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Abstract: BBP-type formulas are usually discovered experimentally, one at a time and in specific
bases, through computer searches using PSLQ or other integer relations finding algorithms. In
this paper, however, we give a systematic analytical derivation of numerous new explicit digit
extraction BBP-type formulas for the arctangents of real numbers in general bases. Our method
has the clear advantage that the proofs of the formulas are contained in the derivations, whereas in
the experimental approach, proofs of discovered formulas have to be found separately. The high
point of this paper is perhaps the discovery, for the first time, of a BBP-type formula for 7+/5.
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1 Introduction

A BBP-type formula has the remarkable property that it allows the i-th digit of a mathematical
constant to be computed without having to compute any of the previous ¢ — 1 digits and without
requiring ultra high-precision [1, 2]. BBP-type formulas were first introduced in a 1996 paper [3],
where a formula of this type for m was given.

Apart from digit extraction, another reason the study of BBP-type formulas has continued to
attract attention is that BBP-type constants are conjectured to be either rational or normal to base
b [4, 5, 6], that is their base-b digits are randomly distributed.

BBP-type formulas are usually discovered experimentally, one at a time and in specific bases,
through computer searches. In this paper, however, we derive explicit digit extraction BBP-type
formulas in general bases.

Although most of the formulas presented are new, our method also accomodates a rediscovery
of known results.
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2 Definitions and notation

The first degree polylogarithm function, with which we are concerned in this paper, is defined by

Liy [z Z% |z| < 1.
k=1

For ¢,z € R, we have the identities

sinx sin km
arctan _gemy ) = Im Li; [gexp(iz) Z ¢
1 —gcoszx =

and

1 k
—3 log (1 — 2qcosx + q2) Re Li; [gexp(iz)] Z ¢" coska
k>1

The constants considered in this paper are of the form

1 imm
K = Z {am ged(m,n), 1IH1 Lll |i% exp ( n )‘| }

= | (D
— mZ::I {amfsgcd(mﬂ)vl arctan <1 i/fjgtizzg:/) n)) }

where ged(j, k) is the greatest common divisor of the integers j and k, d;; is Kronecker’s delta
symbol, n € {1,2,3,4,5,6,8,10, 12, 15,20, 24, 30,40,60}, ¢ € Z" and a; € {1,0, —1} for each
j. Note that n here belongs to the set of positive integers such that sin(jm/n) and cos(jm/n),
j < mn € 7", are expressible in terms of radicals.

The scheme for obtaining the BBP-type formulas is as follows:

For each n, we seek all «; combinations for which /& has a degree 1 BBP-type formula, that

k= Zbkzkl+j

k>0 7=1

1s, such that K can be written

where 0, [ (base, length respectively) and a; are integers.
This is accomplished by writing

1 mm
K = Z{am gcd(mn)lIlel |:%6Xp( n ):|}

m=1

—zz{% st () @

m=1r>1
= Z Z [Qmagcd(m n),l sin <Tm7r>:| ’
trr = o n

and then choosing only combinations of «; that give BBP-type formulas.
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In order to save space, we will often give the BBP-type formulas using the compact Bailey’s
P-notation [2]:

1 l
P(s,b,1,A) ;Zb_kz; klﬂ
]:

k>0

where s, b and [ are integers, and A = (ay, as, . .., a;) is a vector of integers.

3 n=1: Base t formulas

There are no base ¢ length 1 or length 2 arctangent formulas since Li; [1/vZ exp i] is a real number
fort > 0.

4 n=2: Base t? formulas

Choosing n = 2 in Eq. (2), we find

. 1 T
K = ayImLi; [% exp (3)}

{ rm 3)
Sk b (D))
r>1 trr
from which follows immediately the BBP-type formula
1 1 t 1
V3 arctan (—> = { — ]
Vit ; (2)F | (4dk+1) (4k+3) (4)

= P(1,t% 4, (t,0,—1,0))

5 n = 3: Bases t° and t° formulas

Choosing n = 3 in Eq. (2), we find

1 j 1 9
i o () vomma [Fon ()]
=S fonsin () +ausn (2]}
r>1 \/t_rr 3 3

All combinations of a1, € {1,0,—1} give BBP-type formulas for K. We therefore con-

sider the combinations in turn:

]
]

]
1, 1]

L,
0,

(6)
1

— = O

[, ] =

)

[
[
[
q
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51 Case [ag, 0] = [1,0]

With oy =1 =1 — ay in Eq. (5), we have
1 i
K=ImLi |—exp | —
' L/f p(3)}

= arctan i
B 2/t — 1

1 . T
Y ()
r>1 t r

1/2{/.3 t2 t \/E
t3z t3 [6k+1+6k+2_6k+4_6k‘+5

k>0

(7

Note that Eq. (7) is BBP-type only if v/t € Q. Thus replacing ¢ with 2, we obtain the
following BBP-type formula:

2v/3 arctan <£>

2t —1

Z 3 ot 1 )
TP t6 6k:+1 6k:+2 6k+4 6k+5

k>0

3
= t—5P(1,t6,6, (t*,¢%,0,—t,—1,0)).

Henceforth we shall make such ¢ — t2 replacements without further comments, as the need
arises.

5.2 Case [ag, 0] = [0, 1]
With a; = 0 = a5 — 1 in Eq. (5), we have

V3
2 S,
\/garctan <2t 1
t3 t 1
_ )
t52t6 [6k+1 Gkr2 Gkid Oki5

3
= t—5P(1,t6, 6, (t*, —t3,0,t,—1,0)).

