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Study of some equivalence classes of primes
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Abstract: In this paper, we introduce an equivalence relation ~ on P for studying some spe-
cific classes of prime numbers. This relation and the famous prime number theorem allows us
to estimate the number of prime numbers of each equivalence class, the number of the different
equivalence classes and to show some other results.
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1 Introduction

Let IP be the set of prime numbers, and for all x € R, let m(x) be the prime-counting function.
The prime number theorem which was proved independently by de la Vallée Poussin [1], and
Hadamard [2] in 1896, states that:

m(x) ~ ﬁ, as r — +00. (1)

We can give an equivalent statement for this theorem as, for example, let p,, denote the n-th
prime number. Then
7 '(n) =p, ~nlnnasn — +oo. (2)

We define the following functions:

n times n times
7\ 7\

1 (z) :}ofo...of(xi and f"(y) :}_1 of_lo...of_l(y),
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with f(x) = x and o is the composition operator.

The aim of this paper is to construct an equivalence relation ~ on the set of primes, using the
restriction of the prime-counting function 7 to [P, for studying some classes of primes. The fol-
lowing results illustrate asymptotic distribution of a number of functions that we have proposed.

2 Main results

We start with the following obvious lemma:

Lemma 2.1. Let 7 be a restriction of w to P. Then, 7™ : P — N is a bijection and its inverse is
71N> P

Remark. Throughout this paper, we simply use the notation 7 to designate the restriction of 7 to
the set IP instead of using 7.

The proof of the following theorem is obvious.
Theorem 2.1.

1. We define the relation ~ on the set of prime numbers P defined by: if p and q are two prime
numbers, p ~ q if and only if there exists n € Z such that p = 7"(q). Then, ~ is an
equivalence relation. The elements of the equivalence class p are defined by:

p=A...7®).7p).p,7 (p),7(p),- .}

2. The smallest element py of p is the prime number which verify m(po) is not prime and it is
called origin of the class p.

Example 1.

e 31 = {2,3,5,11,31,127,709, 5381, 52711, . ..} with origin the number 2 since 7(2) = 1
is not a prime.

o 7=1{7,17,59,277,1787, ...} with origin the number 7 since 7(7) = 4 is not a prime.
Notation. We denote by Py(z) the set of all origins py < x defined by:
Po(x) =12,7,13,19,23,29,37,43,47, .. .}.
And we denote simply by P, the set of all origins py.
Theorem 2.2. Let A be a finite set of increasing sequence of consecutive primes defined by:
A={p;,1 <i<nandp, =5}
Then, there exists at least one class p C A, p € A, such that p = {p}.
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Before giving the proof of this result, we give an illustrative example.
Example 2. Let A be a set which defined by
A=1{5711,13,17}.
e The class of the integer 5 is 5 = {5, 11} and its cardinality is greater than 1.

e We notice that 7 ¢ 5, therefore the integer 7 constitutes the origin of a new class which
is 7 = {7,17} and its cardinality is greater than 1. It only remains to see that the prime
number 13 does not belong to the classes 2 and 7. Thus the prime number 13 constitutes
the origin of a new class 13 and clearly its cardinality is 1.

Proof of theorem 2.2. Assuming that each class p;,1 < ¢ < n, containing at least two ele-
ments, and supposing that 7(p,,) is prime. According to the prime number theorem, the interval
[7(pn), pn] contains 7(p, ) — 7%(p,) = k prime numbers. This leads to the two following cases:

e If k = 1, i.e., there exists only one prime number in |7 (p,), p,], namely ¢. Therefore, we
obtain 77'(q) ¢ A and 7(q) is not a prime number since 7(q) and 7(p,,) are consecutive.
Then ¢ contains only one element in A which is the prime number q.

e If £ > 1, i.e., there exist at least two prime numbers in [7(p,), p,], namely q¢i, ..., gx.
We suppose that ¢;,t € {1,...,k}, is a prime number. Then ¢;; is not prime and since
7 (q1) € A, then, the unique element of ¢, 1 iS Gy11.

Finally, in both cases, there exist at least one class p,p € A, such that p is a unique element of
this class in A, i.e., p = {p}. The proof now is completed. O

We have the following definition.

Definition 1. Let A be the set defined as in the Theorem 2.2 and p is a prime number belonging
to A. We say that p is an outside class of A, if 7(p) is not prime in A and 77 (p) ¢ Aie., |p| =
1in A. In the case where |p| > 2, we say that p is an inside class of A.

Lemma 2.2. 1. Let (x,) be a sequence defined by the recursive relation:

Tn

Tnt1 = P(Tn) = 2,

o > e ~ 2.7182818.

