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Abstract: It follows from our previous works and those of Nathanson that if P is a set of primes,
then the greater the cardinality of P, the less likely that there exists a sequence of polynomi-
als, satisfying the functional equation arising from multiplication of quantum integers studied by
Nathanson, which has P as its support base and which cannot be generated by quantum integers.
In this paper we analyze the set of roots of the polynomials involved leading to a direct construc-
tion of a polynomial solution I' which has infinite support base PP and which cannot be generated
by quantum integers. Our results demonstrate that there are more to these solutions than those
provided by quantum integers. In addition, we also show that a result of Nathanson does not hold
if the condition ¢t = 1 is removed.
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1 Introduction and Background

The aim of this paper is to study the the collections of primes P associated, in the sense which
is described in more details subsequently, to the solutions I' of the functional equation discussed
in [2] arising from multiplication of quantum integers. We consider the case where the fields of
coefficients of I' are of characteristic zero. From [2—4], we have seen that quantum integers serve
as a source of generators for the solutions I" above. From [4], it is known that there is no nontrivial
sequence of polynomials, satisfying Functional Equation (2) with support base P containing all
primes, which cannot be generated by quantum integers in the sense of Theorem 2.1 of [4]. On
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the other hand, it is known, also from [4], that there exist sequences of polynomials satisfying
Functional Equation (2) with support base P of finite cardinality, which cannot be generated by
quantum integers. This paper investigates whether this phenomenon extends to the collection
of sequences of polynomials satisfying Functional Equation (2) with support bases P of infinite
cardinality.

First, let us give some basic background and main results from [2] as well as [4] concerning
quantum integers and the functional equation arising from multiplication of these integers, which
are relevant to this paper.

Definition 1.1. A quantum integer is a polynomial in ¢ of the form

q" —1
q—1

n), =q¢" ' +... +qg+1= (1.1)

where n is any natural number.

From [1] and [2], multiplication operation for quantum integers, called quantum multiplica-
tion, is defined by the following rule:

[mlq * [n]q := [mnly = [mlq - [nlgn = [n]q - [m]gn (1.2)

where x denotes quantum multiplication, multiplication operation for quantum integers, and .
denotes the usual multiplication of polynomials. It can be verified that Equation (1.2) is just the
g-series expansion of the sumset

{0,1,....m—1}+{0,m,...,(n—1)m} ={0,1,...,mn — 1}.

That leads Nathanson to study sequences of polynomialsin ¢, I' = {f,,(q¢) | n = 1,..., 00} with
coefficients contained in some field, satisfying the functional equations:

Pl @ (@™ L £ (@) (@) Z frn(a) (1.3)

for all m,n € N. As in [2], we refer to the first equality in the above functional equation as
Functional Equation (1) and the second equality as Functional Equation (2).

Remark 1.2. A sequence of polynomials which satisfies Functional Equation (2) automatically
satisfies Functional Equation (1) but not vice versa ([2]).

Let I' = {f.(¢)} be a sequence of polynomials satisfying Functional Equation (2). The set
of integers n in N where f,,(¢) # 0 is called the support of I" and denoted by supp{I'}. If P
is a set of rational primes and Ap consists of 1 and all natural numbers such that all their prime
factors come from P, then Ap is a multiplicative semigroup which is called a prime multiplicative
semigroup associated to P. From [2], the support of I' is a multiplicative prime sub-semigroup
of N.

Theorem 1.3. (/2]) Let ' = {f,.(q)} be a sequence of polynomials satisfying Functional Equa-
tion (2). Then supp{T'} is of the form Ap for some set of primes P, and T" is completely deter-
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mined by the collection of polynomials:

{fo(a) [ p € P}.

As a result, studying any sequence I" satisfying Functional Equation (2) reduces to studying
the sub-collection of polynomials with prime indexes p in its support base P.

Definition 1.4. Let P be the collection of primes associated to the support Ap, in the sense of
Theorem 1.3, of a sequence of polynomials I satisfying Functional Equation (2). Then P is
called the support base of I'.

In the reverse direction, if P is a set of primes in N then there is at least one sequence I’
satisfying Functional Equation (2) with supp{T'} = Ap. One such sequence can be defined as
the set of polynomials:

) Im]y ifm e Ap;
fma) = { 0 otherwise.

Note that the coefficients of f,,(q) are properly contained in Q.

We say that a sequence I" is nonzero if supp{I'} # 0. If I satisfies Functional Equation (2),
then I" is nonzero if and only if f(q) = 1 ([2]).

The degree of each polynomial f,,(¢) € I is denoted by deg( f,,(q)). From [1, 2], it is known
that there exists a rational number ¢ such that:

deg(fu(q)) = tr(n —1)

for all n in supp{I'}. This number tr is not necessarily an integer (see [2] or [4] for an example
of such a sequence). We discussed in [4] that ¢p can only be non integral when the support base
P of T is of the form P = {p} for some prime p.

Let P be a set of primes. The next result provides a general way to construct a solution to the
Functional Equation (2) with support base P:

Theorem 1.5. ([2]) Let P be a set of primes. Let I = {f/(q) | p € P} be a collection of
polynomials such that:

for(@) - (@) = f,(@) - (@)
for all p; € P(i.e, satisfying Functional Equation (1)). Then there exists a unique sequence

I' = {f.(q) | n € N} of polynomials satisfying Functional Equation (2) such that f,(q) = f,(q)
for all primes p € P.

Theorem 1.6. ([2]) Let T = {f,.(q) | n € N} be a nonzero sequence of polynomials satisfying
Functional Equation (2) with support Ap for some set of primes P. Then there exists a unique
completely multiplicative arithmetic function 1)(n), a rational number t, and a unique sequence
Y = {gn(q)} satisfying (2) with the same support Ap such that:

fa(@) = ¥(n)d" " Vg (q)
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where g, (q) is a monic polynomial with g,,(0) # 0 for all n € Ap.

As a result, in the rest of this paper, unless otherwise stated, all sequences of polynomials
which we consider are normalized so that each polynomial is monic and having nonzero constant
terms.

For a sequence I' of polynomials satisfying Functional Equation (2), the smallest field K
which contains all the coefficients of all the polynomials in I" is called the Field of Coefficients
of I'. We are only concerned with sequences of polynomials whose fields of coefficients K are of
characteristic zero. Unless stated otherwise, we always view I' as a sequence of polynomials with
coefficients in a fixed separable closure K of K which is embedded in C via a fixed embedding
1 : K < C. Thus every element f(q) of I" can be viewed as a polynomial in C[q]. We frequently
view polynomials f(g)’s in I" as elements of the ring C[qg| through out this paper. Thus whenever
that is necessary, it is implicitly assumed.

Definition 1.7. Let I' = {f,,(¢) | n € N} be a sequence of polynomials satisfying Functional
Equation (2). Then I' is said to be generated by quantum integers if there exist ordered pairs of
integers {u;,t;}; withi =1,... ssuchthattr =) . _,

,,,,,

s

Fala) = T J([nlge)"

i=1

for all n in N.

2 Main results

From part (2) of Theorem 1.9, we know that there is no sequence I' of polynomials satisfying
Functional Equation (2) with support base P consisting of all primes and field of coefficients
of characteristic zero strictly containing Q. Therefore, there is no sequence I' of polynomials
satisfying Functional Equation (2) with support base P consisting of all primes which cannot be
generated by quantum integers by part (1) of Theorem 1.9. On the other hand, it can be deduced
from Key Proposition 1 of [4] that there is a finite set of primes P, namely P = {p, r} for certain
primes p and r, such that there exists a sequence of polynomial I' satisfying Functional equation
(2) with field of coefficients of characteristic zero strictly containing Q and support base P.