5.3 Case [ag, 0] = [1,1]

With oy = 1 = a5 in Eq. (5), we have
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\/garctan <ﬁ>

t—1
B 0
3 3
t k>0 (t3)k |6k + 1 6kz+5
3
=—P(1,t3,6,(t*,0,0,0,—1,0
P26, )
54 Case [ag,a0] = [1,—1]
With a; = 1 = —a» in Eq. (5), we have
2\/§arctan (%)
3 1 t 1
_ 2 _ (11)
"X @ T 5

3
= t—QP(l,t3,3, (t,—1,0))

Note that Eq. (11) is the base ¢3, length 3 version of Eq. (9).

6 n=4: Bases t* and 24t formulas

Choosing n = 4 in Eq. (2), we find

i = artmtiy [ (2] iy [ L eso (7)) o
3ok e () s (5]}

r>1

As in the previous case of n = 3, all combinations of oy, a3 € {1,0,—1} give BBP-type
formulas for . We will consider, in turn, the combinations [aq, a3] = [1,0], [a1, as] = [0, 1],
[061, Oég] []_ 1] and [Oél, (1/3] [1 —1]

6.1 Case [, a3] =[1,0]

With a; =1 =1 — a3 in Eq. (12), we have

1
arctan (—)
= WPQ 16t%, 8, (85, 8%, 4t*,0, —2t*, —2t, —1,0)) ..
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6.2 Case [ag,a3] = [0,1]

With oy = 0 = a3 — 1 in Eq. (12), we have

1
arctan | ———
(215 + 1) (14)

1
= WP(L 16t%, 8, (8t°, —8t° 4t*, 0, -2t 2t, —1,0)) .

6.3 Case [ag,a3] = [1,1]

With oy = 1 = a3 in Eq. (12), we have

\/ﬁarctan (%)

2
= —7P(1,t4,8, (t3,0,1%,0,—t,0,—1,0)).

VT
6.4 Case [ag,a3] = [1, —1]

(15)

Here Eq. (4) is reproduced.

7 n=5: Base t° formulas

Choosing n = 5 in Eq. (2), we find

1 ) 1 21
K = ayIm Li; [% exp (%)} + aIm Liy [% exp (%)}
1 ' 1 44
+ 0631111 Lll [% exp <32?7T):| + Oé4IIIl L11 [% exp <%>:| (16)

Z{ 1 {oz sin (TW> + oo sin (QTW) + a3 sin <3T7T) + oy sin <4TW)}}
= 1 — 2 — 3 - 4 —
= \/t_Tr 5 5 5 5

Out of all the 40 independent combinations of o, j = 1,2, 3,4, none gives a BBP-type series
for K.

8 n=6: Base t° formulas

Choosing n = 6 in Eq. (2), we find

K =ty [ 1o ()] gty [1- e (3]
-5 (s [ () +osn (57

r>1
Out of the four independent combinations of a;y, a5 € {1,0,—1}, two, namely [y, a5] =
[1,1] and [ay, as] = [1, —1], give BBP-type formulas for K.

(17)
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8.1 Case [041, CY5] = [1, 1]

With oy = 1 = a5 in Eq. (17), we have

()
arctan —1
- (18)

1
— —\/tl_lP(l,tG, 12, (t°,0,2t*,0,¢°,0, —t*,0, —2t,0,—1,0)) .

8.2 Case [a,a5] = [1, —1]
With a; = 1 = —a5 in Eq. (17), Eq. (8) is merely reproduced.

9 n — 8: Base t8 formulas

Choosing n = 8 in Eq. (2), we find
1 T 1 i
K=oImLijj |—exp | — + asImLi; [—exp | —
1 1[¢z p(sﬂ ’ 1@% p(8>}
asImLi; |[—exp | — aImLi; |[—exp | —
5 1 \/7—5 P 8 7 1 \/E P 8 (19)

—Z ! asin(ﬂ)jLa sin 37l + a5 sin 57“_7r + a7 sin W—W
At A Y ’ 8 ’ 8 ! 8

Out of all the 40 independent combinations of o4, a3, a5 and a7, two give BBP-type se-
ries for K. The BBP-type formulas for K are found under |o, ag, a5, 7] = [1,1, —1, —1] and
[aly ag, A, 047] = [17 _17 17 _1]

9.1 Case [al,CYg,Oé5,a7] = [1,1,—1,—1]

Replicates Eq. (15)

9.2 Case [Oél, as, 05, Oé7] = [1, —1, 1, —1]
Replicates Eq. (4)

10 n = 10: Base t'° formulas

Choosing n = 10 in Eq. (2), we find
1 ) 1 31
K = ay;ImLi; [% exp (%)] + as3Im Li; {% exp (%)]
4 a-Tm Li 1 Tvm 4 aeTm Li 1 Qmr
oarImLi; | —exp | — aolm Li; | —exp | —
7 1 NG p 10 9 1 NG p 10 (20)
Z{ ! {a sin (TW> + a3 sin (Srw) + a7 sin <7r7r) + g Sin (97”77)}}
= 1 — 3 e 7 re 9 rre
= Virr 10 10 10 10
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Out of all the 40 independent combinations of «a;, a3, a7 and ay, two give BBP-type se-

YA N}

ries for K. The BBP-type formulas for K are found under |ay,a, a7, o] = [1,1,1, 1] and
[ala as, ar, Oég] - [17 _17 _17 1]

10.1 Case [a1, a3, a7, 9] = [1,1,1,1]
Using a; = 1 = a3 = a7 = g in Eq. (20) we find

V5 arctan {\/E (L) } + (64 + 6,2)7V/5

2 —-3t+1
_ i) 10 9 8 6 5 (21)
= ﬁp(u .20, (1°,0,1%,0,0,0,¢%,0,,0,
—t*,0,—t%,0,0,0,—t,0,—1,0))
10.2 Case [a1, a3, a7, 9] = [1,—1,—1,1]
Using a; = 1 = —a3 = —ay = ag in Eq. (20) we find
t—1
arctan {\/% (m) }
1
— —P(1,£°,20, (°,0, —t%,0, —417,0, —15, 0, (22)

