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1 Introduction

Let p be a fixed odd prime number. Throughout this paper, the symbols Z,, Q,, and C,, denote the
ring of p-adic integers, the field of p-adic rational numbers, and the completion of the algebraic
closure of Q,, respectively. The p-adic norm |.|, is defined by ||, = p~»(*) = p~" forz = p"% ,
where s and t are integers with (p, s) = (p,t) = 1 and r € Q (see [1-16]).

When one speaks of g-extension, ¢ can be regard as an indeterminate, a complex ¢ € C, or a
p-adic number ¢ € C,. In this paper we assume that ¢ € C, with |¢ — 1|, < p_fil and we use
the notations of g-numbers as follows:

L= qm7 and [z]_, = ﬂ
1—gq 1+gq

2]y = [z :q] =
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Forn € Z,,let Cpn = {w | w?" = 1} be the cyclic group of order p™ and let T, be the space
of locally constant space, i.e, T}, = lim,,_,oc Cpn = Up>0Cpn.
For any positive integer [V, let

a+p"Z,={x€Zjr=a (modp")} (1)

where a € Z satisfies the condition 0 < a < p™(see [1, 2, 3, 5-9]).
It is known that the fermionic p-adic g-measure on Z,, is given by Kim as follows:

(=¢)*  1+4g¢q

JS(a+pNZ,) = =
S e P I ET

(—a)", 2)

(see [5,7, 12-16]).
Let C(Z,) be the space of continuous functions on Z,. From (2), the fermionic p-adic g¢-
integral on Z,, is defined by Kim as follows:

L) = [ f@dyo) = m oo S F@)-a) G)

where f € C(Z,)(see [1, 5,7, 12-16]).
For w € T}, we consider the twisted g-Euler polynomials €}/ () as

— x G w tn
| ey 0) = 3 ety 0’ @)
n=0

P

From (4), we can derive the following equation.

n lz

v () = By (qy 5)

_ A\ 1’
(1—q)" = 1 +wq

(see [16]).
From (5), we note that lim, ., €}, (7) = &}/ (7).
In special case, » = 0, we have €}/ (0) = ¢/ are the n-th twisted g-Euler number, we have

_ [Q]q l 1
— YwY x| dp_ = -1 ) 6
€n,q /qu w [«T]q K q(y) (1 _q)n ;( ) 1+wa ( )
In special, we have
w 2]
a0 = T )

The idea for generalizing the fermionic integral is replacing the fermionic Haar measure with
weakly (strongly) fermionic measure Z,, satisfying

}M—l(a + anp> - ﬂ—l(a + pn+lzp> ‘p S 5n,qa (8)

where 6,,, — 0, a is a element of Z,, and 6, , is independent of a (for strongly fermionic measure,
dn,q 18 replaced by C'p~", where C'is a positive constant)(see [5, 7, 8, 13]).
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Let f(z) be a function defined on Z,. The fermionic integral of f with respect to a weakly
fermionic measure p_q is

p"—1

| J(@)dua(e) = lim > f@pale+p'Z,),
P =0

if the limit exists.
If pi—; is a weakly fermionic measure on Z,, then the Radon—Nikodym derivative of ;1_; with
respect to the Haar measure on Z,, as follows:

fuoa (@) = T gy (2 + p"Zy), )

(see [5, 7).
Note that f, , is only a continuous function on Z,. Let UD(Z,) be the space of uniformly
differentiable functions on Z,. For f € UD(Z,), let us define ;1_; ; as follows:

ulﬂx+w%»=/ F(@)dp (), (10)
x+p"Zyp

where the integral is the fermionic p-adic invariant integral. From (9), we can easily note that
fi—1,f 18 a strongly fermionic measure on Z,(see [5, 7]). Since

p"—1 p"
(@ 9" Zy) = poa g+ 0" L) | = | Y f@) (=17 =) fle)(=1)7],
=0 =0
P

where C' is positive consatnt.