In the opposite direction, suppose that a set of primes P is given. We are interested in the
question whether or not there exists a sequence of polynomials satisfying Functional Equation
(2) with field of coefficients of characteristic zero and support base P. In the case where the
field of coefficients is QQ, there exists at least one sequence of polynomials satisfying Functional
Equation (2) having P as its support base, namely

[i={fulg) = [n]y | n € Ap}.

This sequence is in fact the unique sequence of monic polynomials satisfying Functional Equation
(2) with support base P such that deg{ f,,(q)} = n — 1, or equivalently ¢t = 1, if P O {2, p} for



some odd prime p. However, except in the case where | P| = 1 ([4]), there is no known criterion
for determining whether there exists a sequence of polynomials satisfying Functional Equation
(2) with fields of coefficients strictly containing Q with a given set of prime P as its support
base. Moreover, in the case where P has infinite cardinality, it is not even known if there exists
a sequence of polynomials satisfying Functional Equation (2) with support base P and field of
coefficients strictly containing Q. It can be seen from [2] and [4] that the cardinality of the set
of primes P has a direct impact on the existence of sequences I' of polynomials, with field of
coefficients of characteristic zero strictly containing Q, satisfying Functional Equation (2) with
support base P. In particular, Theorems 2.1 and 2.2 of [7] show that if 7 is a prime and P is the
support base of a sequence of polynomials

I'={fu(q) [ n € N}

satisfying Functional Equation (2) with field of coefficients strictly containing Q, then there exists
a sequence of polynomials

I ={gn(q) | n € N}

satisfying Functional Equation (2) with support base P U {r} such that

9(q) = fp(q)

for all p in P if and only if 7 satisfies certain conditions imposed by the sequence I' and P. As
a result, the greater the cardinality of the set of primes P, the less likely that there is a sequence
of polynomials satisfying Functional Equation (2) with support base P and field of coefficients
strictly containing Q. In other word, if a set of primes P has large cardinality and if " is a se-
quence of polynomial satisfying Functional Equation (2) with support base P, then it is more
likely that I' is generated by quantum integers. In this paper, we show that, in spite of the restric-
tion described by Theorems 2.1 and 2.2 of [7], there exist sequences of polynomials satisfying
Functional Equation (2) with field of coefficients strictly containing QQ and having infinite support
base P. The existence of these sequences of polynomials demonstrates the limitation of quantum
integers as generators of the solution of these functional equations.
Our main results in this paper can be summarized as follows:

Theorem 2.1. Let P be a set of primes. Suppose that one of the following conditions holds:

1. P ={p} or{p,r} for some primes p and r.
2. 4divides p — 1 for all odd primes p in P.
3. There exists an odd prime r such that r divides p — 1 for all p in P.

4. There exists an odd prime r such that r divides p — 1 for all odd primes p in P — {r}.

Then there exists a sequence I' = { f,,(q) | n € N} of polynomials satisfying Functional Equation
(2) with field of coefficients strictly containing Q and support base P.



Corollary 2.2. There exists a sequence " of polynomials satisfying Functional Equation (2) with
field of coefficients strictly containing Q and support base of infinite cardinality. In other word,
there exists at least one sequence of polynomials satisfying Functional Equation (2) with infinite

support base, which cannot be generated by quantum integers.

Remark 2.3.

e Part (1) of Theorem 2.1 demonstrates in particular that there exists a sequence of poly-
nomials, satisfying Functional Equation (2) with support base P = {2,p} for some odd
prime p, which cannot be generated by quantum integers in the sense defined earlier. This
shows that the condition ¢ = 1 in Theorem 9 of [2] is necessary for fields of coefficients
of characteristic zero.

e Corollary 2.2 establishes the existence of a sequence of polynomials satisfying Functional
Equation (2) with support base of infinite cardinality, which cannot be generated by quan-
tum integers. This also proves the necessity of Proposition 3.10 of [2].

e Theorem 2.1 lays the foundation for [6] which provides the set of necessary and sufficient
conditions for the existence of a sequence of polynomials satisfy Functional Equation (2)
with support base P which cannot be generated by quantum integers.

3 Proofs of Main results

Proof. (Proof of Theorem 2.1)

(1) If P = {p} for some prime p, then the existence of a sequence of polynomials I" satisfying
Functional Equation (2), with field of coefficients strictly containing Q, is guaranteed by [1].
After a normalization using Theorem 1.6, such sequences have the form

I'={fp(q) [ n €N}

where:

) fpo(q) = 1.

o fon(q) = fo(q)fm-1(q? where f,(q) is a monic polynomial with nonzero constant term
and coefficients not properly contained in Q.

It follows immediately from the definition of f,,(¢) and I" that the field of coefficients of I strictly
contains Q. As a result, I" cannot be generated by quantum integers in the sense of Definition 1.7.

Suppose P = {p,r} for some prime p and r. First let us give some terminology involved in
the construction of our sequence.

Let u be any positive integer and p be any prime number. The polynomial denoted by P, ,(¢)
or P,,(q) is the irreducible cyclotomic polynomial in Q[¢] whose roots are all primitive up-roots
of unity. P, ,(q) is sometimes denoted by P,,(¢q) or P,(¢) where v = up. For a primitive n-root



of unity « in C, which can be written in the form o = e“* for some primitive residue class w
modulo n, we always identify «, via the Chinese Remainder Theorem, with the tuples (u;); where
[1,(pi)™ is the prime factorization of n and w; € (Z/p;""7Z)* for each i such that

u; = w(p]™).

We also need to recall from [4, 5] the following definitions since they are used frequently in
the subsequent part of our work.

Definition 3.1. 1) Let P, ,(¢) and P, ,(q) be the cyclotomic polynomials with coefficients in Q
of orders up and ur respectively. Let F,, ,(¢) and F), .(q) be two polynomials dividing P, ,(¢) and
P, ,(q) respectively. If F,, ,(q) and F, ,(q) satisfy the condition that for each primitive residue
class w modulo w, all the roots of P, ,(q) represented by the collection of tuples { (7, (wp,);) |
Yp =1,...,p — 1} if p does not divide u (resp. by the collection {(w, + t(p'), (wy,)jp,2p) | t =
0,...,p—1} if p'|u for some positive integer | > 1) are roots F, ,(q) if and only if all the roots of
P, (q) represented by the collection {,, (wy,); | v = 1,...,7 — 1} if 7 does not divide u (resp.
by the collection {w, + s(r"), (wy,)jp%r | § = 0,...,7 — 1} if r"|u for some positive integer
h > 1) are roots F, ,(q), then we will say that F}, ,(¢) and F,, ,(q) are compatible. For example,
P,,(q) and P, ,(q) are compatible for any positive integer u, primes p and 7, a fact which is
proven in [3] for the case where pr does not divide u as well as when either p or r dividing .

2) Two polynomials f,,(q) and f,,(q) are said to be super-compatible if f,,(¢) =
= [L(Fi(q)™ and fu,(g) = [1;(Fi(g)™ where Fi}}(g) and Fi)(q) are polynomials which
are compatible for all 7. In particular, P, ,(¢)" and P, ,(¢)" are super-compatible for any nonneg-
ative integer n. Thus compatibility is a special case of super-compatibility.

Remark 3.2. To understand the rationality of this definition, the readers can consult [4, 5]. The
polynomials Fl(f)g (q)’s in the definition of super-compatible might not unique for any 7, where O
denotes either p or r.