‘/t19
5,0, —t*,0,%,0,4t%,0,¢,0,—1,0))

11 n = 12: Bases t'2 and 2'2¢24 formulas

Choosing n = 12 in Eq. (2), we find
1 ) 1 51
K = oyImLi; [% exp (21—7;)] + asIm Li; {% exp (%)]
. 1 T . 1 11im
+ a7Im Liy % exp Tz + aq1Im Lig \ﬁ exp D (23)
Z{ L {a sin <T7T> + a5 sin <5T7T) + a7 sin <7T7T> + a1 sin (HTW)} }
= 1 - 5 - 7 - 11
= T 12 12 12 12

Out of all the 40 independent combinations of «;,j = 1,5,7, 11, BBP-type series exist for the

following o; combinations:

(

1,1,1,1]

1,1, -1,-1]

1,-1,1,-1]

1,-1,-1,1]

(24)
1,0,1,0]
[
[
[

Qaq, 05, A7, all] -

1,0,—1,0]
0,1,0,1]
0,1,0,—1]

\
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11.1 Case [041, Ay, iy, 0411] = [1, 1, 1, 1]
t—1

\/éal"Ctan {\/a <m> } + W\/é (5t1 + (5752)

6

= —=P(1,1%,24,(t",0,0,0,1°,0,¢%,

Vi
0,0,0,t% 0, —¢>,0,0,0,—t*,0,—t*,0,0,0,—1,0))

(25)

11.2 Case [041, Ay, 7, 0411] = [1, 1, —1, —1]
Replicates Eq. (18)

11.3 Case [a1, a5, a7, 1] = [1,—1,1, —1]
Replicates Eq. (8).

114 Case [041, a5, iy, 0411] = [1, —1, —1, 1]
V2 arctan {@ (L> }

22 —t4+1

2
1/t23
—2t7,0,1%,0, —°,0,2t*,0,¢%,0,t*,0,2t,0, —1,0))

_ (26)

P(1,t'%,24, (t'1,0, =2t 0, —#°,0, —%,0,

11.5 Case [041, Q, Oy, 0411] = [1, O, 1, O]
V3 arctan {\/3 <L> }

42 — 2t — 1

= T006i% P(1,4096t*, 24, (2048t%%,0, 0, 1024t 512t'% 0, Q27)

256t16, 256t1°, 0,0, 64t2, 0, —32¢1°,0, 0, —16t7,
—81%,0, —4t*, —4t3,0,0,—1,0))

11.6 Case [011, s, 7, ozn] = [1, O, —1, 0]

. 1/t—1

I 11 - ———

arctan y\ o — 1

= ——P(1,4096t%*, 24, (2048t%%, —2048t*"
4096t23 ( b ) b ( ) b)

—2048t%°,0, —512t'8, —1024¢'7, —256¢'¢, 0, (28)
— 256t —128t13 64t'2, 0, —32¢1°,

32t%,32t%,0, 8%, 16¢°,

44,0, 4t%,2t, —1,0))
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11.7 Case [041, Ay, iy, 0411] = [0, 1, 0, 1]

2t +1
\/garctan {\/g <m) }
3

4096123
512t'8,0, 256t1°, —256¢'°, 0,0, 64t'%, 0, —32¢'°,

0,0,16t", —8t°,0, —4t*,4¢*,0,0, —1,0))

P(1,4096t*, 24, (2048t%2,0, 0, —1024¢7, (29)

11.8 Case [051, s, 7, @11] = [0, 1, 0, —1]

NEYAER

arctan§ -\ ——

t\2t+1
P(1,4096t%*, 24, (2048t 2048, —2048t>°,

- 4096¢23 (30)
0, —512t18 1024¢'7, —256t16, 0, —256t, 128¢13,

64t'2, 0, —32t1°, —32¢9, 32¢%, 0, 8¢5,
— 16t°, 4t*,0, 4%, —2t, —1,0))

We remark here that the binary BBP formulas that result by evaluating at t = 2P~!, p € Z+
Egs. (27), (28), (29) and (30), have been discussed elsewhere (see [7]).

12 n = 15: Bases t'° and ¢3° formulas

Choosing n = 15 in Eq. (2), we find

1 ] 1 21
ot ()] ot o ()
1 4i 1 7i
ot ()] et e ()
. 1 & . 1 11w

ot | Zpexp (55|« owmmitn | e (557)

1 13i 1 14i
+ ayslm Li {— exp < ”)1 + ayylm Li {— exp ( W)} 31)

\/1_5 15 \/1_5 15
B Z{ 1 [ _ (r7r> N , (27“71’) N , (4T7T>
2 T Q1 sin B Qg SIn B (4 SN 5
. [ Trm . [ 8rm i 11rm
“+ a7 sin (E) + g sin <E) + 11 S1n ( 15 )
) 13rm i 14rm
+ algsm( 5 ) —|—a14s1n( 5 )}}
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BBP-type series exist for the following «; combinations:

(

1,-1,-1,-1,—1,-1,-1,1]
1,1,1,-1,1,-1,—1,-1]
1,1, — 1,1,1, 1,1,1]

1,-1,1,1,—1,-1,1,-1]

