| =2,

b| =2 and |} (2)=15. Then,

the group SD , is defined by the presentation

<a,b

m-1 m-2
a> =b’=eb'ab=a""’ > .

It is clear that ab =ba™**" . The sequence PC> (SD :a, b) is

2m7

a.b,a’b,ab,ab,a” ) pat, a ) pa ),

(2m*2+12) (2m2+7) (2"‘*‘ ~4)

a’'b,a ,a’,ba , a ,€.

Using the above, the sequence becomes:
X =a,X =hx,=a’b,x,=a"h,...,
x,=a’,x%,=a'b,x,=a"b,x,=a"h,,...,

1+4i

=a"™ x . =a"b, x

-2
s Xisisa ab,....

-2
X15i+1 15143 a b’ X15i+4 -

So we need the smallest integer i such that 4i=2""-k, for k € N. It is easy to see that the
length of the period of the sequence is 2" -15. O
ii. For p >3, the sequence PC’ (SD2m ;a, b) has the following form:

From above, the sequence becomes:

-2 -2 )
X =a,X=b,x,=a"b,x,=a"b,...,x,,,=a"b,...,

s Xpio
1+(2™1—4) —2+(2™1-4) -4,
o=a T b, =a T
219 (2)-j+1 219 (2)- j+2 219(2)-j+3
—2+(2™"-4)j-4, —2+(2™1-4)j-2
X = ( ) b,...,x _ = ( ) b, ...,
210(2) j+4 212(2)-j+p+2
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where 4,4,,...,4, € N. So we need the smallest integer j such that (2”"1 —4) j=2""k,.

Thus, we get that LPCP (SDzm;a, b):Zm’2 12(2). O

This completes the outline of the algebraic properties of the generalized Pell p-circulant
sequences which we sought to develop.
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