Let p and r be any distinct primes in the support of I'. Define f,,,(¢) to be the factor of
f»(q) such that its roots consist of all the roots of f,(¢) with multiplicities which are primitive
pup-roots of unity. Then f,(¢) = [I,, ~u .., fu,,»(q) in the ring Clg]. Similarly, f,(q) =
Hur,¢>ur,¢+1 Ju,..+(q). We call j (resp. 7) or interchangeably wu,, ; (resp. ;) the j-level (resp. i-
level) or u,, j-level (resp. u,-level) of f,(q) (resp. f,(q)) if fu,(q) (resp. fu,,(q)) is a nontrivial
factor of f,(q) (resp. f-(q)). Define V' := {vp, 1 | Vpr > Uprit1} := {up;}; U{w,;}i. Werefer
to k or v, , ;. as the k-bi-level with respect to p and r or the v, . ,-bi-level of f,(¢) and f,.(¢). Note
that level ¢ of f,(q) or f.(q) is not necessarily equal to the bi-level i of f,(¢) and f,(¢). Using
V" and these product decompositions, we write Functional Equation (1) with respect to f,,(¢) and

fr(q) as:
v, v, ((1)) v, v,
fvp,r,lap(q)s p’lfvp,'r,lﬂ'(qp)'s ! fvp,r,lyT(q>s ! fvp,r,l)p(qr)s Pl

. v (k) v, v,
fvp,r,k,p(Q)s pik fvpmk,r(qp)s mko fvp,r,k,r(Q)s mk fvp,r,kyp(qr)s Pk

fp(q.)f;(qp) - fr(qu;(qT)



where:

o s, = Lif f, _, »(q) nontrivially divides f»(q) Gee., Joprw(@) = fu;p(q) for some u;) and
0 otherwise.

o 5. = Lif f, . .(q) nontrivially divides f,(q) (i.e., fu,,,.»(¢) = fu,r(q) for some u;) and
0 otherwise.

o [1; fopin(@ Pk fo,, o (@) = fp(q) fr(qP).
o [1; fo, (@) fo, . ()P = fi(q) fo(q")

e The symbol &) indicates the functional equation (1) at the bi-level j (note that the poly-
nomial expressions on the left hand side and the right hand side of <— at each bi-level are
not necessarily equal).

Note that for every bi-level £ where v, , ;, appears in the equation above, either s, = 1 or
Spi = 1.

The above version of Functional Equation (1) is called the Expanded Functional Equation
(1) with respect to p and r, denoted by EFE(1). The EFE(1) above is said to be in reduced form
if at each bi-level & where pr does not divide vy, 1, the line

fvp’r’k’p(q)svpk fvp,'r',k»7'<qp)svnk > fUp,'r,k,T‘(q)svT’k f’l)p,v',kvp<qr)svp7k

in EFE (1) is replaced by
Sv Su fv ko
@ fUP .k 7"<qp) (S fvp,r,k,r<Q) e fp7 o

vpy,r_’k,p(q)

. o oy (@) TE (k) v b

(11) fUp T‘,k7p(q)s pik f:, ’kk T(q)sﬂr,k ” f'Up,T‘Jﬁp(qr)s Pk lf (p’ vpﬂ",k) = 1’ or
py,TR?

S S
) Pk R) Fop (@) T

p rk> p(q" : _
(ii1) o n (@R S if (pr,vp i) = 1.

(iv) The line (@) f-(¢?) = fr(q@) fo(¢") is replaced by Q.- (¢) = @p.r(q) where ), (q) is the
product of all expressions of the left hand columns (or the right hand column) after (i), (ii), (iii)

have taken place, i.e.,

fo(@) £+ ()
Hi fvp , i,r(Q)sT’i(liap’i) fvp ’ ivp(Q)Sp’i(lilsT‘i)

(@) p(q)
L fapar (@ 0 £ () 0000

Remark 3.3. (1) An EFE(1) with respect to p and r can be transformed into its reduced form by di-

viding both polynomials f,(q) f-(¢*) and f,(q) f,(q") by [ T; fu, .. (@) 0 f, o o(g) i 0=0n);
(2) The product of all the rational expressions in the left hand column and the product of those in

Qp,r (q) =

the right hand column of the reduced form of the EFE(1) are equal, and thus can be denoted by
the same polynomial @), (q); (3) For each line (i), the product of all expressions on both sides
of «+— remains equal after (i), (ii) or (iii) have taken place. It is shown in [4] that all the rational



expressions above are actually polynomials when they occur, and that for each of these rational
expressions, its roots are primitive roots of unity of the same order.

Definition 3.4. Let O denote either p or 7 and A denote the other. The polynomial f, , . o(q) # 1
is said to be directly related to the polynomial f, . . A(q) # 1 forsomen # mif f,, . o(q) =

fvp,r,n,A <Q) and

Fopran(47)2

fv LA ( )SAll 0o,
DT,

f'Up'rlD( )SDJ
fvp“D( ) 0,0(1=6a,1)

Fopmiol@) R N ()

for for all [ > m,n such that vy, ,,0 = v,,;A0. The polynomial f,, .. o(q) # 1 is said to
semi-directly related to f, . o(q) # 1 (or vice versa) if

fvp'r'ru (qD>SA’n — fvp,r,n,D(qA)
f'UP n, A(Q)SA'H(liéu’n) fvp,r,n,D<qA)(176A’n)

Joprm0(@)

Suppose either f, . .. o(q)or f, . . A(q) is nontrivial such that v, ,,O = v,,,A and

fva‘lv ( D)SAYZ
£y LA ( )SA,1(1—5D,1)
D,

f'Uprlv ( )SDJ
fv 0 ( )SD,Z(I_‘SA,Z)

fUpr7n7 ( ) = fvp,r,n,A( )

for some bi-levels | > n,m. Then f, , . o(q)is said to be indirectly related to the ordered pair
of polynomials (f,,,...A(q), fvml,g(q)) (or fu,...a(q) is indirectly related to the ordered pair
(fvp,7»,7,L,D(Q)a fvp,r,z,D(Q»)-

If two (or three in the case of indirect relation) polynomials satisfy one of the related relations
above, we refer to the levels, namely v, ,.,,, and vy, ., (and vy, ,.; if applicable), of the polynomials
involved as the related levels or as being related. Similarly, we also refer to these polynomials
or the lines of EFE(1) containing the polynomials involved in such relations as being related
polynomials or related lines respectively.

Now, let us construct a sequence of polynomials satisfying Functional Equation (2) with field
of coefficients strictly containing Q and with P as its support base. Let P = {p, r} and suppose
that p < r. Let us suppose that there exists a sequence of polynomials I' satisfying Functional
Equation (2) with support containing p and r and field of coefficients strictly containing Q. Then
elements of I cannot be generated by quantum integers by Theorem 1.9. Let f,(¢) and f,.(¢) be
the polynomials in I corresponding to p and r. Let us suppose further that 1 is the highest power
of p and r dividing v, ; where v, ; is the integer appearing in line (1) of EFE(1) with respect to
pand .

