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1 Introduction

Let a, b be two distinct positive numbers. The power mean of order k of a and b is defined by

Ak = Ak(a, b) =

(
ak + bk

2

)1/k

, k 6= 0 and A0 = lim
k→0

Ak =
√
ab = G(a, b). Let A1 = A denote

also the classical arithmetic mean of a and b, and He = He(a, b) =
2A+G

3
=
a+ b+

√
ab

3
the

so-called Heronian mean.
In the recent paper [1] the following results have been proved:

Ak(a, b) > a1−kI(ak, bk) for 0 < k ≤ 1; b > a (1)

Ak(a, b) < I(a, b) for 0 < k ≤ 1

2
; (2)

He(ak, bk) < Aβ(a
k, bk) <

3

21/β
He(ak, bk) for k > 0, β ≥ 2

3
(3)

and
Ak < S < 21/k · Ak for 1 ≤ k ≤ 2. (4)

In the proofs of (1)–(4) the differential calculus has been used. Our aim will be to show that,
relations (1)–(4) are easy consequences of some known results.
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2 Main results

Lemma 2.1. The function f1(k) =
(
ak + bk

2

)1/k

= Ak(a, b) is a strictly increasing function of

k; while f2(k) = (ak + bk)1/k is a strictly decreasing function of k. Here k runs through the set
of real numbers.

Proof. Through these results are essentially known in the mathematical folklore, we shall give
here a proof.

Simple computations yield:

k2
f ′1(k)

f1(k)
=
x lnx+ y ln y

x+ y
− ln

(
x+ y

2

)
, (5)

and

k2
f ′2(k)

f2(k)
=
x lnx+ y ln y

x+ y
− ln(x+ y), (6)

where x = ak > 0, y = bk > 0. Since the function f(x) = x lnx is strictly convex (indeed:

f ′′(x) =
1

x
> 0) by f

(
x+ y

2

)
<

f(x) + f(y)

2
, relation (5) implies f ′1(k) > 0. Since the

function t → ln t is strictly increasing, one has lnx < ln(x + y) and ln y < ln(x + y); so
x lnx+ y ln y < (x+ y) ln(x+ y), so relation (6) implies that f ′2(t) > 0. These prove the stated
monotonicity properties.

Proof of (1.1) By the known inequality I < A we have I(ak, bk) < A(ak, bk) =
ak + bk

2
.

Now
ak + bk

2
≤ ak−1

(
ak + bk

2

)1/k

is equivalent with (for 1 − k > 0)
(
ak + bk

2

)1/k

> a or

ak + bk > 2ak, which is true by b > a. For k = 1 the inequality becomes I < A.

Proof of (1.2) Since Ak is strictly increasing, one has

Ak ≤ A1/2 =

(√
a+
√
b

2

)2

=
A+G

2
< I,

by a known result (see [3]) of the author:

I >
2A+G

3
>
A+G

2
. (7)

Proof of (1.3) By the inequality He < A2/3 (see [2]) one has

He(ak, bk) < A2/3(a
k, bk) ≤ Aβ(a

k, bk),

by the first part of Lemma 2.1.
Now,

21/βAβ(a
k, bk) ≤ 23/2(ak, bk)

by the second part of Lemma 2.1, and

A2/3(a
k, bk) <

3

2
√
2
He(ak, bk),
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by (see [2])

A2/3 <
3

2
√
2
He. (8)

Since 23/2 = 2
√
2, inequality (3) follows.

Proof of (1.4) In [2] it was proved that

A2 < S <
√
2A2. (9)

Now, by Lemma 2.1 one has, as k ≤ 2 that Ak ≤ A2 < S and
√
2A2 ≤ 21/kAk. Thus, by (9),

relation (4) follows. We note that condition 1 ≤ k is not necessary.
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