NNTDM 16 (2010) 4, 18-24
COMBINED 2-FIBONACCI SEQUENCES. Part 2
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Abstract. Two new sequences from Fibonacci type are introduced and the explicit formulae

for their n-th members are given.
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In [2, 4, 5, 6] four different ways of constructing two sequences {a;}°, and {f;}$2, are
described and called 2-Fibonacci sequences (or 2-F-sequences). On their base, in [3] the

following two new schemes are introduced.
Qg = 2CL, 60 = 2b, oy = 20, 61 = 2d
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Let o be the integer function defined for every k£ > 0 by:

o(4.k+r)

r
0
1 1
2
3




Obviously, for every n > 0,
o(n+2)+o(n)=0.

In [3] the following two assertions are formulated and proved for these two sequences.

THEOREM 1. For every natural number n > 0
apio = (Fpyr +o(n—1)).a+ (Foy +o(n+1)b+ (Fpo+on+2).c+ (Fhie+0o(n)).d
Bri2 = (Fps1+o(n+1)).a+ (Fpp+o(n—1)).b+ (Fuye +0(n)).c+ (Fi2 +o(n+2)).d.

THEOREM 2. For each natural number n > 0
tnt2 = (Fag1 + p(n)).a+ (Fuyr — p(n) b+ (Fuyz + p(n + 1)).c + (Fogz — p(n + 1)) d
Braz = (Fag1 — p(n)).a + (Fog1 + p(n)).b + (Foiz — p(n +1)).c + (Fryz + p(n + 1)).d.

Now, we will introduce two new schemes. The first one is:

OéOZQCL, 60:219, 011:26, 61:2d
04n+2=5n+1+%+r5”, n=0

B2 :Oén+1+anT+6na n =0

where a, b, ¢, d are given constants.
If we set a = b and ¢ = d, then sequences {«;}°, and {5;}2, will coincide with each
other and with the sequence {F;}22,, which is called a generalized Fibonacci sequence, where

Fo(a,c) = a,
Fi(a,c) =c,
Foio(a,c) = Fria(a, ) + Fy(a,c).
Let F; = F;(0,1); {F;}32, be the ordinary Fibonacci sequence.

The first 10 members of the first of the new schemes have the form shown on Table 1.

Table 1
Oén ﬁn
0 2a 2b
1 2¢c 2d
2 a+b+2d a+b+2c
3| a+b+3c+d a+b+c+3d
41 2a+2b+2c+4d | 2a+ 2b+ 4c+ 2d
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3a+ 3b+ 6¢c+ 4d 3a + 3b+ 4c + 6d

ba + 5b+ Tc+ 9d d5a + 5b+9c+ 7d
8a + 8b + 14c + 12d 8a + 8b + 12¢ + 14d
13a + 13b + 29¢ + 22d | 13a + 13b + 22¢ + 20d
21a + 21b + 35¢ + 33d | 21a + 21b + 33¢ + 35d

© 00 3 O Ot

THEOREM 3. For every natural number n > 0
Unyo = Fryr.a+ Fo1 b+ (Fuyo + (=1)" e+ (Fyo + (—=1)").d

Brta = Fri1.0+ Frp1.b+ (Fppo + (=1)").c+ (Fpyo + (=1)"™H.d

The proof of this assertion can be made, for example, by induction.
For n = 0 we see the validity of the two formulas from Table 1. Let us assume that these
formulas are valid for some natural number n > 0. Then, having in mond that for every

natural number n > 0
(=) + (=)™ =0,

we obtain
Qnt1 + Brt1

2
= Fuyra+ Fon b+ (Fua + (—1)").c + (Fua + (=1)").d

Qpy3 = 6n+2 +

+;.(Fn.a + Fob+ (B + (D)) e+ (B, + (=1)"1).d
+Fa+ Epb+ (B + (=1)" e+ (B + (=1)™).d))
=F1.a+ Fo1 b+ (Fuo+ (—1)").c+ (Fpye + (=1)"h.d
+F,.a+ F,.b+ F,1.c+ F,.d
= Fpo.a+ Fppob+ (Fus+ (=1)").c+ (Fuys + (=1)").d
= Foi0.a+ Foiob+ (B + (=1)"2)c+ (Fas + (=1)").d.
The formula for 3,3 may be checked in similar manner.

The second new sequence has the form:

()40:2@, B022b, 011:26, ﬁ1:2d

Oén+2:01n+1+an_2|—6", n=>0

ﬁn+2:ﬁn+1+anT_{—ﬁna nZO

where a, b, ¢, d are given constants.

The first 10 members of the second of the new schemes have the form shown on Table 2.
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Table 2

Qnp Bn
0 2a 2b
1 2c 2d
2 a+b+2c a+b+2d
3 a+b+3c+d a+b+c+3d
4 2a + 2b+ 4c+ 2d 2a + 2b+2c+4d
5 3a + 3b+ 6c+ 4d 3a + 3b+ 4c + 6d
6 ba + 5b+ 9c+ 7d da + bb+ Tc+ 9d
71 8a+ 8+ ldc+ 12d 8a + 8b + 12¢ + 14d
8 | 13a + 13b + 22¢ + 20d | 13a + 13b + 20c + 22d
91| 2la+ 21b+ 35¢+ 33d | 21a + 21b+ 33¢c + 35d

THEOREM 4. For each natural number n > 0
Qo =Foir.a+ Fopb+ (Fhpe+1).c+ (Fyo — 1).d

Brto = Foy1.a+ Fop1.b+ +(Frio — 1).c+ (Fhpa + 1).d.

