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Abstract: In the present paper some new results, concerning multiplicative functions with

strictly positive values, are obtained. In particular, it is shown that if an ordered pair

of such functions (f,g) has a certain property (called in the paper S), then for every
n

fixed positive integer n, the minimal and the maximal elements of the set {f(d)g (%) :

d runs over all divisors of n} are obtained at least for some unitary divisors of n. For these
divisors if the maximum of f(d)g(%) is reached for d*, then the minimum is reached for %
and vice versa (the main results here are Theorems [I}{). The same ivestigation is made,
but when d runs over the set of all divisors of n different than 1 and n (the main result here
is Theorem . Also corollaries of the mentioned results are obtained and some particular
cases are considered.
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1. Introduction

1.1. Used Denotations

ZF - the set of all non-negative integers; N - the set of all positive integers; IP - the set of
all prime numbers; for a given n € N : D,, denotes the set of all divisors of n (including 1
and n); D, - the set of all unitary divisors of n (see [1]), i.e. the set of all ' € D,, such that
ged(d', ) = 1; Dy, - the set of all non-unitary divisors of n, i.e. the set of all " € D,, such
that ged(d”, 7%) > 1; D:- the set of all divisors of n different than 1 and n; M - the set of all

T
multiplicative functions with strictly positive values; for f,g € M we introduce: L,(f, g) o

{d:d" e Dy & f(d)g (§) = maxf(d)g (§)}: L(f.9) < {d" = d" € Dy & f(d)g (3) =
wmin f(d)g (§)}: L(f.9) € {d" = d° € D, & f(d)g (3) = max[(d)g (3)}: L(f.9) <

deny,

{d s d €D, & f(d)g () = min f(d)g (7)) Lilf.9) = {d" - d € D & f(d)g () =

max f(d)g (5)}; Li(f,9) = {42 d" €D} & f(d)g (3) = min f(d)g (5)}

deDy,
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1.2. Observations regarding the above denotations

It is clear that:
D, :ID);LU]D);;; ]D);LHDZ =0

and D/, # () since 1 € D/, and n € D/, while D” = ) at least when n € P.

Also, it is clear that L,(f, g),l.(f,9), L. (f,9),l.(f, g) always exist and are non-empty
sets, while L”(f, g) and I”(f, g) are non-empty sets only when D" = (). The following relations
are obvious:

L, (f.9) N EL(f.9) =0
Ly(f.9) N in(f.9) = 0
L.(f,9) € L,,(f,9) UL, (f, 9);
(f:9) CL(f,9) ULL(f, 9).

2. Main results

The set of all multiplicative functions is well studied. We recommend the following book
[2] to the interested reader, wherein many properties and results are collected. Below we
shall study some new properties of a class of multiplicative functions. First we need the
following;:

Definition. Let f,g € M. We say that the ordered pair (f,g) has the property S when one
of the following two cases is fulfilled:

(i) VpeP & Vm e Z*
H9 (k) < £ g(p™ ") (1)

is an increasing function (not necessarily strictly) with respect to k € [0,m]NZ*

(i1) Vp € P & VYm € Z7 the function HI{’% from is a decreasing function (not necessarily
strictly) with respect to k € [0,m] N Z~*

Our first main result is:

Theorem 1. Let n € N is such that D! # 0 and f,g € M are such that the ordered pair
(f,9) has the property S. Then:

max f(d)g (%) < max (g (%) (+1)
min f(d)g (%) < min f(@)g () (+2)

30



Proof. Let d” € I} and ged(d”, 75) = r. Then r > 1 and 7 admits the cannonical factorization
in primes of the form:
r=1]»" (2)
i=1

where s e N, a; € ZT,i=1,...,sand ) ;_, a; > 0. Since r is a divisor of d”’, d” admits the
representation:

d" = Q Hpi i (3)
i=1
where 3; > a; and () > 1 is coprime with each of p;,7 =,1,...,s. Let
P = sz‘i (4)
i=1
Then

d' = PQ (5)
with ged(P, Q) = 1. Since d” € D!, then d” is a divisor of n. Hence:

n="T.]]»" (6)
=1

where m; > ; and T' > 1 is coprime with each of p;,;2 = 1,...,s. From and @ it follows:

n T 3
m;—B;
oA Hpi (7)
d Q i=1
where % € N is coprime with each of p;,2=1,...,s.

