Notes on Number Theory and Discrete Mathematics
Vol. 19, 2013, No. 1, 22-24

Note on ¢, 1 and o-functions. Part 6

Krassimir T. Atanassov

Department of Bioinformatics and Mathematical Modelling
Institute of Biophysics and Biomedical Engineering — Bulgarian Academy of Sciences
Acad. G. Bonchev Str., Bl. 105, Sofia-1113, Bulgaria
e-mail: krat@bas.bg

Abstract: The inequality
o(n)p(n)o(n) >n*+n* —n— 1.

connecting ¢, 1) and o-functions is formulated and proved.
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Let us define for the natural number n > 2, with canonical representation

k
(%)
=1
=1

(where k, oy, ... a > 1 —natural numbers and py, ..., pi, — different prime numbers), the following
functions (cf., e.g, [1,2]):

set(n) = {p1, ..., pr}-
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Theorem. For every natural number n > 2
o(n)Y(n)o(n) >n*+n*—n—1. (1)
Proof. Let the natural number n be a prime. Then
pn)(n)o(n) = (n—1)(n+1)* =n’+n* —n—1

and (1) holds.
Let ©(n) = 2. Then, for n there are two cases.
In the first case, n = pq for two distinct primes p and q. Let p > ¢. Then

e(n)y(n)a(n) = e(pg)v(pg)o(pg) = (P* +p* —p—1)(* + ¢ —q—1)

=0’ +p*¢* —pi® — @+ + 0’ —pi® — ¢ —pa—pg+pe+q—pP—p+p+1
=P+ —pe =140 (" —q—1)+p (@ —q—1)—p(@+¢—2¢—1)— ¢’ — ¢ +q+2
(fromp > ¢+ 2)

>+’ —pe—1+p((g+2)* (" —q—1)— ¢ — ¢ +2¢+ 1)

+@+2* P —qg-1) - - +qg+2=p"¢+p°¢* —pg—1

+plg* +2¢° —2¢* =60 —3) —¢®* —¢* +2¢+ 1)+ ¢° +4¢* +2¢> — 6¢* — Tq — 2
(from g > 2)

> (pq)* + (pg)* —pg—1=n*+n*>—n—1

i.e., (1) holds, too.
In the second case, n = p? for a prime number p. Then

pP—1

p—1

e(n)p(n)o(n) = e(pP*)Y(p*)o(p?) = plp — Dp(p + 1)

(from p > 2)
>pt+2pt —pP —pP >+ pt —p P —1=n+n*—n-1,

i.e., (1) is true.

Let us assume that (1) is valid for every natural number n with Q(n) = m for some natural
number m > 2. Let p be a prime number. Then Q(np) = Q(n) + 1.

For p there are two cases. In the first case, p ¢ set(n). Then

@(np)(np)o(np) — (np)* — (np)* + np + 1
= p(n)(n)o(n)(p® +p* —p—1) — (np)* — (np)* + np + 1
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> (n*+n® —n—1)p° +p* —p—1) = (np)* = (np)* + np + 1
(P —p—-1) 4@ —p—1) —n(@ +p*—2p-1)— (P> +p°" —p—2)
(by assumption, n > 4, but it is enough that n > 2)
>8(p° —p—1)+4(p° —p—1) =200 +p* = 2p— 1) = (P’ +p* —p—2)

=P’ +5p  —Tp—8>0
forp > 2.
In the second case, p € set(n). Then from o(np) > po(n) we obtain

@(np)(np)o(np) — (np)* — (np)* + np + 1

> pPo(n)y(n)o(n) — (np)® — (np)® +np + 1
>p’(n® +n®—n—1)— (np)® — (np)* +np +1
=p’n? —p’n —p’ — (np)* +np + 1

(the smallest value of n is 4)
> 11p* —16p° +4p+1>0

for p > 2.
Therefore, we proved the validity of (1) for the natural number np.
References

[1] Mitrinovic, D., J. Sandor, Handbook of Number Theory, Kluwer Academic Publishers,
1996.

[2] Nagell, T., Introduction to Number Theory, John Wiley & Sons, New York, 1950.

24



