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Abstract: Let D(G) be the maximal cardinality of a set A C G that contains no non-trivial
solution to x1 + «+ - + x5 — swey; = Owithz; € A(1 <i<s+1). Let

D(H)
dn) = sup ———,
( ) rk(H)P;n |H|

where rk(H) is the rank of H. We prove that for any n € N, d(n) < —&;, where € is a fixed
constant depending only on s.
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1 Introduction

For any natural number m > 3, letr € (Z \ {0})" satisfy r; + - - - + r,,, = 0. Given a non-trivial
finite Abelian group G, we can write G' =~ Zy,, ® - - - & Zy,,, where Zy, is a non-trivial cyclic group
of order k; (1 < i < n) and k;|k;—1 (2 < i < n). We let tk(G) = n denote the rank of G. A
solution x of 7z + - -+ 4 7%y = 0 is called trivial if x; = x; for any i # j. Otherwise, we
say that a solution x is non-trivial. Let D,(G) be the maximal cardinality of a set A C G that
contains no non-trivial solution to ryzy + - -+ + ryx, = 0 with z; € A (1 < i < s), and write

55



D:(G)
dr(n) B rki(sg)pzn ‘G’ .

Note that D 1,_2)(G) is the maximum size of a subset A C G free from non-trivial three-term
arithmetic progressions.

Meshulam [3] showed that if gcd(|G|,2) = 1, then d11,-2)(G) < |G|/ 1k(G). Lev [1] later
established that d(1 1 _9)(G) < 2/1k(2G), where 2G = {2z : € G}. Liu and Spencer [2]
proved that for any fixedr € (Z \ {0})™ satisfying ry + - - - 4+ r,,, = 0, there exists a positive con-
stant C'(r) such that whenever ged (|G, k1) = 1, we have d,(G) < C(r)/(rk(G))™ 2. In this brief
note, we establish a similar theorem without a condition on the gcd whenr = (1,1,...,1,—s) €
(Z\ {0})°"" and s > 3. Namely, we prove the following theorem.

Theorem 1. For s > 3,7 = (1y,...,15,—s), and

2 _4 s—2
C= max{ ( i ) V245, 2(2°7 — 2)52},

2 Proof of Theorem 1

Lets >3and 7 = (1,...,1, —s). For a finite Abelian group G, let G denote the character group
of G, which is the set of all homomorphisms from G to C*. Write x for the trivial character. For
1<i<s+1,let

F00 =D x(riz) =Y x"(x).

T€EA €A

In what follows, for convenience, we write D(G) in place of D,(G) and d(n) in place of
dy(n). Before proving Theorem 1, we establish two lemmas necessary for our proof.

Lemma 2. Let G be a finite Abelian group, and suppose that A C G contains no non-trivial
solution to x1 + -+ - + x5 — sz = O withx; € A(1 < i < s+ 1). Then,

Zfl(X)f2<X) e () < |GHAPT (8 —;— 1).

xe@G

Proof. We have that

Y ALK () =D D Y x(@mat e ay—swen). (D

xeG x1€A zs41€A XEG

By [4, Corollary on p. 63],

XEG

S (o) = {yG|, if x =0,

0, ifz£0.
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Thus, the sum
> x(@i+ o+ w = sTg)

xX€G
detects whether ornotr-x = 1 + -+ + x5 — sxs.1 = 0. Since A C G contains no non-trivial
solution to 1 + -+ - + 3 — swey; = O with z; € A(1 < i < s+ 1), all such solutions must be
trivial, implying that

Z Z ZX(I"X)§|G| Z |{xeA5+1:Ii:xjar'X:0}|- )

T1EA rs+1€A x€G 1<i<yj<s+1
For any of the (5“) choices of 1 < i < j < s+ 1, there exists an element k € {1,...,s}\
{i,j}. There are |A|*~* choices of (21, ..., Tx—1,Tkt1,- .., Tsp1) € A° where z;; = x;, and given
any such choice of (x1,...,Tx 1, Tki1,- -, Tsr1), X € G¥Tis a solution of r - x = 0 if and only
s+1

if 2 = — Y ;. Thus, forany 1 <i < j <s+1,
iZk
{x e At gy =25, r-x =0} < AL 3)