Proposition 3.5. (Key Proposition 1)
The reduced form of EFE(1) with respect to p and r has the form

1
fvp,'r,lvp(q>fvp,'r,177'(qp) E_g f'Up,'r,LT(q)fvp,r,lyp(qr)



S
fop .y #(gP)’md

Jopra p(q)Praord s
1

s )
f”P,r,d1 (q) rdy p.dy

f”p,'r,l (qp)

Sp.k D )T
Vpor,1 ( )P, ] ——
f%@ q

f”p,r 1 (q)

fvP,r,dg 7T(qp)sr’d2

f Sp,dy Or,dg
(% d (Q) 1-6
Pz P f”p,r,dzvr(Q)sr’@( p’dz)

p)sr,kz
f“p,:,lpﬂn(q

(gP)°Td3
(q)siﬂ,d35r,d3 fvva’dB’T (@)

fvp,r,dgyp (=)

S
fvp,r,dgvT(Q) rd3 pd3)

frora ()t

fv:ﬂ,r,d4 7T(qp)sr’d4

f sp,d4§7“,d4
Va0 (@) =
p,r,dg P f“p,r,d4f(q)sr’d4< pady)

(gP)"rha

(q)"rka

f”p,'r,l
TP

f’”p,r 1
TP

S
fop r.ds (gP) ™5

f sp,d5 6r,d5
v d (Q) 1-6
PP f”p,r,dsvr(Q)Sr’d‘E’( p,d5)

Qp.r(q)

where:

(g)

f“p,r,dl N (q

T‘)sp,dl

Sr,d10p,d
f”p,r,dlﬂ”(q) naTa
fvpmdl’p

f%Tnl 7p(qr)5p‘k

(q)ron 0y

1

s
f’”p,'r,dQ J’(qr) pydy

Sr,dy 6p,d2
fvp,r,dg 5T (q)

s (1-6 )
f’“p,r,d21p(q) pda rda
s
s f'“p,'r,lp p(qr) k2
Vp 1P ( ) r,ko T 5 .
Jrorar (g foprar (q)Pk2
—r P
r\5p,dg
fv , r(q)sﬁds(sp,dg fvp,r,d?)»z(q )(1_5 )
prds; Fopay (@ 727
s fopra (q7)°Ph3
k T
p,r,1 ( ) 3
f r T q fvp,r 1 (q)‘sp,k3
Fopora, (@) 7%
fv ., T(q)srd46p’d4 Up,r,dy 1;( )(1 : )
T, —4,.
P 4 f“p,r,d4vp(q) pydy 7oy
s
f“p,r,l p(qT) kg
D
5
fopra p(fJ) pika
rp
f la" Sp,ds
f'u p r(q)sT'd56P’d5 Vp,r,dg IS’( )(175 ;
p,T,d5 > f’Up,ryd5aP(q) p,dg r,dsg

Qpr(q)

dy (resp. ki) is any bi-level of EFE(1) with respect to p and r such that v, .1 > Vp .4,

p'rl

Up,r,1 )

(resp. vy, 1, = :

dy (resp. kz) is any bi-level of EFE(1) with respect to p and v such that 2= > v, , 4,
—”p’;’lp (resp. Vpr, = —UP‘;’lp ).

ds (resp. ks) is any bi-level of EFE(1) with respect to p and r such that 2= > v, ;.
BLL (Fesp. Up g, = 25,

dy (resp. ky) is any bi-level of EFE(1) with respect to p and v such that 2% > v, . 4,
v”’” (resp. Upy g, = —”’;;’1).

ds is any bi-level of EFE(1) with respect to p and r such that U’;—;’l > VUp . ds-

All the rational expressions above are polynomials.
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Proof. First of all, all the rational expressions appearing in EFE(1) with respect to p and r are
polynomials by Key Proposition 1’ of [4]. Secondly, there is nothing to prove about the forms of
lines (d), (dz), (ds), (d4) and (d5) since they are just the general form of any line in EFE(1) with
respect to any two primes, namely p and 7 in this case. We only need to prove that lines (1), (k1),
(k2), (k3) and (k,) take the forms as above.

Since the field of coefficients of I' strictly contains (Q by assumption, it can be verified that
f»(q) and f,(q) are nontrivial polynomials ([4]). As aresult, f,  ,,(¢)and f,  ,.(q) are non-
trivial, or equivalently s, ; = s,; = 1. In addition, d,.; = d,,1 = 1 since both p and r divide v,
by assumption. Therefore, line (1) takes on such form.

Since p < r by assumption, it can be verified that f,  , ,(¢) must be semi-directly related to
fo,.r.0.r(q) for some bi-level i, i.e.,

fvp’r’i’r(qp)sm fvp,r,mp(qr)%’i
fvpmim (q)sr,z (175p,i) fvpm,-,p(Q)sp’i(l_(sr‘i)

Hence v,,,; = “2=* and thus d,,; = 0 since p is the highest power of p dividing v, ; by assump-

p
fop i (@)
Up,ri Tsmu_s — # 1. Hence s, ; = 1. Therefore
Up,r,ioT p’l)

Sr,i Vp. 7, D
f”pm,iv”(qé) ’ _ prl,r(q )
f”p,r,i,f(Q) m(l_(sm) f%TTJW(Q)

On the other hand, r divides v,,; and thus 1% Hence §,; = 1. Therefore, line (k) takes the
form above.

= f'Up,r,lﬂ" (Q)

tion. Moreover, f,, ,~(q) # 1 implies that

As p < r, it can be verified that there are three possibilities:
(@) fu,..p(q) is directly related to f, . .(q) for some bi-level 4, i.e.,

fvp,'r,lyp(q> = fyp,r,iyr(q)sr,i

for some bi-level i.
(0) fu,,,1.0(q) is semi-directly related to f, ., »(q), i€

fvp,r,j,r (qp>87"j o fvpmj’p<qr)5p,j
‘fvpy’r,j T (q)sr,j (176P’j) f’Up,r,j P (q)sP’j (176T7j)

f'Up,'r',l P (q>

(¢) fo,..1.0(q) is indirectly related to the ordered pair (f,,, (), fo,.,»(q)) of polynomials,

1.e.,
f'l)p,r,jy"'(qp)sryj

fvpm - (q)sm (1=0p,;

It can be verified from (a), (b) and (c) that v,,;, = 222 and v, ; =

-
verified that r does not divide “222 and “22+ while p divide “22+ and 221, As a result,

f'Up,v",j 7p(q7')5p,j
fvp r jvp<q>sp’j(1_57"j) .

Up,r,1

fUp,T,1:p<q)

) = fvp,r,iv"'(q)sr?l

. Moreover, it can be

57",]62 =0= 6T,k3a

5p,k2 — 1 — 5p,k3'

Therefore, lines (k) and (k3) have such forms.
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Again since p < r, it can be verified that there are three possibilities:
(a) fvp;:,l (@) is directly related to f,, . -(¢)* for some bi-level 4, i.e.,

fv%TT’l7p(q)Sp’kl = fUp,T,i,r(Q)Sr’i-
(b) f”ernl,p(CI)sp,kl is semi-directly related to fvp,r,j’p(q)sp,j’ ie.,

fUPvT»J"T (qp)ST’j — fUp,r,jvp(qT)sp’j
fvpﬂ«’j T (q)sr,j (1—51),]’) fva’j P (Q)Sp’j (1—(57.’]-)

Jrora (q)*h
p 7p

(c) fvp,Tr,l (@)™ is indirectly related to the ordered pair (fy,,,.-(¢)"", fu,,;.p(2)"7), €.,

P\Sr,j 7\ Sp,j
frpra (q)sp,h fv””"’j’r(q ) ; = f, _T(q>5p,l fvl”ﬂ"ijp(q ) p; '
R A R A O R
It can be verified from (a), (b) and (c), v,,; = 2= and v,, ; = ==L Also, since p does not
b,y r p,7rJ pr p
divide 2= while r does not divide 221,
pr pr
Opis =0 =0pp,.
As aresult, line (k4) takes on such form. Therefore, the result follows. O

Let us construct a sequence, also denoted by I, satisfying Functional Equation (2) with field
of coefficients strictly containing Q and P = {p,r | p < r} as its support base, using the Key
Proposition 1 above. This construction is partitioned into several steps.

Step 1: Define

Upyp1 i= U = PI.

