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Abstract: In this short note, we discuss the integer part for the inverse of

1−
∞∏
k=n

(
1− 1

Tk

)
,

where Tn are the Tribonacci numbers. We also consider a similar formula for the Tribonacci
numbers with indices in arithmetic progression and give an open problem of the Diophantine
equation about the Tribonacci numbers.
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1 Introduction

The sequences of Fibonacci numbers {Fn}∞n=0 ([3, A000045]) and Tribonacci numbers {Tn}∞n=0

([3, A000073]) are defined, respectively, by

Fn+1 = Fn + Fn−1, F0 = 0, F1 = 1

Tn+2 = Tn+1 + Tn + Tn−1, T0 = 0, T1 = T2 = 1.

Ohtsuka [2] gave the solution of his problem as(1− ∞∏
k=n

(
1− 1

Fk

))−1 = Fn−2 (n ≥ 3),
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where b·c is the floor function.
Naturally, a question arises: is there a similar formula for the Tribonacci numbers? In this

note, we shall provide such formula.

2 Results

We first provide two lemmas which will be used in the proof of main result.

Lemma 1. Let n be a positive integer. Then

(i) T 2
n − Tn−1Tn+1 = T−(n+1)

(ii) Tn > T−(n+3) (n ≥ 3).

See the proof of Lemma 1 in [1].

Lemma 2. Let n ≥ 3 be a positive integer. Then

Tn − Tn−1 − 1

Tn+1 − Tn − 1
· Tn+1 − Tn

Tn − Tn−1
≤ Tn − 1

Tn

<
Tn − Tn−1

Tn+1 − Tn

· Tn+1 − Tn + 1

Tn − Tn−1 + 1
. (1)

Proof. The left inequality (1) is equivalent to

Tn(Tn − Tn−1 − 1)(Tn+1 − Tn) ≤ (Tn − 1)(Tn − Tn−1)(Tn+1 − Tn − 1),

or
Tn+1Tn−1 − T 2

n + Tn − Tn−1 ≥ 0.

Using the identities in Lemma 1, it is clear that the above inequality is correct for n ≥ 3. In a
similar way, we can rewrite the right inequality (1) as

T 2
n − Tn+1Tn−1 + Tn+1 − Tn > 0,

which is true. Hence, the inequality (1) is proved.

Now we are ready to state and prove the main result.

Theorem 1. Let n ≥ 3 be a positive integer. Then(1− ∞∏
k=n

(
1− 1

Tk

))−1 = Tn − Tn−1.

Proof. By the left inequality (1) for n ≥ 3, we have

Tn − Tn−1 − 1

Tn − Tn−1
≤ Tn − 1

Tn

· Tn+1 − Tn − 1

Tn+1 − Tn

.
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By applying the above inequality repeatedly, we obtain

Tn − Tn−1 − 1

Tn − Tn−1
≤ Tn − 1

Tn

· Tn+1 − 1

Tn+1

· Tn+2 − Tn+1 − 1

Tn+2 − Tn+1

≤ Tn − 1

Tn

· Tn+1 − 1

Tn+1

· Tn+2 − 1

Tn+2

· Tn+3 − Tn+2 − 1

Tn+3 − Tn+2

...

≤
∞∏
k=n

(
1− 1

Tk

)
.

Similarly, using the right inequality (1), we have

Tn − Tn−1

Tn − Tn−1 + 1
>

Tn − 1

Tn

· Tn+1 − Tn

Tn+1 − Tn + 1
.

Repeating the above inequality, we obtain

Tn − Tn−1

Tn − Tn−1 + 1
>
∞∏
k=n

(
1− 1

Tk

)
.

Therefore,
Tn − Tn−1 − 1

Tn − Tn−1
≤
∞∏
k=n

(
1− 1

Tk

)
<

Tn − Tn−1

Tn − Tn−1 + 1
,

or

Tn − Tn−1 ≤

(
1−

∞∏
k=n

(
1− 1

Tk

))−1
< Tn − Tn−1 + 1.

Hence, (1− ∞∏
k=n

(
1− 1

Tk

))−1 = Tn − Tn−1 (n ≥ 3).

We can generalize the identity (i) of Lemma 1. It is easy to see that

Tn−2Tn+2 − T 2
n = T−(n+2) − T−n

Tn−3Tn+3 − T 2
n = −T−(n+5)

Tn−4Tn+4 − T 2
n = −4T−(n+5).

The following analogous results are similarly obtained as that of Theorem 1.

Corollary 1. Let n ≥ 2 be a positive integer. Then

(i)

(1− ∞∏
k=n

(
1− 1

T2k

))−1 = T2n − T2n−2

(ii)

(1− ∞∏
k=n

(
1− 1

T2k−1

))−1 = T2n−1 − T2n−3
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(iii)

(1− ∞∏
k=n

(
1− 1

T3k

))−1 = T3n − T3n−3

(iv)

(1− ∞∏
k=n

(
1− 1

T4k

))−1 = T4n − T4n−4.

An open problem for the Tribonacci numbers is to find the solutions of the Diophantine equa-
tion

Tm = T−n,

where m,n are positive integers greater than 1.
We claim that the all solutions (m,n) of the above equation are (2, 2), (3, 5), (4, 8), (5, 11), (9, 30),

(15, 33) and (17, 34).
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