In this paper, we will give the Lebesgue—Radon—Nikodym theorem with respect to weighted
and twisted p-adic g-measure on Z,. In special case, if there is no twisted, then we can derive the
same result as Jeong and Rim, 2012 (see [5]). In the case of weight zero and no twisted, then we
derive the same result as Kim, 2012 (see [7]).

2 The Lebesgue—-Radon—-Nikodym theorem
with respect to the weighted p-adic g-measure

For any positive integer a and n with @ < p" and f € UD(Z,), we define Ay _,» weighted and
twisted ferminonic measure on Z,, as follows:

B a0 ) = [ et @ () (an

a+p"Zy
where the integral is the fermionic p-adic invariant integral on Z,,.
From (11), we note that
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pm—1

~w n S n __1\a+p"z a+p"z, at+p"z
Af _gla+p"Z,) = lim Y fla+pta)(=1)"7" g " w
=0

pmTn_]

= (=" lim Y - fla+pa)(=1)"¢" (12)

=0

=<—U{é1wﬂa+ﬂwMﬁﬂww4w»

p

By (12), we get

ﬂ?qﬁl*‘Pnzp)::(—l)ajg wfa+p"x)q* " dp_y (z). (13)

Thus, by (13), we have
flaf+g,—q = Qfif,—q + Blig—q, (14)

where f,g € UD(Z,) and «, § are positive constants.
By (11), (12), (13) and (14), we get

|15y (a+D"Zy)|, < | Fuglloos (15)

where || fuqlloc = SUDzez, | f(@)g"w” |,
Let P(x) € C,[[],] be an arbitrary g-polynomial. Now we show fi}; _ is a strongly weighted

and twisted fermionic p-adic invariant measure on Z,. Without a loss of generality, it is enough
k

.

Fora € Z with 0 < a < p", we have

to prove the statement for P(x) = [x]

-l
fip (0 +9"Zy) = I (=q)"w® ) ¢"atip"ly(~1)" (16)
=0
Note that
[a +ip"]% = (lalg + ¢*[p"]q[i] )" (17)

By (6), (16) and (17),

ity = {albzn g + Halt g Bl + o+ g )

By (7), (12) and (13), we easily get

(—1)q"w[algeggm  (mod [p"],)

14 g (18)
= (1) [ Pla)d*e® (mod [,

:[L’l]g,—q(a’ + anP)

For z € Z,, let z = z,, (mod p") and x* = z,41 (mod p"'), where z,,, x,,1 € Z with
0<az, <pand 0 < z,,,; < p"*L. Then we have

|ip—y(a+D"Lp) = ip_gla+p"HZy)| < Cpr 70, (19)

13



where C' is positive constant and n > 0.
Let

fug (@) = lim fp_ (a+p"Zp) = (=1)"¢"w".
Then, by (18) and (19), we see that

fap_ (@) = (=1)*q"w"[a]; = (=1)*¢"w* P(a). (20)
Since fay (x) is continuous function on Z,, for x € Z,, we have
fag (@) = (=1)*¢"w’[z]g, (k € Zy). (21)

Let g € UD(Z,). Then, by (19), (20) and (21), we get
/ G #) =l 3 x40,

= lim Y g(z)g"w[a]f(~1)" 22)

= [ sl lalidi (o)

P

Therefore, by (22), we obtain the following theorem.

Theorem 2.1. Let P(x) € C,[[z],] be an arbitrary q-polynomial. Then [iy_, is a strongly
weighted and twisted fermionic p-adic invariant measure on Z,. Then we have

fap_ (@) = (=1)"¢*w"P(z) forall x€Z,
Furthermore, for any g € UD(Z,),
[ stz fa) = [ g@)P@rwdp o)
ZI’ Zp
where the second integral is weighted and twisted fermionic p-adic invariant integral on Z,.

Let f(z) = 0" g ang (x)q be the Mahler g-expansion of continuous function on Z,, where

” (x) [allr =1y [e=n+1],

n) [n],!

Then we note that lim,,_, |a, 4| = 0.