Y

[
[
[
[
[0417042,044,CY77<18,0411,@1370414] [
1,
[
[

(32)
1,0, 0,1,0 —1,1,0]
1,0,0, — —1,-1,0]
0,1,1,0,1,0 0, —1]
[0,1,-1,0,1,0,0,1]
12.1 Case [a1, az, a4, a7, 08, a1, 013, 14) = [1, -1, -1, -1, -1, -1, —1,1]
533213t 1 6
V15 arctan {\/ 15t (t4 TR 3 8+ 1) } + TV 15;5@'
15 (33)
= P(1,t%,30,(t*4,0,0,0,0,0,—t',0,0,0,
‘/t29
—12,0,—1%,0,0,0,t%,0,#°,0,0,0,¢*,0,0,0,0,0, —1,0))
12'2 Case [alva27a47a77a87a11aa13aa14] = []-a ]-a ]-7 71; ]-a 717717 71]
2 —1
2v/ 15 arct tv15 271V 156
e an{ <2t4—4t2—t3—t+2>}+ Vo (34)
15
- tﬂp(u“, 15, (t'3,412,0,4'°,0,0, —t",1%,0,0, 3,0, —t, —1,0))
12.3 Case (a1, a0, a4, a7, 08, a11, a13, a14] = [1,1,-1,1,1, —1,1,1]
B —t2+t—1
@mam{@ <t4 it 1)} V3o
_ 3 15 14 12 11 (35)
= \/tEP(l,t .30, (t'%,0,0,0,4t'%,0,¢',0,0,0,
—1,0,1%,0,0,0,—°,0,¢°,0,0,0, —t*,0, —4t>,0,0,0, —1,0))
12°4 Case [alva27a47a77a87a11aa13aa14] = []-a 717 17 1; 71)717 17 71]
-2 +1
2\/§arctan{\/§ <2t4 ST R V 1)}
(36)

3
= —P(1,t%,15, ('3, —t'%,0, 4¢°,0,",
t14
— 5,0, —4t*, —3,0,t,—1,0))
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12°5 Case [a17 Qg, 04, 7,08, (11,13, 0414] — []-a 05 07 17 07 _]-a ]-a O]

3 2_1
2v/3 arctan {\/§< i )} + 27r\/§(5ﬂ

A+ 13 — 12— 20— 1
3 30 28 427 25 24
= 5 P(1,6%,30, (%%, 7,0, %, 46,0, (37)

t22 t21 0 4t19 —tlS 0 2516 t15 0 _t13 —t12
0,6, —41°,0, ", —1%,0, —4t*,¢3,0, —t, —1,0))

12.6 Case [041, g, 04,7, 008, X11,(X13, 0114] = [1, 0, 0, —1, 0, —1, —1, 0]

W iBactan {5 (o e ) |

200 + 3 — 42+t 42
15
= tTQP(l,t3O,3O, (%, —t*7,0,—t%,0,0, (38)

o t22, —t21, O, 07 _t18’ O, _th’ t15, 0’ —t13,
t12.0,¢'°,0,0,¢7,5,0,0,¢%,0,t,—1,0))

12'7 Case [O[l,O[Q,OZ4,0Z7,0[8,0[11,CV13,CV14] - [07 17 1707 170707 _1]

2 _
9/T5 arctan {m—g ( r-1 ) } 2T

208 — 412 —t3 —t + 2
15

= 5 P(1,£%,30, (#%°,£77,0,4%,0,0, 39

_ t22, t21, 07 0’ _t187 07 _t16, _t15’ 0’ t13’
t2,0,4'°,0,0, —t",¢%,0,0, —t3,0, —t, —1,0))

12°8 Case [aly Qag, 04, 7,08, (11,13, ()[14] = [07 17 _1) 07 ]-7 07 07 1]

B —t2+1
2\/§arctan{\/§ (2754 + )}

B—t2+2t—1
3 30 28 427 25 4424
:tEP(l,t .30, (¢°°, —t=7,0,¢°, 4%, 0, (40)
t22, _t217 07 _4t197 _t187 O7 1(/_167 _t157 07 t137
— 12,0, 4¢%,0,47, —5,0, —4t*, —3,0,t,—1,0))
Note that Eq. (40) is an expanded version of Eq. (36).

13 n = 20: Bases t2Y and 22°¢%° formulas

Choosing n = 20 in Eq. (2), we find
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1 ] 1 31
K = ayImLi; [\/Zexp (;0)} + a3Im Liy [\/%exp(;g)}
i 1 7T . 1 Qi
+ a7Im Liy [\ﬁ exp ( 20 )} + aglm Liy [% exp ( 20 )}
1 11 1 13
+ anlm L11 [% exp (2—2071-):| + Oélglm L11 [% exp ( 2(ZJ7T>:|
4 o Im Li 1 17w 4 onolm Li 1 19e7
a7lmLi) |—exp [ —— arglmLiy |—exp [ ——
17 1 Vi p 20 19 1 NG p 20 (41)
—Z Q sin (E>+o¢ sin 37“_7r + a7 sin W—W
e | \20 ’ 20 ! 20
n . [ 9rm n i 11rm . i 13rm
Qg S111 20 11 SIn 20 (13 SIN 20
. i 17rm . i 19rm
17 SIn 20 (Y19 SIN 20

BBP-type series exist for the following «; combinations:

(

[1,1,-1,1,1,—1,1,1]
[1,-1,1,1,1,1,-1,1]
[1,1,1,1, 1,-1,-1,-1]
[1,—1,—1,1,—1,1,1,—1]
1, 0,1,1,0 0,-1,0]
[1,0,—1,1,0,0,1,0]
[0,1 0 0,1, ~1,0,1]
0,1,0,0,—1,—1,0, —1]

ag, a3, a7, Qg, (1, 013, A7, 019] =

(42)