Then . .
plwg) = e [[Imp(z;) = e [[Inp™ (o), 3)
=0 i=0
Proof. 1. We set Inlnx = In, x and we have

Ty = P(Io) = o — Inz; =lnzg — Iny g
In zq

Ty = p(71) = o — lnxy=Inzr; —Iny g
In T

T
Tpa1 = p(xy,) = — Inz,.1 =Inz, —Inyz,.

Inz,
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And combining all these, we obtain
Inz, =Inp(x,) =Inxy — Zlng X,

which is equivalent to

n—1
. T . Zo
1 =1 = 1 1 i = li 1 1 i
i = i it =t T = i o [T ot
Consequently,

xo o0 o0
— = Inz, =Inz In p(z;), 4
. g og p(z;) 4)

and since

lim =z, =e.
n—>-+o00

The formula (4) is obviously equivalent to

p(ro) =e H Inp(x

which is the desired result.
O]

Lemma 2.3. Let © > 0. We define the number of prime numbers belonging to the class p, less

than or equal to x as follows

7T-zter*rpO Z 1= Z 1,ZGN.

po<p<z po<p<z
PEPO p=n"(po)

Then, myer(x,po) is approximately equal to the number of iterations n of the sequence x,.1 =

p(x,,) with xy = x and the value of n verify x,, > py and x,+1 < po, as r — +00.

Proof. From the prime number theorem, we have

m(x) ~ plx) =

x
In(z)’
Next, we can choose an integer n such that 7" (x) = p, with 7(py) not a prime number, it follows
that

r— o0 =7"(x) ~p"(x),r = 0.

po ~ p"(x),r = 0.

And,
”(%PO
Titer (T, Po) Zl— Z 1~ Z 1 =n(z,po) as x — o0,
Po<psT Po<p<z po<p<z =1
PEPO p=n""(po) p~p~! (po)
such that n(x, py) is the number of iterations n which depends obviously on z and py. [
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Theorem 2.3. Let x > 0. We define the function n(x, py) as follows:

n(z,po) = Y Inlnp.

po<p<w,
PEPQ

Then, we have
n(z,po) ~Inz + o(lnx).

Proof. In view of the proof of Lemma 2.3, we have,

po = 7" (x) ~ p"(x) implies that, In Hlnw(zi) ~ Inz Hlnp(xi) ~ 20 i,
, ; Po  Po
1=0 1=0

which is equivalent to

lnlnxo—i—Zlnlnﬂ(xi) = 1n1nx+Zlnln7r(a:i) = Z Inlnp ~ Inx — In py.

=0 =0 po<p<w,
PEPQ

Finally, for all fixed py and z — oo, we have —Inpg/Ilnz — 0, then

Z Inlnp ~Inz + o(Inz).

Po<p<w,
PEPQ

ie., n(z,po) ~Inz+o(lnzx).
Theorem 2.4. We have,

1.
77(37» pO)
Inlnz

71-1'7567‘(1'7190) ~ , T —» OQ.

Inz Inz
7Titer(xJQO) ~ WiteT(x) ~ Inlnz +o0 Inlnz , L — OQ.

Proof. 1. For the proof of the first formula, we have, on the one hand

n(x,po) = Z Inlnp <Ilnlnz Z 1 = Titer(z,po) InIn .

Po<p=z, po<p<z,
PEPY PEPQ
Then we obtain
77(557 pO)

. > .
7ther($apO) = 1H1Hf13

On the other hand, for all z > e, 2% > po with 0 < § < 1, we have

n(x,po) > Inln2° Z 1

0 <p<az,
PEPY

= (Ind+Inlnz) Z 1

wd<p<a,
PEPQ

(ln 1) + Inln .Z’) (Witer(xapO) - 7Titer(aj(sapO))
> (Ind + Inln x) (mie-(x, po) — (In x)‘s).
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Then

77(1’7 pO)
iter Y < 1 o 1< 11 -
Titer (T,p0) < (In )" + Ind+Inlnz
Now, according to Lemma 2.3, (Inz)? = o, (7, po)), and then for z sufficiently large

(depending on 6), (Inx)° < (1 — §)7ser(, po), and thus

n(z, po)
~0(Ind+Inlnz)

Titer (ZE pO)

Now, for all € > 0, we can choose § more near to 1, for this §, so that 1/§ = 1 + ¢, and for
x sufficiently large, we have

77(% pO)
iter ) 1 P E—
Titer (T, p0) < (1 4 €) Inlnz
2. According to Theorem 2.3, we have
n(r,po)  n(x,po) Inx Inx
iter \ 4y ~ ~ ~ ™~ Titer T — :
Titer (&: Po) Inlnx Inlnx Inlnx Inlnx Titer (%), = 00
O]
Definition 2. 1. Let = be a positive real number. We denote by 7.(z) the number of different

classes p such that 2 < p < x. Precisely,

:ZLpOEPO.

po<z

2. We denote by 6y(z) the function defined by

Example 3. In the interval [2, 11], the value 2 represents the origin of the class 2 but the values
3,5, 11 do not, since they belong to the same class 2. The value 7 represent the origin of the class
7. Thus in this case, we have 7.(z) = 2.