The element d” generates the following two elements of D,, given by:

d//

”
d=rd" (as)
Since f € M and and are valid, for the case we obtain:

d

dl/

ra =1 (%) = r@ILw = i@ L i)

From we find:
(8)

(with P from (4])) and subsitute in the previous equality. Thus, using that f € M we
obtain:

s Bi—a;
= s JTHE ) )
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In the same way g € M, ({2)), (6) and (7) yield:
T T — 4 T i — Oy
() =0 (F) =0 (GIT) o (B) o ()

From we find
T 9 (7)
g (— T E— (10)
Q> m;—0B;
Zl;llg <pi )

and putting this in the previous equality obtain:

i=1

n N (Bimea)
g (3) —9 (d,,> 11 E]@%Bl) ) (11)

Now @D and yield:
fldyg (%) =59 (5) (12)
where
def 1—[52 (13)
and
g, def Ao (61—041)’@,:17_”’8. (14)

The case , because of , and f € M, yields:

f(d) = f(rd") = (QHPZZ%): Hf P

Using and the above equality we obtain:
S 041+/31
0N
In the same way g € M, ,@ and yield:
n n T ® p;n’ T ® mi—(ai+B;) T i mi—(ai+B;)
g(—>=g<—)=g Sll <= =9la1lr " ) =905 g(pl )
d rd" Q P piﬁ“ﬁz Q E Q g

After using , the above equality yields:

s g< mz (‘%“"Bz))

()= (" e
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From and we obtain

n n

fyg (5) =ns@g () (17)
where )
def
n= HTh‘ (18)
i=1
and
def HI9 (0 + ;)
Hi o, (B:)
Further we shall consider the following four possibilites:
is valid & () holds
(a4)) is valid & (4i) holds
is valid & (i) holds
(as)) is valid & (4i) holds
For (a11) we have & < 1, i = 1,...,s and therefore £ < 1 (see (12)), and (14)).

n; i=1,...,s. (19)

a1

Q12

(a11)
(a12)
(az1)
(as2)
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Hence: n n
fg (5) < f@g (4) (20)
For (ja1o) we have §; > 1, i =1,...,s and therefore £ > 1. Hence:
flg (5) = £dg () (21)

For (az)) we have ; > 1, i = 1,...,s and therefore > 1 (see (L7), and (19)).

Hence holds.
For (jagf) we have n; <1, i =1,...,s and therefore n < 1. Hence holds.

Let (i) hold.

First, let d” be the maximal element of L”(f,g). Then we introduce d using the sub-
stitution (jao). Therefore d € D,, but d &€ L!(f,g), since d > d”. The assumption d € D
yields:

n n
@y (5) < £ () (22)
On the other hand, because of (i) and (aJ)), holds and therefore holds, which
contradicts to the above inequality. Therefore the assumption d € D! is wrong. Hence
d e D),. But if d € I, then yields (fq)).

Second, let d” be the minimal element of I”’(f, g). Then we introduce d using the sub-
stitution (a1). Therefore d € D, but d & I(f,g), since d < d”. The assumption d € D/,
yields:

n n
f(d)g <E> > f(d")g <@> (23)
On the other hand, because of (i) and , holds and therefore holds, which

contradicts to the above inequality. Therefore the assumption d € D’ is wrong. Hence

d € D/,. But if d € ), then yields (g
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Let (ii) hold.