\

13.1 Case [a1, a3, a7, a9, a11, a13, a1z, arg) = [1,1,-1,1,1,-1,1,1]

) ) Y

ﬁarctan{@( £-1 >}+wx/§5ﬂ

-3 -2 —t+1

2
= _P(17 t207 407 (tlga 07 tlga 07 4t177 07 _t167 07 t157 07 t147 07 _tlgu 07 4t127 07 tllv (43)

A /t39

0,t",0,—1°,0, 3,0, —4t", 0,15, 0, —t°,0, —t*,0,£*,0, —4t*,0, —t,0, —1,0))

13.2 Case [Oq,043,047,049,0411,()413,6117,0419] = [1, —1, 1, 1, 1, 1, —1, 1]

3 — 22+ 2t — 1
V5 arctan {\/ 10t (t4 TR _al 1) } + (041 + 042 + 5t3)7r\/5
5\/_

\/t
—1°,0,1%,0,0,0, —t% 0, —°,0, —t*,0, —*,0,0,0,¢,0, —1,0))

P(1,t%,40, (t'2,0,—t'®,0,0,0,#°,0,¢,0,¢",0,¢',0,0,0, —t'*, 0,4, 0, Sad
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13°3 Case [a17 as, ar, g, 11, 013, 17, O‘(19] = [17 17 17 1) _17 _]-a _1) _1]

V5 arctan {NS (L) } +7V5 0,

- 312+ 1
5
= t1—9P(1,t2°,20, (t*®,0,¢'°,0,0,0,¢'%,0,t%,0,—t%,0, —5,0,0,0, 2,0, —1,0))

(45)

Note that Eq. (45) and Eq. (21) are identical.
Addition of Egs. (44) and (45), both evaluated at ¢ = 2, gives a very interesting binary
BBP-type formula for 71/5:

5
/5 = DL, 220 40, (29,2, —2'% 0,0,2'7,2'%, 0,

915 0,214 0,213 918 (0, —2!1 11 910 () 99 99 98 () (46)
— 27, -20,0,-2°0, -2 0, —2% —2°0,0,2, -2, —1,0))

13.4 Case [al, ag, 7, g, 11,13, X17, Oélg] = [1, —1, —1, 1, —1, 1, 1, —1]
Replicates Eq. (22)

13.5 Case [0y, a3, a7, a9, 011, 013, 017, 19] = [1,0,1,1,0,0,—1,0]

VBarctan {t\/S ( S ) }

A4 — 213 — 22 —t + 1
5

104857613
— 262144t%¢.0,0, 131072t 6553632, 0, 32768, 0,

16384t 0, 8192t%°, 8192t%°, 0, 0, —2048t*2, 47)
2048¢21,1024¢%°, 0, —512t'8, —512¢'7,
256t16,0,0, —128t'3, —64¢t12, 0, —32¢1°,
0, —16t%,0, —8t°, —8¢>,0, 0, 2t2,
—2t,—1,0))
Note that at t = 1, Eq. (46) is recovered.

P(1,1048576t%, 40, (524288t 524288t%",

13.6 Case [ay, a3, a7, a9, a11, a3, a17, 019] = [1,0,—1,1,0,0,1,0]

. , 22 — 2t + 1
arctan
At — 23 +t — 1

1
— ——__P(1.1048576t%°. 40. (52428838, —524288¢37
104857639 (1, 40, ’ ’

262144t% 0, 524288t%*, 131072t%3, —65536¢32, 0,
32768t3°,131072t%, 16384¢%, 0, —8192t°,
8192t%°,16384¢%4, 0, 2048t*2, —2048t*!,

1024t%°, 0, —512t® 512¢'7, —256¢19, 0,

— 512tM —128¢13 64t'2, 0, —32¢1°,

— 128t —16t%,0, 8%, —8¢°,

—16t*,0, —2t*, 2t, —1,0))

(48)

46



13°7 Case [a17 asg, a7, g, 11, 13, 17, O‘(19] = [07 17 07 0) 1) _17 07 1]

can |+ 202 + 2t + 1
T 1
N R 7 Ty

P(1,1048576t%, 40, (524288t%%, 5242887,

~ 104857613
262144360, 524288¢3*, —131072t%3, —65536t32, 0,

3276830, —131072t%%, 16384¢%%, 0, —8192¢%°,

— 8192t%°,16384t%*, 0, 2048t*2, 2048t

1024, 0, =512t —512¢17, —256¢1°, 0,

— 512t 128¢13 64¢12, 0, —32¢1°,

128t7, —16t%,0, 8% 8%, —16t*,0, —2t*, —2t, —1,0))

13.8 Case [a1, a3, a7, a9, a11, a13, a17,a19] = [0,1,0,0, —1, 1,0, —1]

VB aretan {NE ( S ) }

A4 + 213 — 212+t + 1

= WP(L 104857611, 40, (524288t —5242881°7,

— 262144t%°,0,0, —131072t>*, 65536t%2, 0, 32768t>°, 0,
16384¢%%, 0, 81920, —8192t% 0,0, —2048t*2,

— 2048t ,1024t%°, 0, —512¢8, 512¢'7,

256t1%. 0,0, 128¢1%, —64t2, 0, —32t1°, 0,

—16t%,0, —8t°,8t°,0,0,2t?, 2t, —1,0))

14 n = 24: Base t** formulas

Choosing n = 24 in Eq. (2), we find

. 1 i . 1 Y%
=i | e (g7) |+t | e ()]
. 1 i . 1 117
ortnti | Jpesp (5 )| oumtas | e (557 )