We have the following result:
Theorem 2.5. 1. We have,

lim 7.(z) = +o0.
T—>00

2. Letpy € [2,z]. Then

ro(2) = m(z) — 7(x(2)) = 7(x) — 7(x). 5)

Proof. 1. Suppose that the number of different classes is finite as x — co. We know that

=1
;E—oo. (6)
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Next, let p¥ € py, where k is finite by hypothesis. We obtain

> ZZk

i—o Pi

k<oo i= 0
Therefore, we have Z;io # < 00, and since the second sum has a finite number of terms,
i
we deduce
o0
1
2.0 <o
k<oo 1=0 DPi

which contradicts formula (6).

. To find the value of 7.(z) means that we estimate the number of origins py. Clearly, the
prime number py is an origin that means 7(py) is not a prime number. Then, let p, be
between 2 and x, and let py, € P, be the greatest prime number in [2, z], therefore 7(py )
is not a prime number and for all integer [ > 1, 7 '(7(po.) + 1) > po. So, we only have
to search the numbers which are not primes and less than 7(py ;). Thus, we have

e The number of the even numbers less than or equal to p, ,, equal to (p mpos)

e the number of the odd numbers less than or equal to p, . equal to M — m(m(poz))
such that (7 (po,)) is the number of the prime numbers less than or equal to 7(po ).

Next, we add the two quantities, we obtain, since py, < z, the quantity 7.(z) which is
equal to

7e(x) = w(x) — 7(n(x)).

]
We easily obtain the following consequence.
Corollary 2.1. Let p be a prime and suppose that py = ©"(p) be an origin. Then
n—2
po=7(p) =Y _ 7 (7' (p))
=0
Proof. We have
me(x) = w(z) — (7 (x)
me(n(2)) = n(r(x)) — m(7*(x))
ro(1" (@) = 7(x"\(z)) - 7(x" ().
Now, we add these equations together, we obtain the desired result. ]
For all initial value yy > e, we define the following sequence:
Yn+1 = Yn In Yn - (7)

This sequence is stationary for yy = e and increasing divergent to infinite for y, > e and as

n — oo. It is clear that, inductively, y,, > yo(lnyo X Inyy X ... x Inyy) = yo(Inyy)", then we

have the following consequence:
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Lemma 2.4. We have,

ro(z) < xln21nx n > po<z PO _ :Bln21n:v N 90(93)7
In“x Inz In“ z Inz

where pg represents the origin of the classes p.

Proof. Since for all p = p,,,n > 0, we have p > pgIn" pg, then

Inz —Inp
Zlnlnp> Y hlupp= Y Inlnp= ZlnlnpoL lnlnpOOJ

~ E (Inz —Inpy) = (Inz)m.(x E In pg
po<zw po<z

According to the following formula

Zf Z lnn J;I(lt) @)

2

p<x
we have
rinlnz
Z Inlnp = ,
Inx
p<lzx
therefore, the inequality is obtained directly by substitution. ]
Proposition 2.1. We have,
! 1 Inl 1
nlnzx
1— — <4 < 11— 9
:1:'( Inz —Inlnz Inz > - O(x)_:c( lnx—lnlnx) ©)
2.

Oo(z) ~ zasx — 0.

Proof. 1. We have

rinlnx < In po rinlnx
()= (n(a)) < ST 2pa PO S gy > (r(e) —m(n(2))) I a— L

In? Inx Inx
po<z
Moreover, since
Zlnp0<lnx21—7rc )Inz.
p0<$ p()<.1’
And recalling that
(2) ~ =
T ~—
Inzx
we obtain
Zln r T 1nm—xlnlnx—x 1 1 _lnlnx
o po = lnx " Inz(lnz —Inlnx) Inz Inz—Inlnz Inz )’
0ST

The second inequality is obtained in the same way,

Zln <lnz|— - - =z 1—;
Po= Inz Inz(lnz—Inlnz)) Inz —Inlnz )

po<z

2. Itis enough to tend x to o0 in the inequality (9).
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3 Future work
1. Our future work is to generalize this equivalence relation by introducing a new function
pom:P— N,

with ¢ a bijection defined in N to N.

2. Study of the following hypothesis: let p € P. Suppose that the 2-tuple (p, p+ h) are primes
infinitely often for all h € 2N. Then, there exists at least an integer h among these integers
h verify the following equation: 7(p + h) — 7(p) = c infinitely often, such that 7(p + h)
and 7(p) are primes and ¢ < h fixed.
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