Then v > 2 and 1 is the highest power of p and r dividing v, ,; as required in the hypothesis of
Key Proposition 1. Since p < r, r is an odd prime. Let A, be a (Z/pZ)* and A, is a nonempty
proper subset of (Z/rZ)*. Then

A, x A, = Ay, < (ZJpZ)* x (Z/rZ)* = (Z/prL)*.

Step 2: Extract lines (1), (k1), (k2), (k3) and (k4), i.e., those lines which are known to take on
some particular forms and which we call the optimal lines, from EFE(1) with respect to p and r
in Key Proposition 1 above:

1
fvp,r,lyp(q>fvp,r,ly7’(qp> ﬁ_; fUp,r,l,7’<Q)fvp,r71,p(q7‘)

fvp,r,l T(qp) (k1
frpra (q)°rk1 : & foera (q7)%M

p
=P fvp,pm ’T(q) 2P

~—

12



S
f D\Sr k (k2) Sk fvp’:f’lp»p(qr) mkz
e (@) B fupns (g 22T
P r q prdl g foprap p(Q)bp’kQ
e El

™)°p,k3
(ks) fopra (@7)

o P\Sr,kg PARS oo Srikg — T ¥
fruza o (&) e, (470

f”p,r,l T(qp)s'r,k4 (k‘4) fvp,r,l p(q'r)sp,k4

Tp ? TP ?
- < —_—
f”P,T,l (Q)Sr’k4 f”P,r,l (q)SpJC4
T’T T’p

For each p; € P, let f,, (q) be a monic polynomial with nonzero constant term whose roots
are primitive up;-roots of unity represented, via the Chinese Remainder Theorem (see the proof
of Key Proposition 1’ of [4] for more details), by collection of tuples:

A(pj) = {(ij + t(pj)7wpi) ‘ 0<t< pj — 1api epP— {pj}uwpi € -Apmij € Apj}'

Remark 3.6. Recall from [2] and [4] that when we use the phrase the collection of roots of a
certain polynomial is represented by a collection of tuples, we mean there is a one to one corre-
spondence between the collection of roots of that polynomial and the elements of such collection
of tuples, via Chinese Remainder Theorem.

Then f,,,(q) and f, . (q) are super-compatible for any pair of primes p,, and p,,, and their
coefficients are not properly contained in Q. In particular, f, ,(¢) and f,, .(¢) are super-compatible
and are not in Q[g|. Moreover, it can be verified using super-compatibility (as in Key Proposition
1 and 1’ of [4]) that

fur(@) = fup(d").
Step 3: (a) Let fvpra (q) = Prpra ,(q) where Pyora () is the cyclotomic polynomial with

coefficients in QQ and of order —””;’1 r. Hence
frora (") w "
- = Pv 1 q) = P . q
f%Tmm(Q) e Vp,r, 1T
where Pvp,Tr,l »(@) is the cyclotomic polynomial with coefficients in Q and of order “2pr =

'Up,r,lr-
Let fopra (q) = Popra (q) where Pupra (q) is the cyclotomic polynomial with coefficients
in Q and of order “2-*p. Thus

et (¢)
T g L0 = Foanld)

where Pvpr1 T’p(q) is the cyclotomic polynomial with coefficients in Q and of order U’“T’“’lrp =

Up,r,1P-
Let fvp,'r,l T'<q) — Pvp,'r,l T(q) and f“p,r,l (q) — Pvp,r,l (q), Where P”p,'r,l T(q) (I'eSp. P“p,r,l (q))
rp rp p 5P p P rp p P

13



Up,r,1

is the cyclotomic polynomial with coefficients in Q of order =222y = =204 (resp. “2rtp = “22),
Therefor
e

B frora (d")
foora (@)

rp

Jopra ,T(qp)
i — Pvp,'r,l
P

Fooes (9) 1, (6) = Penea (@) = Prua (0) = Penea, (4)
rp

where
Pryes, (@) = Pros () = Poosa ,(0) = Prass, (0)
D, Ll E e

is the cyclotomic polynomial with coefficients in QQ of order v, ;.
(b) Choose s, ;’s and s, ;’s appearing in the optimal lines above.

fopra  (dP)
As m = P,,,..(q) € Q[g] in (a), it follows that the only choice possible for s,,, is
2L

Spk, = 1 since
P frora (a7 e ()
vp,m1,r\d) = U— = Jupr1,0\4 pord qr Sp’kl,
fp’Tﬁlvr((D P

)

and f,,  ,r(q) is not in Q[g] by construction.
Let s, p, =0 = spk, and s, 4, = 1 = 5, ,. Then

B frora ,(q")

Fonr (@) e (@) = = L (q) = Py p0(a)-
B2 p

Let s, = 0 = s,4,. Then with s,; and s, ; for © = 1,2, 3 chosen as above, the following
must hold

frors (@) = frora (q).
Step 4: Let 1 := kg and K := {ko, k1, k2, k3, k4 }. Define

fola) = H Soprin(@)™"

ieK
and
fr(Q) = H fvp,r’i,r(Q)S”
ieK
where s, ; and s,.; fori = 1, ..., 4 are chosen as in Step 3.

Proposition 3.7. (Key Proposition 2) The choices made in Step 3 are possible and the polynomials
f»(q) and f,(q), constructed in Step 4 above, satisfy Functional Equation (1).

Proof. To prove that the choice

v ,(q) = P (q)

p

is possible, it is sufficient for us to verify that

14



fora (q7)
p

=9(q")
f’”p;;r,l R (q) fUp,r,l 5T (q)
for some monic polynomial g(¢q) with nonzero constant term since
frora, (¢")

S R — v ™\Spky
er(Q) fvp,r,lm(Q)fp,T,l’p(q )
P K

With our choice of fr,.ra (q),
p b
f“p,Tnl’r (¢")

P, .. —_— .
p,r, 1y (Q) fMJ(q)

f"’p,v‘,l (qp)

Therefore, the set of roots of —2———
fvp,r,l r(q)
Sl

can be represented the collection of tuples

A= {(w, +t(r),wy) |0<t <r—1w, € (Z/rL) ,w, € (Z/pZ)"}.
As the collection of roots of f,,  , -(q) is presented by A(r) (see definition in Step 2), the collec-

f %Tmm(qp )
fU?wThlJn (q)fvp,r,lyr(q>

can be represented by the collection of tuples

tion of root of

B(r) == {(w, + t(r),w,) | 0 <t <r—1,w, € B,,w, € B,}

where B, = (Z/pZ)* and B, = (Z/rZ)* — A,. Let g(q) be a monic polynomial who roots
are primitive v, . 1-roots of unity represented by the collection of tuples

{(w,wp) | w, € By, w, € B,.}.

Then it can be verified ([2], [4]) that B(r) represents the collection of roots of g(¢"). As a result,
we may define

frora (@) = 9(q).
Next, let us prove that if
frors (4) = Prosa (q),

then the choices s, 1, = 0 and s, 1, = 1 = s, 5, make sense. As

o Jwea (@)
fvp,r,l’p(Q)fM r(q ) - Y7 /N — Pvp,r,17p<q)7
r Yp,r,1 (Q)
Dl p
it is sufficient if we show that
'S
fp%nl,p(q ) . Pvp,ryl,p(q) _ g(qp)

fU%TT’lJ)(q)fUp,r,lyp(q) B fvp,r,laP(Q)

15



for some polynomial g(q). It can be verified that the collection of all roots of P, . ,(q) can
be represented by the collection of tuples

A, = {(w, +t(p),w,) |0<t <p—1w, € (Z/pZ)*,w, € (Z/rZ)"}.
Hence the collection of roots of fv’”—lz(qq)) can be represented by the collection A, — A(p) = B(p)

where
B(p) = {(w, +t(p),w,) |0 <t <p—1,w, € B,,w, € By}

where B, = (Z/rZ)* — A, and B, = (Z/pZ)*. Let g(q) be the monic polynomial whose roots
can be represented by the collection of tuples

{(wp, wy) | w, € By, w, € By}.