Upon combining (1), (2), and (3), the lemma follows. [l

Lemma 3. Let G be a finite Abelian group with rk(G) > n, and suppose that A C G contains
no non-trivial solution to x; + - - - + xs — swsy1 = 0 withz; € A(1 <1i < s+ 1). Then,

S AWK - fer(X) 2 AP — |GAP (d(n - 1)|G] — |A])*

xEG

Proof. Note that

DA fer) = A00) - ) Y A0 fen(0)

xe@G X€G\{xo0}

= AT > AN () (4)

x€G\{x0}
> AT =1 Y A fen ()]
x€G\{x0}

By [2, Lemma 3],
> x(@)

€A

sup <d(n—1)|G| — 4|,

x€G\{xo}

and by [4, Corollary on p. 63],

> ZX(I)ZSZ

x€G\{xo} 12€4 x€G

> x(@)| =

T€EA

o> xw—y) =D |Gl =IGlA|.

T,y€A Xeé a:g,cyze;l
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Therefore,

> AN faa 0| 1A DD AN L)

x€G\{x0} x€G\{x0}
=14 Y D ox@ ©)
x€G\{xo} I7€A

<[A[(dn - DG = 1A)T S0 Do x)
X€G\{xo} I7€4
s—2

= |G[|A]*(d(n - 1)|G| — | A])

The lemma now follows by combining (4) and (5). [l

We are now in a position to prove Theorem 1.

Proof. (of Theorem 1) We proceed by induction on n. We have d(1) < 1 < €/1%72. Suppose
now that n > 2 and that d(n — 1) < €/(n — 1)*72. Let G be a finite Abelian group with
rk(G) > k, and suppose that A C G contains no non-trivial solution to z1 + - - - + 25 — sz = 0
with z; € A(1 < i < s+ 1). By proving that |A]/|G| < €/n*"2, we establish the inequality
d(k) < €/n2.

Combining Lemmas 2 and 3 yields

s— s— +1
AP = Gl - Dl - 1) < fellar (1) ©®

We split our analysis into two cases.
s s+1
o Casel. A" < ( - )|G||A|S !

We may re-write the above inequality as :é" < S\QTJT Because rk(G) > n, |G| > 2™.

Al < [s245 1 (s 4 s)n2s—4
G| — n 2 2n '

By considering the first and second derivative, one can show that for x > 1,

Hence,

(5245)z2s—4
2T

5—2
as a function of = obtains a global maximum of (elogfé)) Vs?+ s when z = (25 —
4)/log(2). Thus, |A|/|G| < €/n*~2.

‘A‘S+l

1
e Case 2. > <S+ )\G! |AP

By combining the above inequality with (6), we obtain that

|A|s+1
2

s—2
<|GIIAP (d(n - 1)|G| - |4])
We may re-write this inequality as
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Al (A 2 e
uHH(u) <dn-1)< —— )

(€ G (n—1)2
Note that for z > 2, the function z ((ﬁ)S_Q — 1) of z is decreasing. Hence, n ((%)5_2 — 1) <
25=1 —92and
n 5—2 5—2
202 << ) — 1) <228t -2 <
n—1
Therefore,

which implies that

(& (& -1 Gs—2 -1 C s—2
— < 5—2 . — s—2 .
(TL _ 1)372 n572 — 2 nsfl 2 (7182) (8)

By (7) and (8), we have

Al (JANTE e e\
_ 2572 JRE— 2572 .
G| + G| < 2 + ns—2

Since z + 271/~ 3(s=1/(s=2) 5 an increasing function of =, it follows that |A|/|G| <
C/ns2,

The theorem now follows by induction. [
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