First, let d” be the minimal element of L”(f, g). Then we introduce d using the substi-
tution ([a1)). Therefore d € D,, but d & L%(f,g), since d < d”. The assumption d € D!/ yields
. On the other hand, because of (7i) and , holds and therefore holds, which
contradicts to (22)). Therefore the assumption d € D/, is wrong. Hence d € I),. But if d € I/,

then yields (f1)).
Second, let d” be the maximal element of I!/(f, g). Then we introduce d using the sub-
stitution (as)). Therefore d € D, but d & I/(f, g), since d > d”. The assumption d € D

yields . On the other hand, because of (ii) and , holds and therefore holds,
which contradicts to (23)). Therefore the assumption d € D/, is wrong. Hence d € D,. But if

d € D/, then yields (fa).
Theorem [] is proved. O

Corollary 1. Under the conditions of Theorem [ the relations:

L\(f.9) C Lu(f,9)

.(f.q) Cl(f.g)

hold.

Remark 1. If the inequalites (1] and are strict, then Theorem implies:
Ly(f,9) = Lu(f. 9) (24)
b(f9) = 1n(f, 9) (25)

but when (i) and are equalities we have the relations:
Ln(f.9) = L,(f,9) U Ly (f. 9)
In(f.9) = Lo (f.9) UIL(f.9)
Remark 2. If D! = () then (24) and stay valid.
The following assertion gives a simple connection between L/, and [/,.

Lemma 1. Letn € N and f,g € M. Then it is valid:
() If d € L,,(f.g) then § € L,(f.9)

(3) If d € 1,(f, g) then G € Li.(f,9)

Proof. From the definition of D, if d € I}, then 5 € I}, and ged(d, %) = 1. When f,g € M
the equalities:

)~ f@) 9 (%)
hold, since ged(d, %) = 1. Hence:
n f(n)g(n)
f (3) g(d) - f(d)g (%)



Therefore (j) and (jj) follow immediately from the above equality, since when d runs over

Dy, then % runs over I, too.

Lemma [I] is proved. O
Our second main result is:
Theorem 2. Under the conditions of Theorem [1] it is valid:
(k) There exists at least one element d € L, (f,g) such that %5 € I,(f, g)
(kk) There exists at least one element d € L,(f, g) such that & € L,(f, g)

Remark 3. According to Theorem/[], for (k) such elements are contained at least in L,,(f, g),
while for (kk) such elements are contained at least in I,(f,g).

Below we must give the following important

Observation. Property S is essential for the validity of Theorem[1] and Theorem[3. Indeed,
let ¢ be Fuler’s totient function and 7 be the function that for a given n € N coincide with

the number of all the divisors of n (i.e. T(n) =>.1 ). Then ¢, 7 € M but the ordered pair
din
(p,7) does not have the property S, since

HS, (k) = o(2)r(2m7F)

1s not a monotone function with respect to k . Let n = 32. Then all divisors of n are:
1,2,4,8,16,32 and ¢(1)7(32) = 6,¢(2)7(16) = 5,0(4)7(8) = 8, ¢(8)7(4) = 12, ¢p(16)7(2) =
16, ¢(32)7(1) = 16. Therefore, for n = 32

min ¢(d)T (g) = min o(d)T (%) = o(2)T (%) = 5.

d‘n deDso

d
and it is not obtained for any d € Df,. Therefore, for n = 32, Theorem is not valid for the
ordered pair (p,T), but moreover, Theorem @ 1s also not valid, since for n = 32 and d = 32
it is easy to see that d € Lyy(p,7) & d € Dy, but 1 =5 & lsa(, 7).