1 132 1 172
+ a13Im Liy {— exp ( m)} + a17Im Liy {— exp (%

1 19: 1 231
+ arp9lm Lig [— exp ( m)} + ao3Im Lig [— exp ( o

Vi T\ 24 Vit

24 24

Vit

—Z 1 asin(rl>+a sin M—W + a7 sin W—W
AT ! 24 b 24 T 24

Vit

. 11rm . 13rm . 17rm
+ (11 SIn + aiz3sin | —— | + ay7sin 21

24 24

. . 19rm n . 23rm
(19 S1N 24 Qg3 S111 24

47

(49)

(50)

(1)



BBP-type series exist for the following «;; combinations:

[1,1,1,1, 1, —1 —1]
[1,1,—1 1,1,17 —1]
[CY170457047,04117CY13>0417,0419,0423] (52)
1, — -1,1 —1]
[1, 1, 1,1, —1]
14.1 Case [ala a5, a7, 11, 13, A7, (N9, 0423] = [17 17 17 17 _17 _17 _17 _1]
Replicates Eq. (25)
14.2  Case [y, a5, a7, aq1, @13, a7, g, ans] = (1,1, =1, —1,1,1, =1, —1]
Replicates Eq. (18)
14.3 Case [041, a5, 07, 11, 013, 17, Q19, 0423] = [1, —1, 1, —1, 1, —1, 1, —1]
Replicates Eq. (8)
14.4 Case [ala a5, a7, 1, 013, A7, (9, 0423] = [17 _17 _17 17 _17 17 17 _1]
Replicates Eq. (26)
15 n = 30: Base ¢3° formulas
Choosing n = 30 in Eq. (2), we find
1 ' 1
K = oyImLi; {\/_exp (30>] + a7Im Liy [\/_exp (73@(7;)]
1 11im ] 1 13im
ImLi; |[— ImLi; |—
+ aqim 11_ t ( > aq3lm 11[\/%exp(30 )}
(1 17 1 197
+ aq7Im Li + ajglm Li; |—exp | ——
et | s (55 ) [+ ot | e (55|
1 23im 1 29w
+ ao3Im Li; exp ( ) + arg9lm Li; [— exp (—)]
Vi | Vit 30 (53)

_Z{\/_’f’

T . Trm
[al sin (3()) + a7 sin (%

. . 13rm . . 17rm n .
(13 sin Q17 sin (/19 SIN
13 30 17 30 19

n . 23rm n . 29rm
S S
(o3 S1I 30 (g9 S1I 30
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n . 11rm
n
18 30

19rm
30



BBP-type series exist for the following «;; combinations:

(54)

[ala ar,0q1, 013, 017, (9, (023, 0529] =

7_17 _17 17 17 17 _1]

)

I
=
|
[E—

15.1 Case [a1, ay, aq1, a3, a7, g, a3, o]

Replicates Eq. (38)

15.2 Case [ala ar, a1, 03, A7, A9, (23, Q29] = [17 17 _17 17 _17 17 _17 _1]

Replicates Eq. (37)

15.3 Case [041,047,&11,&13,&17,&19,(123,@29] = [1, 1, —1, —1, —1, —1, 1, 1]

ﬁt{@( Coretol )}

=23 + 312 — 2t + 1
5
= ——=P(1, 3,60, (t*,0, —2t*,0,0,0,t*°,0, —2t*°,0,

\/t_ (55)

— 240, —t%2,0,0,0, —t%*,0, —t%°,0, —2t'°,0,¢'%,0,0, 0, —2t,
0,t%,0,—t,0,2t13,0,0,0, —t'1,0,2t1°,0,4°,0,¢%,0,0,0, 5,
0,t°,0,2t*,0,—t*0,0,0,2t,0, —1,0))

15'4 Case [ala ar, 011, 013, Aip7, 19, (X23, 0429] — [17 _17 _17 17 17 _17 _17 1]

B2 —t—1
t t| ———m——
arc an{\/_< t4—t2—|—1 >}
1
= ——P(1,#*,60, (t*°,0,2t*®,0, —4t*", 0, —%°, 0, —2t*°,
Vit (56)

0, —t**,0,t%,0, —8t*2,0,t*,0, —t*°, 0, —2t'2,0, —t'®, 0, —4t'",
0,2t1.0,¢,0, =t 0, —2¢'3,0,4¢'2,0, ™, 0,2t 0, %,
0,—t%,0,8t",0,—5,0,°,0,2t*,0,£3,0,4t%, 0, —2t,0, —1,0))

49



16 n = 40: Base t*° formulas

Choosing n = 40 in Eq. (2), we find

K = oyIm Li; {% exp (Z(;)} + a3Im Li; [% exp (ijg)}
+ ar7Im Liy [% exp (Zg)} + aglm Li; [% exp (EZ_ST)}
+ a1 Im Li; [% exp (%)} + ag3Im Li; [% exp (1i(2)7r):|

+ a7Im Lip \;_ <17m)_ + aolm Li; % exp <1Z%)
+ a9 Im Ly \}_ exp <2127r) + ao3lm Lig i exp <23£)

Vi 40
1 27 1 2947\ |
+ agrIm Lig % exp < 27r) + agolm Lig % exp < 4?)