As above, it can be verified that the collection of tuples B(p) represents the collection of all roots
of the polynomial g(q?). Therefore, we may define

feora ,(q) = 9(a),

and the result follows.
Finally, with the choices of sg y, for ¢ = 1, 2, 3 made in Step 3, where O denotes either p or r,

it follows that
f P7 17 (qp)s’“’% f prl7 ( )sp*k4
fprlr( )Sr,k-4 :fprl r( )prl ( )81,,,;€4

Therefore, to show that the choices s,.;, = 0 = s, , is possible, we must show that

fvp;)’“l ( )

fora (@) = frra (q).
P T

This follows immediately from above since fu.ra1 (¢) and fu.ra ,(g) are defined as monic poly-
nomials whose roots are primitive vy, . ;-roots of umty represented by the collection of tuples

{(wp,w,) | w, € By,w, € By}

and
{(w,wp) | w, € By, w, € B,.}

respectively. The result follows since these two collections of tuples coincide.
By construction,

Io(@) = foprin(@) fop i, 0(D) for iy (@)
and

Fr(@) = foprs (D) oy (D) frop iy (@)
where

1. fvp,T,l,r(qp) = fUp,T,17p<qr)'
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2. fvp,r,hp(Q)fvp,r,ks,p(CZ)fvpmkyr(qp) = fvpmkg,p(qr)
3- fvp,r,kl 7T<qp) = fvp,r,17r(q)f'1)p,r’kl,T(q)fvp7»,~7k1 ,p(qr)'
4. fvp,rvh ,p(Q) = f”p,r,kg,ﬂ”(Q)'

It can be verified that the product of the polynomials on the left hand side of (1), (2), (3) and (4)
(resp. the product of the polynomials on the right hand side of (1), (2), (3) and (4)) is equal to

1p(q) f+(¢7) (xesp. f-(q) fo(¢")). Therefore, the result follows.
O

As a result, the polynomials f,(q) and f,(¢) induce a unique sequence I' of polynomials
satisfying Equation (2) with support base {p, 7} and with coefficients not properly contains in Q.
Therefore, I' cannot be generated by quantum integers by Theorem 1.9.

(2) Now let us suppose that there exists an odd prime 7 such that r divides p; — 1 for all p; in
P. There are two cases to consider:

(i) P contains 2: Let u = 2r. Then u > 2. Hence |(Z/uZ)*| = |(Z/2rZ)*| > 1. Therefore,
there exists at least one nonempty proper subset, denoted by A, of (Z/uZ)* = (Z/27)* x
(Z)rZ)* = (Z]rZ)*. Let A, be the subset of (Z/rZ)* such that

A, =2 A,

Then A, is a nonempty proper subset of (Z/rZ)*.
For each p; in P — {2}, define

fpj (Q) = fu,pj (Q)fr‘,p]’ (Q)
where:

1. fup,(q) is a monic polynomial whose roots are primitive up;-roots of unity represented by
the collection of tuples

{(wu, wy,) | wy € Ay, wy, € (Z/p;2)"}.

Hence f,,,(¢) is a nontrivial monic polynomial whose coefficients are not properly con-
tained in Q.

2. frp; (@) = Prp,(q) is the cyclotomic polynomial of order rp;, i.e., the irreducible (in Q[q])
monic polynomial with coefficient in Q whose roots are all primitive 7p;-roots of unity.
Hence roots of f., (q) are represented by the collection of tuples

{(wy, wy,) | we € (Z)rZ)* Wy, € (Z/p;Z)"}.

17



Define
f2(q) = fu2(q) fralq)

where:

1. fu2(q) is a monic polynomial whose roots are primitive u2-roots of unity represented by
the collection of tuples

((1+H2),w) | 0<t<1,w €Al

Hence f,2(q) is a nontrivial monic polynomial whose coefficients are not properly con-
tained in Q.

2. fr2(q) is a monic polynomial whose roots are primitive r2-roots of unity represented by
the collection

{w, | w, € (Z/uZ) — A} = A{w, | w, € (Z)rZ)" — A, }.

For each p; € P, f,. () is a nontrivial polynomial whose coefficients are not properly contained
in Q since f,p,(q) is a nontrivial monic polynomial whose coefficients are not properly contained
in Q. (see [4] for details). Let p,, and p,, be two primes in P — {r}. Since p,, = p,, = 1(mod )
by assumption, it follows that p,, = p,,, = 1(mod 2r). Therefore

Jupn (g"™)
fupn ()

and

fupm (@)
fupm (@)

are monic polynomials as a result of Key Proposition 1 and 1’ of [4], whose roots are represented
by the collection of tuples

{(wu, wp,,, wy,,) | wu € Ay, wy, € (Z/ppZ)", wy,, € (Z/pmZ)"}

and
{(w, wp,,,, wp,) | wu € Ay, wy,,, € (Z/pmZ)", wy, € (Z/pnZ)"}

respectively. These collections of tuples coincide. As a result,

Jupn (g"™) _ Jupm (¢")
Fupn (@) fupm (@)

or equivalently,

fu,pm (Q) fu,pn (qpm) = fu,pn <Q) fu,pm (qpn ) .

18



Since f,.,, (q) = Py, (¢) and f.,, (¢) = P, (q) respectively, it is straightforward to verify that

frpa (@) _ P (@) _ (q) = Py (@) _ Srpn (@)
fﬁpn (q) P”"ypn ((:Z> prbm P7'7p7n (Q) f"",pm (Q) ’

where P, . (¢) is the cyclotomic polynomial with coefficients in Q and order rp,,p,,. Therefore,

fr,pm (Q)fr,pn (qpm) = fr,pn (Q>fr,pm (qpn ) .

As aresult,

Jou (@) fon (@) = fo (@) (@),

ie., f,.(¢) and f, (q) satisfy Functional Equation (1).
Next, let p be any odd prime in P. Let f,(¢) be defined as above. Since p = 1(mod r) by
assumption, p = 1(mod u). Hence

fu,2(qp)
fu,2(Q)

is a monic polynomial whose roots are primitive u2p-roots of unity. It can be verified from the

collection of tuples of integers representing the roots of f, 2(q) stated earlier that the set of roots

of %((f)) consists of primitive u2p-roots of unity represented by the collection of tuples

{14+t(2),w,,wp) |0 <t < 1w, €A, w, € (Z/pZ)"}.

By replacing either p,, (or p,,) by p in f,, (q) (or f,  (q)) above, the collection of roots of
fup(q) can be represented by the collection

{(wy, wp) | wy, € Ay, w, € (Z/pZ)"}.

It can be verified that roots of f, ,(¢?) are primitive up2-roots of unity represented by the
collection of tuples

{1 +1t(2),w,,w,) |0 <t < 1w, €A, w, € (Z/pZ)".
Hence,

_ fu2(q")
fu,Z(Q)

fu,p(‘]z)

or equivalently,

Ju2 (Q)fuyp((f) = fu2(q").