Hence, for n = 32 we have the situation when dm]%)n o(d)T () is obtained for n = 2 € Df,
€Dy,

Let o(n) = > d (i.e. o(n) is the sum of all divisors of n, including 1 and n). Then the
dln
ordered pair (p, o) has the property S, since 0 € M and
,0 _ k m—k
Hya(k) = p(2)o(277)

is a decreasing function for all p € P and m € Z* with respect to k € [0, m] N Z*. Therefore
for the ordered pair (p, o) Theorem [I| and Theorem [2 hold. The same observation is valid
for the ordered pair (¢, ), where ¢ € M is Dedekind’s function, for ¢t > 2 given by:

W(t) :t}j <1+pli)

where p;,i = 1,...,7, are all prime divisors of ¢ and (1) = 1.
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Remark 4. We note that the ordered pairs (o,¢) and (1, ) have the property S too, but
this time their corresponding functions:

Hy (k) = 0(25)p(2m7)

and
HY2 (k) = (2F)p(2mF)

are increasing with respect to k € [0,m] N Z*. Moreover, if for f,g € M the ordered pair
(9.f) satisfies (i) , then the ordered pair (f,g) satisfies (ii) and vice versa.

One may verify that the ordered pair (o, 7) has the property S too.
Let x € N, x > 1, admit the cannonical factorization in primes of the form:

v=]]p" (26)
i=1

where s € N, m; € Zt,i = 1,...,s and ) ., m; > 0. Then every divisor d of z has the
representation:

=T 21)
=1

where 0 < k; <m;, i =1,...,s. For such d, when f,g € M, from and we obtain:

o (5) = Tttt = T ) 29

Let the ordered pair (f,g) have the property S, satisfying (i7). Then each one of the
factors H19 (k;) takes its maximal value when k; = 0, i =1,...,s. Hence:

p (0 (3) = TToor )
because of and .

On the other hand, since z and 1 belong to I,, we obtain from Theorem |I|and Lemma ,
(j), that:

min f(d)g (5) = f(x) (30)
Therefore, and yield:
f(x) < g(w). (31)

The last inequality is valid for = 1 too, since f,g € M implies f(1) = g(1) = 1.
If the ordered pair (f, g) has the property S, satisfying (i), then because of Remark 4 the
ordered pair (g, f) satisfies (i7) and applying the same reasoning as above, we conclude that:

g(z) < f(x) (32)

for every x € N.
Thus we proved the third main result of the paper:
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Theorem 3. Let f,g € M. The necessary condition the ordered pair (f,g) to have the
property S is: for every x € N
to be fulfilled for the case (i)

and

to be fulfilled for the case (ii).

Remark 5. We note that the above necessary condition is not a sufficient one.

Now, it is clear that when (i) holds, then it is fulfilled:

max f(d)g (%) = f(x) (33)
min f(d)g () = o) (34)

Thus we proved the fourth main result of the paper:

Theorem 4. Let x € N, f, g € M and let the ordered pair (f,g) have the property S. If (i)
holds then and are fulfilled, but if (i1) holds then the relations

max f(d)g (5) = g(x)

deD,
and .

min f(d)g (3) = f()
are fulfilled.

Corollary 2. Let x € N, f,g € M and let the ordered pair (f,g) have the property S. If (i)
holds then x € L,(f,g) and 1 € I.(f,g), but if (ii) holds then 1 € L,(f,g) and x € l,(f,g).

Remark 6. Since ged(1,z) = 1, the elements 1 and x belong to DY,.

Let x € N be given by . Up to now our considerations were related to the set D,.
Below, we will consider the set DZ, supposing that x is such that D # () (i.e. z > 1 & = ¢ P).
Let us note that if d runs over D} then % runs over D} too. Each d € D; admits the
representation with

i ki >0 (35)
=1

and . ) holds.
Let f,g € M and the ordered pair (f,g) satisfies (ii). Then each one of H/9 (k) is a
decreasing function with respect to k € [0,m;] NZ*, i =1,...,s and (35) holds Therefore

to obtain .

max 0 (5)
we must consider the case when exactly for one of p;, 1 = ,s (for example for p;), w
have k; = 1 and for all others we have k; = 0. In this case we hav (see (28)):

[T 52,6 = st~ [T o) = 16000 ()