. 1 3l . 1 33
+ a31Im Li; % exp 0 + az3lm Lig % exp 10

! 37w 1 39
+ ag7Im Liy % exp 0 4+ azglm Liy % exp 10

40
. . 37rm N . [ 39rm
(g7 S1N 10 (r39 S1I1 10

BBP-type series exist for the following «; combinations:

[041,CV3,047,@9,6111,@13,@17,@19,&21,023>Oé27,a29,0431,a337043770439] =

(11,1,1,1,-1,-1,-1, - 1,1,1,1,1, -1, - 1—1]
1,1, — 1,1,1, 1,1,1,-1,-1,1, -1, 1,1, —1]
1, — 1,1,1,1,1, 1,1,-1,1,—1,-1,— 1,1, 1]
([1-1,-1,1,-1,1,1,=1,1, -1, - 1,1, 1,1,1, 1]

16.1 Case (a1, a3, a7, (g, a1, 13, Q 7, g, Q21, (123, (a7, (i29, (431, Oi33, (437, (U39

=[1,1,1,1,-1,-1,-1,-1,1,1,1,1, -1,-1, -1, —1]

Replicates Eq. (21)
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16.2 Case [a;,a3,a7,a9, 011, a13, 017, a19, 21, 23, 27, Ai29, (431, 33, 437, A30)
—[1,1,-1,1,1,-1,1,1, -1, ~1,1, —1, ~1,1, —1, —1]

Replicates Eq. (43)

16.3 Case [a1, a3, a7, (g, a1, 13, 7, g, Q21, (123, Qa7, (i2g, (431, (r33, (437, (U39
= [1, -1,1,1,1,1,-1,1,—-1,1, -1, -1, -1, -1, 1, —1]

Replicates Eq. (44)

16.4 Case (a1, a3, a7, a9, a1, 003, a7, A9, A1, 23, 27, (29, (31, (433, (437, OL39]
=[1,-1,-1,1,-1,1,1,—-1,1,—1,—1,1,-1,1,1, —1]

Replicates Eq. (22)
17 n = 60: Base t° formulas

Choosing n = 60 in Eq. (2), we find

1 ) 1
K = ayIm Li; [\/_exp (éO)} + a7Im Liy {\/gexp (762(7;)}
+ aqIm Li 1 e Lim + aq3Im Li 1 e L3im
—exp [ —— —ex
11 1 \/1_5 p 60 13 1 \/1_5 p 60

! 17¢m 1 19¢7
+ ay7Im Lig % exp 50 + aj9lm Liy % exp 60

4 anelm Li 1 23z7r 4 anelm Li 1 2927r
Qo3lm 114 exp Quoglin 1114 exp
\/ | \/ ]

[ 1 31 [ 1 37
+ O[gllm L11 < Z’ﬁ) + a371m L11 < Z’ﬁ)

i i
[ 1 41 [ 1 43
+ a1 Im Lig _\/Ze p( GZ)W) + auzIm Lig _\/Ze p( GZ)W)
1 47w 1 497
+ oy ImLi; |—exp | —— + aglmLi; |[—exp | ——
. {\/f p( 60 )] e {\/f p( 60 )] (59)

+ as3Im Li L exp ! + azolm Li L exp !
X X
53 1 i 50 59 1 i 50

B 1 rT Trm . 11rm
= 2 {? {al sin (60) + a7 sin (W) + vy s1n < 50 >
_ 13rm _ 17rm . 19rm . [ 23rm
+ (13 sIn ( 60 ) + ay7sin ( 60 ) + 9 8In ( 0 ) + (g3 81n ( 60 )
. 29rm 3lrm . 37rm . 41rm
+ Qo9 SIN ( 60 ) -+ (v31 sin ( 60 ) + (g7 sin ( 60 ) -+ g1 SIn ( 6 )
. 43rm 47rm . 49rm
+ (g3 810 (6—) + Q7 sIn ( 50 ) + Qg Sin ( 0 )
. ([ 953rm . [ 59rm
+ 04538111( 60 ) +a5gsln< 60 )}}



BBP-type series exist for the following «; combinations:

[, a7, an1, aus, Qar, g, Quag, rag, 31, Qlar, Qlat, a3, Qlat, Qlag, sz, Qlsg| =
( 1,1,1,1,-1,1,1,-1,-1,1,1,—-1,1,1,1, 1]
,1,1-1,-1,-1,-1,1,1,-1,-1,—-1,—-1,1,1, 1]
1,1, — 1,1, L1,-1,-1,1,1,-1,1,-1,1, -1, —1]
1,1,-1,-1,-1,-1,1,1,-1,—-1,1,1,1,1, -1, —1] (60)
1, - 1,1,1,1, 1,1,1,1,1,-1,1,1,1, -1, 1]
1, - 1,1, 1,1,1,-1,-1,-1,—-1,1,1,—-1,1, —1,1]
1, — 1,1,1, 1,-1,1,-1,1,1,-1,-1,1,1, 1]
1, — -1,1,1,1,-1,1,-1,-1,-1,1,1,1, —1]

17.1 Case [a1, a7, a11, @13, 17, 19, 23, A9, 31, A7, Q41 43, QAT g, 53, (59
= [1, 1,1,1,—-1,1,1,—-1,—-1,1,1,—-1,1,1, 1, 1]

1—t—224+2t° + 15 —¢7
5arct V10t
arc an{ < 5t7+t8

1 — 5t — 212 4 5¢3 4 3t* + 5t5 — 216 —

5
+ 71—\/52 5tj + 27T\/55t1
j=2
5v/2
= —\/_P(l, %120, (£°°,0,2t°%,0,0,0,t°%, 0, —2t°°,
A /t119
0,t°*,0,1°,0,0,0, —t",0,t,0,2t*,0,*%,0,0, 0, 2t*°, 0, 61)

— .0, —t*,0,2t*,0,0,0,t*,0,2t*°,0,t%*,0, 1,0, 0,
0,t%,0,t%,0, —2t>,0,%,0,0,0,2t3,0,t* 0, —t*, 0,
—2t%8,0,0,0, —t%°,0,2t%°,0, —t**,0, —t*,0,0,0, t**,0, —t*°,
0, —2t.0, —t18,0,0,0, —2¢1¢,0,¢'%, 0, t*, 0, —2¢'3,0, 0,

0, —t', 0, -2t 0,—¢,0,¢%,0,0,0, —t%, 0, —t>,0, 2t*, 0, —t>,
0,0,0,—2t,0,—1,0))