For n = 0 we see the validity of the two formulas from Table 2. Let us assume that these
formulas are valid for some natural number n > 0. We shall check the validity of the second

formula for n + 1.

Opt1 + ﬂn 1
Brts = Brnia + %

=0+ Fopb+ (Fpo— 1)+ (Fuge+1)d
—i—;(Fn.a + Fo.b+ (Fopr+1).c+ (Fhpr — 1)d
(Fp.a+ Fo.b+ (Frpr — 1).c+ (Fq1 + 1).d)
=F.a+ Fob+ (Fo—1).c+ (Fhae+1)d
+F,.a+ F,.b+ Fpopc+ Foad
=Fo.a+ Foq.b+ (Fhas —1).c+ (Fhas+1).d.
The formula for a,,, 3 may be checked in similar manner.

2. A digital arithmetic function will be described, following [1, 7].

Let
k

n= Zai.IOk_’ = G10s...a%,
i=1

21



where @; is a natural number and 0 < a; <9 (1 < i < k). Let forn =0: ¢(n) = 0 and for
n > 0:

p(n) = Zai-

i=1
We shall use the decimal count system everywhere hereafter.

Let us define a sequence of functions g, ¢1, 2, ..., where ([ is a natural number)
%o (n) =n,

w1 = e(pi(n)).
Obviously, for every I € N: ¢ : N — N. Since for k > 1

k k
o(n) = Z&i < Zai.l()k_i =n.
i=1 i=1
Then for every n € N, [ € N will exist so that

(,OZ(TL) = @l—l—l(n) €cA= {07 1727 79}

Let function v be defined by

¥(n) = wi(n),
where
pirr1(n) = @i(n).
Let be given the sequence aq, as, ..., with its members being natural numbers and let

C;, = 1/)((11) (Z = ].,2, )

Hence, we deduce the sequence cq, o, ... from the former sequence. If £ and [ exist so that
>0,
Citl = Chktitl = C2k+itl = -
for 1 <1i < k, then we, following [1], shall say that [¢;11, ¢j19, ..., Ciyk] 18 base of the sequence
ai, as, ... with length of k£ and with respect to function .
On Tables 3 and 4 we shall show that the two new sequences have bases with lenght 24.

Table 3

V(o) =1p(e) | ¥(Ba) = t(e)
2a 2b
2c 2d
a—+b+2d a—+b+ 2c
a+b+3c+d|a+b+c+3d

w NN = O
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2a + 2b+ 2c+ 4d
3a + 3b+ 6c+ 4d
S5a + 5b+ Tc
8a + 8b+ 5c+ 3d
da + 4b+ 2c + 4d
3a + 3b+ 8c + 6d
Ta+Tb+ 2d
a+b+7d
8a + 8b+ 8c+d
Td
8a + 8b+ Tc
8a + 8b + 8c + 6d
Ta+7b+bc+7d
6a + 60 + 5c + 3d
4a + 4b 4+ +2d
a+ b+ 6c+4d
ba + 5b+ bc+ 7d
6a + 6b + 3c + d
2a 4+ 2b+ Tc
8a + 8b + 2c¢
a+b+8c+d
2c

2a + 2b+ 4c + 2d
3a + 3b+ 4c + 6d
5a + 5b + 7d
8a + 8b+ 3c+ 5d
da + 4b+ 4c + 2d
3a + 3b+ 6¢+ 8d
Ta+ 7b+ 2c
a+b+Tc
8a + 8b+ ¢+ 8d
Tc
8a + 8b + 7d
8a + 8b+ 6¢c + 8d
Ta+7b+ Tc+ 5d
6a + 60 + 3c + 5d
da + 4b + 2c¢
a—+ b+ 4c+ 6d
ba + 5b+ Tc+ 5d
6a + 60 + ¢ + 3d
2a + 2b + +7d
8a + 8b + 2d
a+b+c+8d
2d

Table 4

U(an) = ¥(e)

Y(Bn) = (o)

© 0 J O Tt = W N = O

—_ =
)

2a
2c
a+ b+ 2c
a+b+3c+d
2a + 20+ 4c+2d
3a+ 3b+ 6c+ 4d
5a + 5b + Td
8a + 8b+ 5c + 3d
da 4+ 4b+ 4c + 2d
3a + 3b+ 8c+ 6d
Ta+ 7b+ 2c
a+b+7d

23

2b
2d
a+b+2d
a+b+c+3d
2a + 20+ 2c+4d
3a + 3b+ 4c + 6d
b5a 4+ 5b+ Tc
8a + 8b+ 3c + 5d
da 4+ 4b + 2c + 4d
3a + 3b+ 6¢c+ 8d
Ta+ T+ 2d
a+b+T7c
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