Let .
@) = aia() € Callsh)

=0
Then
H(f - fm)qw”oo S Sl<lp |an,q|‘ (23)
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The function f(z) can be rewritten as f = f,, + f — f,,. Thus, by (14) and (23), we get

|if_g(a+p"Zy) — if_y(a+ p" L)
< max{|i}, _,(a+p"Zy) = if, _,(a+p"'Z,)], (24)
‘ﬁ?_fm,—q(a +p"ZLy) — [I’qf—fm,—q(a + pn+1Zp) |}

From Theorem 2.1., we note that

85 g (@ +D"Zp)| ) < Nf = fnlloo < Cap2 0707, 25)

where C are positive constants. For m > 0, we have || f||o = || finlls- S0, we see that

|ﬂ1.;l}m q +an ) - ﬂlfum,—q(a _’_pn_‘_lZp)‘p

fm ] ) n T T n —2 _.p" (26)
== AaE LI, < 1 fmaw®llc| 7], < Cop™2 7",
where () is a positive constant.
By (25), we get
|(—1)%q"w" f(a) — i} _o(a +p"Zp)|,
< max{|q"|Jwa|[¢"w" f(a) = fu(a)q"w"| , |¢"w" fin(a) — i, _,(a +p"Z,)] . o7
‘/Z?—fm—q(a +anp>‘p}
< max{|q|[wa| | f (@) = fn(@)| | fm(a) = if, _o(a +P"Zp) |, 1(f = Fn)awlloo}
Let us assume that fix e > 0, and fix m such that || f — f,,,|| < e. Then we have
[(—a)w f(a) = i (a+p"Zy)|, < e for n>0. (28)
Thus, by (28), we have
fap (@) = lim i (a+p"Z,) = (~1)'q"w" f(a). 29)

Let m be the sufficiently large number such that || f — f,.||cc < p~". Then we get
ﬁ}li—q(a + anp) = la’[;m,—q(a _l_ anp) + ﬁqjﬁ]—fm,—q(a + anp)
= (=1)%q"w"f(a) (mod [p"]7).
For g € UD(Z,), we have

Cirp

wd
T+ p1().

/Z o)y (o) = | Filgla)

Let f be the function from UD(Z,) to Lip(Z,). We easily see that w”q¢"u_,(x + p"Z,) is a
strongly weighted and twisted p-adic invariant measure on Z,, and

‘(qu)ﬂfl(a) —w'q"p-1(a +Pnzp>‘p < C3p—2u,,(1—qp )7
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where f,,,(x) = ¢*w” f(x) and C} is positive constant and n € Z .
If py’_, is associated with strongly weighted and twisted fermionic invarinat measure on Z,
then we have

04 7' Z) = (fuds (@], < Cop 07,

where n > 0 and C} is positive constant.
For n > 0, we have

|q*w i (a+p"Zp) — 17 _g(a + p"Zy)|,

- " (30)
< ‘qawaﬂ—l(a + " Zp) — (fouw)ue, (a) , + ’(qu)#fl(a) — iy _gla+p ZP)|p < K,

where K is positive constant.
Hence, wqu_, — [ﬂfﬁq is a weighted and twisted measure on Z,. Therefore, we obtain the
following theorem.

Theorem 2.2. Let wqi_y be a strongly weighted and twisted p-adic invariant measure on Z,, and
assume that the fermionic weighted and twisted Radon—Nikodym derivative ( fy.,),_, on Z, is uni-
Jormly differentiable function. Suppose that iy _, is the strongly weighted and twisted fermionic
p-adic invariant measure associated with (fg,),_,. Then there exists a weighted and twisted
measure fiy _, on 7, such that

wq p_y (2 + p"ZLy) = iy _ (2 + p"Zy) + iy (x + p"Zy).

3 Conclusion

The Theorem 2.2. is the version of the Lebesgue—Radon—Nikodym theorem with respect to
weighted and twisted p-adic g-measure on Z,. In special case, if there is no twisted, then we
can derive the same result as Jeong and Rim, 2012 (see [5]). In the case of weight zero and no
twisted, then we derive the same result as Kim, 2012 (see [7]).
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