As A, is a nonempty proper subset of (Z/rZ)* by construction, the coefficients of f »(q) are not

properly contained in Q. Then
f r,2 (qp)

fr,Z(Q)

is a monic polynomial, since p = 1(mod 7) by assumption, whose roots are primitive r2p-roots
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of unity. Its roots can be represented by the collection of tuples
{(wy, wp) [ wy € (ZJuZ)" = Ay, wy € (Z/PL)"}-

Therefore, the collection of roots of the product of monic polynomials

fra(q?)

f%P(q) fr,2 (Q)

is represented by
{(wy, wp) | wy € (ZJuZ)* — Ay, w, € (Z/pZ)*}

U{(wu, wp) | wy € Ay, wp € (Z/p2)"} = {(wu, wp) | Wy € (Z/uZ)", wy € (Z/PL)"}.

As f,.,(q) :== P, ,(q) by construction,

e Pold?)
Told) ~ Brylg) 2@

where P,5(q) is the cyclotomic polynomial in Q[g] of order rp2. Hence its roots are primitive

rp2 = up-roots of unity represented by the collection of tuples

{(wu, wp) | wy € (Z/uZ)" wp € (Z/PL)"}.

As a result, ( ) ( )
fr,P q2 _ fr,2 qp
Feold) )
Therefore, (@) (qP)
9 f’[",p q . D fT’,2 qp
Ju2(@) fup(q) ) = fu2(0")fup(9) fra(q)’

or equivalently,

(fu,2 (Q) fT,Q (Q)) (fu,P(q2)fr,P(q2)) = (fu,p(Q)fr,p(Q» (fu,2 (qp)fT,Q(qp))-

The last equality can be rewritten as

Fu2(@) fo(@?) = fp(q) f2(dP).

Therefore f,2(q) and f, ,(q) satisty Functional Equation (1) for any odd prime p in P. The
collection of polynomials {fs(¢) | s € P}, where f(q) is defined above, induces a unique
sequence I" of polynomials satisfying Functional Equation (2) with support base P and field of
coefficients strictly containing QQ as desired.

(ii) P does not contain 2: Let uw = r. Then v > 2 and thus |(Z/uZ)*| = |(Z/rZ)*| > 1. Let
p; be any prime in P and let A, is a nonempty proper subset of (Z/rZ)*. Define

(@) = fup, (@)
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where f, . (¢) is a monic polynomial whose roots are primitive up;-root of unity and are repre-
sented by the collection of ordered pairs

{(w"‘7ij) | w, € ‘Aﬂij € (Z/pZ)"}.

Let p,, and p,, be two arbitrary primes in P. Hence the coefficients of f, . (¢) are not properly
contained in QQ since A, is a nonempty proper subset of (Z/rZ)*. As p, = p,, = 1(mod r) by
assumption, it follows from Key Proposition 1 and 1’ of [4] that

fupm (@)

fupm (@)

and

fupa (@)

fupn (@)

are monic polynomials whose roots are primitive up,,p,,-roots of unity represented by the collec-
tion of tuples

{(wmwpm»wpn) | w, € Ay wyp,, € (Z/me)*,wpn € (Z/pnZ)"}

and
{(wrvanawpm) | w, € A, wp, € (Z/an>*>wpm € (Z/pmZ)"},

respectively. These two collection are identical. As as result,

fupn (G°") _ fupa (@)

or equivalently,

Fupn (@) fupm (@) = Fupm (@) fupn (@)

Therefore,

fpn (Q) fpm (qpn) = fpm (Q) fpn <qpm )a

i.e., fp,(q) and f, (q) satisfy Functional Equation (1). From this point, the result follows as in
part (i) above.

(3) Next, suppose that 4 divide p — 1 for all odd prime p € P. There are two cases:
(i) P contains 2: Let u = 4. Then

(Z/uZ)*| > 1.

Hence we can choose a nonempty proper subset, denoted by A,, of (Z/uZ)*. Let p be an
odd prime of P. Let f,,(q) be a monic polynomial whose roots are primitive up-roots of unity
represented by the collection of tuples

{(wy, wp) | wy, € Ay, w, € (Z/pZ)"}.
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Hence the coefficients of f, ,(q) are not properly contained in Q. Let f5 ,(q) be the cyclotomic
polynomial in Q[qg| of order 2p. Hence its roots are primitive 2p-root of unity represented by the
collection of tuples

{(w, wyp) | we € (Z/22)", wy € (Z/pZ)"}.

Let f1,(¢) = P,(q)* where P,(q) is the cyclotomic polynomial in Q[g¢] of order p. Since roots
of P,(q) are primitive p-roots of unity represented by the collection of tuples

{wy | w, € (Z/pZ)"},

the collection of roots of f ,(q) is represented by the collection

{w, | wy, € (Z/pZ)"}y U{w, | w, € (Z/pZ)"}

with LI denoting the union where multiplicity is counted. Define

fp<Q) = fu,p(Q)fZ,p(Q>fl,p(Q)-

Let f,2(q) be the monic polynomial whose roots are primitive 2u-roots of unity represented
by the collection of tuples

{(we + W) |0 <t < 1,0, € A}

Thus its coefficients are also not contained in Q. Let f25(q) be the monic polynomial whose
roots are primitive u-roots of unity represented by the collection of tuples

{w, | w, € (Z/uZ)* — Ay}

It can be verified, using the fact that (Z/uZ)* — A, is a nonempty proper subset of (Z/uZ)*,
that the coefficients of f22(q) are not properly contained in Q. Let f;2(q) be the cyclotomic
polynomial in Q[g] of order 2. Hence its root is represented by

(wy € (Z)22)*).

Define
fo(q) = fu2(q) fa2(q) fr2(q).

Since p = 1(mod u) by assumption, it can be verified that

fu,Z(qp)
fu,Q(Q)

and
fu,p<q2)

are a monic polynomials whose roots are primitive up2-roots of unity represented by the same
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collection of tuples

{(wy + t(u),wy) |0 <t <1,w, € Ay, w, € (Z/pZ)"}.

Therefore,
fu 2(qp)
fu, q2 = 7 .
p( ) fu,Q(Q)
Since p = 1(mod u), p = 1(mod 2). It follows that
f2.2(q")
f2,2(Q>

is a monic polynomial whose roots are primitive up-roots of unity represented by the collection
of tuples
{(wy, wp) | wy, € (Z/uZ)* — Ay, w, € (Z/pZ)*}.

Hence the roots of the product of monic polynomials

f2,2(qp)
f2,2(Q)

fup(@)
are represented by the collection of tuples
{(wy, wp) [ wy € Ay, wy € (Z/pL)"}

U{(wu, wp) [ wy € (Z/uZ) —Au, wp € (Z/pZ)"} = {(wu, wp) | wu € (Z/uZ)", w, € (Z/pZ)"}.
It can be verified that f5,(¢?) is a monic polynomial whose roots are primitive up-roots of unity
represented by the collection of tuples

{((w2 +1(2)),wp) [ 0 <t < 1wy € (Z/22)",wp € (Z/pL)"}

= {((wy, wp) | w, € (ZJuZ)*,w, € (Z/pL)*}.

