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1 Introduction

The n-th Jacobsthal number (n ≥ 0) is given by

Jn =
2n − (−1)n

3
. (1)

There have been modifications on this equation that were shown in [1]. Now we give a new
modification and the resulting numbers will be called the sk–Jacobsthal numbers.

The nth sk–Jacobsthal number is given by

Jsk
n =

snk − (−1)n

sk+1

, (2)

where sk 6= 0 and sk+1 6= 0, 1 are the kth and (k + 1)th terms of the real sequence {sk}+∞k=0.

2 Main results

Theorem 2.1.
Jsk
n+1 = (sk − 1)Jsk

n + skJ
sk
n−1. (3)

Proof:

Jsk
n+1 =

sn+1
k − (−1)n+1

sk+1

.

Note that sn+1
k+1 = sksk+1J

sk
n and (−1)n+1 = sk+1J

sk
n − snk .
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Substituting these values gives

Jsk
n+1 =

sksk+1J
sk
n + (−1)nsk − sk+1J

sk
n + snk

sk+1

=
sksk+1J

sk
n − sk+1J

sk
n + snk − (−1)n−1sk
sk+1

= (sk − 1)Jsk
n +

sk[s
n−1
k − (−1)n−1]

sk+1

= (sk − 1)Jsk
n + skJ

sk
n−1.

Theorem 2.2.
Jsk
n Jsk

n+1 =

[
2s2n+1

k

sk+1

− Jsk
2n+1

] [
2(−sk)n

sk+1

− (−sk)nJsk
1

]
. (4)

Proof:

Jsk
n Jsk

n+1 =
(snk − (−1)n)(sn+1

k − (−1)n+1)

s2k+1

=
s2n+1
k − (−1)nsn+1

k + (−1)nsnk + (−1)2n+1

s2k+1

=

[
s2n+1
k + (−1)2n+1

sk+1

] [
−(−sk)n[sk − 1]

sk+1

]
=

[
2s2n+1

k

sk+1

− Jsk
2n+1

] [
2(−sk)n

sk+1

− (−sk)nJsk
1

]
Theorem 2.3.

Jsk
n + Jsk

n+1 = snkJ
sk
1 (5)

Proof:

Jsk
n + Jsk

n+1 =
snk − (−1)n

sk+1

+
sn+1
k − (−1)n+1

sk+1

=
sn+1
k + snk
sk+1

=
snk(sk + 1)

sk+1

= snkJ
sk
1

Theorem 2.4.
n−1∑
m=0

Jsk
m =

1

2
Jsk
n−1 +

sn−1k − 1

2sk+1

+
1− sn−1k

2− sk+1J
sk
1

(6)

Proof:

n−1∑
m=0

Jsk
m =

n−1∑
m=0

[
smk − (−1)m

sk+1

]

=
1

sk+1

n−1∑
m=0

smk −
1− (−1)n

2sk+1
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=
sn−1k − (−1)n−1

sk+1

+
1

sk+1

n−2∑
m=0

smk +
sn−1k − sk+1J

sl
n−1

2sk+1

− 1

2sk+1

= Jsk
n−1 +

sn−1k

2sk+1

− 1

2
Jsk
n−1 −

1

2sk+1

+
1− sn−1k

1− sk

= =
1

2
Jsk
n−1 +

sn−1k − 1

2sk+1

+
1− sn−1k

2− sk+1J
sk
1

3 Examples

Example 3.1. If {sk}+∞k=0 = {Fk}+∞k=0 we have the following
1. JFk

n =
Fn
k −(−1)

n

Fk+1

2. JFk
n+1 = (Fk − 1)JFk

k + FkJ
Fk
n−1

3. JFk
n JFk

n+1 =
[
2F 2n+1

k

Fk+1
− JFk

2n+1

] [
2(−Fk)

n

Fk+1
− (−Fk)

nJFk
1

]
4. JFk

n + JFk
n+1 = F n

k J
Fk
1

5.
∑n−1

m=0 J
Fk
m = 1

2
JFk
n−1 +

Fn−1
k −1
2Fk+1

+
1−Fn−1

k

2−Fk+1J
Fk
1

Remarks:

• If we choose sk = F2 = 2 and sk+1 = F3 = 3, we have JF2
n = Jn.

• It is also easy to show that

lim
n→+∞

JFk
n+1

JFk
n

= Fk

Example 3.2. For {sk}+∞k=0 =
{
2k
}+∞
k=0

we have the following results

1. J2k

n = 2kn−(−1)n
2k+1

2. J2k

n+1 = (2k − 1)J2k

n + 2kJ2k

n−1

3. J2k

n J2k

n+1 =
[
22kn+k+1

2k+1 − J2k

2n+1

] [
2(−2k)n

2k+1−(−2k)nJ2k
1

]
4. J2k

n + J2k

n+1 = 2knJ2k

1

5.
∑n−1

k=0 J
2k

m = 1
2
J2k

n−1 +
2kn−k−1

2k+2 − 1−2kn−k

2−2k+1J2k
1
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