=1 p]
Z#J

37



T

It remains only to take the maximal of the numbers: f(p;)g (;) , 7 =1,...,s, to obtain:
J

gé%?f(d)g (3) = max f(p;)g <p£)

J

If we want to obtain

T
/() (3)
e f(d)g ¥
then because of the fact that Hggm(k) are decreasing functions with respect to k € [0, m;] N
Z*t, i = 1,...,s, we must take exactly for one of p;, i = 1,...,s (for example for pj),

k; = m; — 1 and for the others k; = m,;. Hence:

521'1@% f(d)g <§) = gjigsf (p%) 9(pj)

Let f,g € M and the ordered pair (f, g) satisfies (7). Then the ordered pair (g, f) satisfies
(ii) (see Remark [4)). Hence (as above):

gré%;(f(d)g (3) = gjagsf (%) 9(p));

min 70 (3) = in 10,)9 ()

j
Thus we proved the fifth main result of the paper:

Theorem 5. Let x € N\ P,z > 1, f,g € M and the ordered pair (f,g) has the property S.
If (i) holds then:

T

s 500 (5) =ms  (2) a1 i 500 (5) = mi s (2.

deDy p deDy p

but if (i1) holds then:

()9 (5) = max 19 () s i (5) = min s () g

deDs p ) deD:
where p runs over all prime divisors of x.

Finally, we shall consider the particular case ¢ = 1. In this case, property S for the

ordered pair (f,1) is expressed by the condition:

S: VpeP flg (k) oy (p*¥) is increasing (decreasing) function with respect to k € Z*.

As a result we obtain the following theorem which is a direct corollary from Theorem

Theorem 6. Let f € M satisfy the condition S. If for a given n € N, D" # O then the
mequalities:
< s mi < mi
max f(d) < max f(d); min f(d) < min f(d)

hold.

Let us denote:

Lo(f) © Lo(£,1); 1) & 1.(F,1); LL() < LL(f,1); L) o (f,1)
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Then the following analogue of Corollary (1] is valid.
Corollary 3. Under the conditions of Theorem 6 the relations:

Lo (f) € La(f); 1,(f) € ()
hold.
Analogue of Lemma [T] now is:

Lemma 2. Letn € N and f € M. Then it is valid:
() If d € Ly(f) then % € I,(f)

(73) If d € I,(f) then % € L},(f)
Finally, analogue to Theorem [2|is the following:
Theorem 7. Under the conditions of Theorem [0 it is valid:
(k) There exists at least one element d € Ly, (f) such that 2 el(f)

(kk) There exists at least one element d € 1,(f) such that %e Ly(f).

Remark 7. Let f € M satisfy the condition S. Due to f(1) =1, if
(v) I:Ig(k) is an increasing function with respect to k € Z+

holds, then Ym € N f(m) > 1,

but if

(vv) ﬁg(k:) is a decreasing function with respect to k € Z*

holds, then Ym € N f(m) < 1.

Remark [7]is due to Theorem [3] with g = 1.
If (v) holds then for d € I/, we obtain
n

fo) = f(d5) = f@)f(5) = fld)

Hence:
n € L,(f) € Ln(f)
while
Lel(f) € L(f)
If (vv) holds then for d € !, we obtain

n

Hence:

n € L,(f) S la(f)
while

1e L,(f) € La(f)

The above is due to Theorem [4] with ¢ = 1 and Corollary
The analogue of Theorem [5], which is due to g = 1, is
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Theorem 8. Let z € N\ P,z > 1,f € M and f satisfies the condition S. If (v) holds then:

1) = £ ()i £(0) = min (),

deDz deDx

but if (vv) holds then:

max f(d) = max f(p); min f(d) = min f (f>

dehy P deby, p p
where p runs over all prime divisors of x.

Remark 8. We note that each of the well-known functions ¢, ¥, o, 7, which_belong to M,
satisfies the condition S (case (v) ). Therefore for these functions Theorem@ Theorem@
and Corollary[3 are valid.
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