17.2 Case [a1, a7, 11, 013, 7, (g, (23, 29, 31, QL37, (41, (43, V4T, C49, (L53, (X59)
=[1,1,1,-1,—-1,-1,-1,1,1,-1,-1,—1,—1,1,1,1]

—1 4+t =23 42t — 5 47
\/garctan{\/ﬁ—( + + + )}

1 — 3t 4 2t2 + 3t3 — 5t* + 35 + 26 — 3¢7 4¢3

3v/2
— \/%P(l, 9,120, (t°°,0,0,0, —4t°7,0,°,0,0,0,t>*,0, 3,0, 0,0,
—°1,0,—1,0,0,0, —£*%,0, —4¢"",0,0,0,¢*,0,£,0,0,0, —4t*, 0, (62)

—t11,0,0,0, —%,0, —t%,0,0,0, —%,0,t%,0,0,0,t**,0, —4t**,0, 0,
0,t*,0,—*,0,0,0,4t*",0, —t*°,0,0,0, —**,0,t*,0,0,0,#*',0,*°,0,
0,0,t'%,0,4t',0,0,0, —t'°,0, —t**,0,0,0,4t'*,0,£,0,0,0,¢, 0, 1%,
0,0,0,2%0,—t>,0,0,0, —t*,0,4¢*,0,0,0,—1,0))
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17.3 Case a1, a7, a11, @13, a17, a9, 93, a9, (31, A7, a1, 43, a7, g, (53, (Lo
—[1,1,-1,1,-1,1,-1,-1,1,1, 1,1, 1,1, —1, —1]

Replicates Eq. (37)

174 Case [a1, a7, 11, 013, 7, (g, (23, 29, Qr31, (37, (X41, (443, U7, (49, (X53, (L59)
=[1,1,-1,-1,-1,-1,1,1,—-1,-1,1,1,1,1, -1, —1]

Y Y Y

Replicates Eq. (55)

17.5 Case [a1, a7, 11, 013, 7, g, (23, 129, 31, (37, (41, (43, V4T, 049, (L53, (X59)
= [1, -1,1,1,1,-1,1,1,1,1,—-1,1,1,1, —1, 1]

1 — 5t + 812 — 83 + 8t — 85 + 516 — 17
— /15 arct V30t
e { (1 — 15t + 382 — 4513 + 434 — 4515 + 38t6 — 1517 + {8
12
+7VI5 Y 6y + 2mV150,

j=2

15v/2
- _fp@, t%,120, (¢*,0,0,0,0,0,—t>,0,0,0,>,0,%,0,0,0, £, 0,

A /t119

—%°.0,0,0,t%.0,0,0,0,0,t*,0,t*,0,0,0,0,0,t,0,0,0, —t3°,0,¢%. 0,
0,0,t%.0,t%,0,0,0,—t,0,0,0,0,0,t*,0,—t*,0,0,0,0,0,t%,0,0,0,

— 21,0, —t%3,0,0,0,—t*,0,t*,0,0,0,—t®,0,0,0,0,0, —t'°, 0, —t'*,
0,0,0,0,0, —t'*,0,0,0,t*,0,—t%,0,0,0, —t°,0, —=¢°,0,0, 0, t3,
0,0,0,0,0,—1,0))

17.6 Case [a1, a7, 11, 013, 7, (g, (23, 29, Qr31, (37, (X41, (443, V4T, Cl49, (X53, (X59)
= [1, -1,1,-1,1,1,-1,-1,—-1,—-1,1,1,—-1,1, -1, 1]

1—t+ 212 =263+ 2t* — 285 + 16 — #7
— arctan { V2t
arcan{ (1—t+2t2—3t3+3t4—3t5+2t6—t7+t8
\/5 60 59 58 57 56 55 54 53
= V2 P(1,1%,120, (£%°, 0, — 2675, 0, 4457, 0, 7,0, —2455, 0, £54, 0, — 7%,
1/15119

0, —8t°%,0,t1,0,t°°,0,2t%, 0, —t*, 0, —4t17, 0, —2¢1® 0, —t*5, 0, —t*, 0,
—2t1.0, —4t*2,0, —t*1,0,2t%,0,%,0, 3,0, =837, 0, =36, 0, %5, 0,
—2t31.0,—13%,0,4t3,0, —2t31,0,t%°,0, —t*, 0, 2t*8, 0, —4¢*", 0, t*°, 0,
2t%.0, —t%4,0,t%,0,8t%2,0, —t*, 0, —t%°,0, —2¢12,0,¢18, 0, 4¢'7, 0, 2¢16,
0,t,0,¢,0,2t'3,0,4¢'2,0, ¢, 0, —2¢1°,0, —°,0, =%, 0, 8t7,0, ¢, 0,
—°,0,2t*,0,3,0, —4t%,0,2t,0, —1,0))

17.7 Case [a1, a7, 11, 013, 7, (g, 23, 29, 31, QL37, (U41, (443, V4T, CU49, (L53, (X59)
= [1, -1,-1,1,1,-1,-1,1,—-1,1,1,—-1,—-1,1, 1, —1]

Replicates Eq. (56)
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17.8 Case [a1, a7, 001, 013, 17, 19, 23, 29, (431, O37, Q41 , 043, 04T, CL49, O3, (59
= [17 _17 _17 _17 17 17 17 _17 1> _13 _L _17 17 17 1’ _1]

Replicates Eq. (38).

18 Conclusion

We have derived numerous new explicit digit extraction BBP-type formulas for the arctangents
of real numbers in general bases, ¢, without doing computer searches. The high point of this work
is the discovery, for the first time, of a binary BBP-type formula for 7+/5.
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