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A note on the greatest prime factor
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Abstract: Let k£ > 2 a fixed positive integer. Let P(n) be the greatest prime factor of a positive
integer n > 2. Let Fy(n) be the number of 2 < s < n such that P(s) > ;7. We prove the

following asymptotic formula

n

F ~ C|
k() F logn’

where (), is a constant defined in this article.
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1 Notation and Preliminary results

Let P(n) be the greatest prime factor of a positive integer n > 2. Note that if n is prime then
P(n) = n. Therefore 2 < P(n) < nforalln > 2.
Let k > 2 a fixed positive integer. Let F},(n) be the number of 2 < s < n such that P(s) >
In this article we prove the following asymptotic formula

s
E

n
Fi(n) ~ Ci logn’

where (', is a constant defined below.

Let 5x(x) be the set of positive integers not exceeding = such that in their prime factorization
appear some prime p pertaining to the interval (%, a:] . That is, S (z) is the set of positive integers
not exceeding x such that the greatest prime factor of these positive integers pertain to the interval
(3]

The number of positive integers pertaining to the set 3 (x) we denote By (x). It is well-known
[1] the following formula
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Bu(r) = By +0(:U), 1)

- log z log z
where the constant B, = 1/2+1/3+--- + 1/k.

Let ay () be the set of positive integers not exceeding x such that in their prime factorization
only appear primes p pertaining to the interval [0, %] . That is, oy () is the set of positive integers
not exceeding x such that the greatest prime factor of these positive integers pertain to the interval
[0, %] We assume that 1 pertains to the set ay(z). These numbers are called smooth numbers.
The number of positive integers pertaining to the set () we denote Ay (x).

Note that the sets O (x) and ay(z) are disjoints and Sy (x) U o (z) = A, where A is the set
of positive integers s such that 1 < s < |x]. Consequently Ay(x) + By(z) = |z and hence we

have (see (1))
Ag(z) =z — By, * +o (lozx) )

Let us consider a prime p such that 2 < p < n. The set of multiples of p not exceeding n will
be denoted A(n, p). Therefore

Ammz{Msz&Hm[ﬂ} )

Let B;(n,p) be the set of positive integers not exceeding n such that the prime p is their greatest
prime factor. We denote By (n, p) the number of elements in the set By (n, p). Note that By(n, p) C
A(n,p). Then

Z By(n,p) =n—1

2<p<n
Ap(n) =1+ Z Bs(n, p)
2<p<n
Bi(n) = Y Ba(n,p) 3)
E<p<n

The set of elements s € A(n,p) such that p > 7+ we denote C'(n, p). The number of elements in
the set C'y (n, p) we denote Cy(n, p). Clearly Cy(n,p) C A(n,p).
Let 7(x) be the prime counting function. We have (prime number Theorem)

X

~ . 4
(@) log x )
2 Main result
Theorem 2.1. Let k > 2 a fixed positive integer. We have the following asymptotic formula
n
ogn

where the constant C), = 1 + % 4+ -+ ﬁ
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Proof: We have

A - Y[ X 1)-% !

2<p<n \ s€B1(n,p)NCi(n,p) 2<p<E \s€B1(n,p)NCi(n,p)

+ ) > 1 (6)

% <p<n \ s€Bi(n,p)NC1(n,p)

Let us consider a prime p fixed such that 7 < p < n.

If s € A(n,p) then we have p > 7 > 7. Thatis, p > 7. Therefore Ci(n,p) = A(n,p).

Consequently (see (3) and (1))

2 X = 2. 1

Z<p<n \s€B1(n,p)NCi(n,p) £<p<n \s€Bi(n,p)NA(n,p)

— Z Z 1] = Z By(n,p) = By(n)

F<p<n \s€Bi(n,p) Z<p<n

— B to(— 7
logn logn

Let us consider a prime p fixed such that 2 < p < %. Note that this inequality implies that

H >k )
P

Now, let us consider the inequality (where h is a positive integer)

s _ph
r ok <P

This inequality has the solutions

Therefore (see (8))
and

Ca(n,p) =k —1 ©)

Suppose that £ + 1 < p < 7. Then p is the greatest prime factor of the elements in the set
Ci(n,p). Consequently

Bl(n7p) N Cl(nap) = Cl(n7p) (10)

On the other hand, if 2 < p < k then the number of elements in B;(n,p) N Cy(n,p) is less
than or equal to & — 1.
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Therefore, we have (see (10), (9) and (4))

N+ Y

k+1<p<E \ s€Bi1(n,p)NC1(n,p)

k+1<p< k+1<p<?
= N+ (k=1 (n () 7)) ~ %bgn

where N = Z2§p§k (ZseBl(n,p)ﬂcl(n,p) 1)

That is
1 n
Z Z L= <1 a E) logn

2<p<% \s€B1(n,p)NCi(n,p)
Equations (6), (7) and (11) give (5). The theorem is proved.
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