As aresult,

2 _ Fa(@)
f2,p<q ) - fu,p(Q> f2,2(q) :

Since f12(q) = P(q), the cylotomic polynomial in Q[g] of order 2,

fi2(¢") _ Pa(d’)
fizl)  Palq)

= P2p(‘1)7

the cyclotomic polynomial in Q[g] of order 2p. Hence its roots can be represented by the collec-
tion of tuples

{ (w2, wp) [ wy € (2/22)", wy, € (Z/pZ)"}.
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Thus the product of monic polynomials

f12(qP)
f1,2(Q)

i1s a monic polynomial whose roots are primitive 2p-roots of unity represented by the collection

f2,p(Q)

of tuples
{(ws, wy) | wy € (Z/28)",w, € (Z/pZ)°y U {(wa,w,) | ws € (Z/22)",w, € (Z/pL)")

with LI denoting the union where multiplicity is counted. Since roots of P,(q) are presented by
the collection

{wp | wy € (Z/pL)"},

it can be verified that the union of sets above represents exactly the collection of roots of

Fiol@®  (Po(@®)? 2
Fole) By - Peld)

where P,,(q)) denotes the cyclotomic polynomial in Q[¢| of order 2p. Therefore,

fl,p(q2) . f1,2<qp)
fipla) fosld) fi2(q)
As a result,
2 o Jio(@®)  fu2(d?) f22(q7) f12(q")
Pl OB 5 ™ o) 0 o) D oty

or equivalently

(fu2(@) f22(0) fr.2(0) (fup (@) fop (@) frp())
= (fu,p(Q)f2,p(CI)fl,p(Q)) (fu,z(C]p)fz,Q(qp)fl,z(qp))-

The last equality can be rewritten as

R0 (@) = fola) f2(d).

Thus f>(q) and f,(q) satisfy Functional Equation (1). They induce, by Theorem 1.5, a unique
sequence of polynomials

I'={fu(g) [ n € N}

whose elements satisfy Functional Equation (2) with support base P and with field of coefficients
strictly containing Q.

(ii) P does not contain 2: Let u = 4. Let p,, and p,,, be two primes in P. Let .4,, be a nonempty
proper subset of (Z/uZ)*. Let f,,,.(q) and f, . (q) be the monic polynomials whose roots are
primitive up,,-roots of unity and up,,,-roots of unity respectively and represented by the collection
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of tuples
{(wy, wyp,) | wu € Au, wy, € (Z/paZ)"}

and
{(wu, wp,,,) | Wy € Ay, wy,, € (Z/pnZ)"}

respectively. It can be verified that the coefficients of f, . (¢) and f, (q) are not properly con-
tained in Q. Since p,, = p,, = 1(mod u) by assumption,

Jupn (g"™)
fupn (@)

and

Jupm (@)
fupm (@)

are monic polynomials whose roots are primitive up,,p,,-roots of unity represented by the collec-
tions of tuples

{(wy, wy, , wy,,) | w, € Ay, wy, € (Z/pyZ)*,w,,, € (Z/p )"}

and
{(wuawpmvan) | wy, € Ay, wp,, € (Z/me)*van € (Z/pnZ)"}.

Since these two collections of tuples are equal,

fupa (@) _ fupm (@)
fu,pn (q) fu,pm (Q> ’

or equivalently,

fu,pm (Q) fu,pn (qpm ) = fu,pn (q) fu,pm (qp" ) .

Define f,,(q) = fup.(q) and fp, (q) = fup,(q). Then f,, (¢) and f,,(q) satisfy Functional
Equation (1). The rest of the argument follows as in (i) above.

(4) Finally, suppose that there exists an odd prime 7 in P such that r divides p — 1 for all
primes p in P — {r}. Since r > 2,
(Z/rZ)*| > 1.

Hence there exists at least one nonempty proper subset, denoted by A,, of (Z/rZ)*. Let p be
any prime in P — {r}. Let f,,(¢) be the monic polynomial whose roots are primitive rp-roots of
unity represented by the collection of tuples

{(wp,wp) | w, € Apyw, € (Z/pZ)"}.

Hence the coefficients of f,.,(¢) are not properly contained in Q. Let f;,(¢) := F,(q), the
cyclotomic polynomial in Q[g] of order p. Hence roots of f; ,(¢) are represented by the collection
of tuples

{w, | wy, € (Z/pZ)"}.
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Define
fp<Q) = fr,p(Q)fl,p<Q)'

On the other hand, let f,.,.(¢) be the monic polynomial whose roots are primitive r2-roots of unity
represented by the collection of tuple

{<wr+t(7n)) | 0<t<r—1w, 6Ar}~

It can be verified that the coefficients of f,,(q) are not properly contained in Q. Let f; ,(q) be
the monic polynomial whose roots are primitive r-roots of unity represented by the collection of
tuples

{w, | w, € (Z/rZ)" — A,}.
Define
fr(Q) = fT,T(Q)fl,T(Q)'
Since p = 1(mod r) by hypothesis,
frr(aP)
frr()

is a monic polynomial, by Key Proposition 1 of [4], whose roots are primitive r?p-roots of unity

represented by the collection of tuples
{(w, +t(r),w,) |0<t <r—1w, € A,w, € (Z/pZ)*}.

It can be verified also that f,,(¢") is a monic polynomial whose roots are primitive pr?-roots of
unity presented by the collection of tuples

{(w, +t(r),w,) |0<t<r—1w, € A,w, € (Z/pZ)"}.

Therefore,

_ frr(@)

fﬁp(qr) B fr,r(q) '

It can be verified that

fipl@)  Plg) 7

where P,,(q) is the cyclotomic polynomial in Q[g] of order pr. Hence its roots are primitive

fl,p(qr) _ PP(QT) — P (q)

pr-roots of unity represented by the collection of tuples
{(wp, wy) | w, € (Z/r2)", wp € (Z/pZ)"}.

It can be verified that

fl,r(qp)
fl,r(q)

i1s a monic polynomial whose roots are primitive rp-roots of unity represented by the collection

of tuples
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{(wp,wp) | w, € (Z)rZ)" — Aryw, € (Z/PZ)"}.

Therefore,

f1,7"<qp)
f1,7°<Q)

is a monic polynomial whose roots are primitive rp-roots of unity represented by the collection

fr,p(Q)

of tuples
{(wy, wp) | wy € Av,wy € (Z/pZ)"} U {(wr, wp) | wy € (Z/rZ)" — A, wy € (Z/pZ)"}

= {(wr, wp) [ w, € (Z/rZ)", wp € (Z/pZ)"}.

As aresult, Fio(@) f1.(q")
LP—QT _ 1,r q°
fl,p<Q) fr,p<Q) fl,r(Q) .
Therefore, Fuod) f1.0(@) frr(qP)
mJ1p(d” _ 1r(4") Jrr(q”
Tl )5y = D5 ) Tt

or equivalently,

(frr(@) frr(@) frp(@") f10(0") = (Frp(@) frp(D) f1.(@") 1 (@)

The last equality can also be written as

fr(@) fo(d") = fol@) fr(dP),

i.e., f,(q) and f,(q) satisfy Functional Equation (1).
The collection of polynomials

{fo(@) | p € P}

induces, by Theorem 1.5, a unique sequence of polynomials I' = {f,,(¢) | n € Ap} satisfying
Functional Equation (2) with field of coefficients strictly containing Q. [

Proof. (proof of Corollary 2.2) It is known that the collection of natural numbers
{dk+1]k=1,...,00},
or more generally, the collection of natural numbers

{rk+1|kel,... 00},

where 7 is any fixed natural number, contains infinitely many primes (see Dirichlet’s primes in
arithmetic progression theorem). Let P be a collection of all primes of the form

Plz{pi|pi:4]€i+1,ki€N},
or
PQZ{pZ|pZ:T’kZ+]_,]{?Z€N}
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for some odd prime r. Then P, and P, are of infinite cardinality. Let P be any infinite subset
of P, or P,. Condition (2) or (3) of Theorem 2.1 says that if 4 divide p — 1 for all p in a set
of primes P or if there exists an odd prime 7 dividing p — 1 for all primes p in P, then there

exist sequences of polynomials I" satisfying Functional Equation (2) with field of coefficients of

characteristic zero strictly containing (Q and support base P. Therefore, the result follows from
Theorem 1.9. O
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