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Abstract
This note fleshes out some of the characteristics of what is referred to as a
Zeckendorf triangle which is composed of Fibonacci number multiples of the
Fibonacci sequence. It arose it arose in an infinite binary matrix related to the
Zeckendorf representations of the non-negative integers.
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1. Introduction
There are many Fibonacci-related triangles in the literature, the most famous of which is the

appearance of the Fibonacci numbers along the diagonals of the Pascal triangle [1]. Other
appearances [1,2,5,6,8] occur in somewhat unexpected ways. Recently, Griffiths [3] cited the
triangle below [10] which arose from an infinite matrix of Os and 1s where the rows correspond
to the Zeckendorf representations of the non-negative integers.

The purpose of this note is to consider the sequences which arise from diagonal and row

sums and the partial central column sums of this triangle.

2. The Zeckendorf Triangle
Rather than re-label the triangle as a Fibonacci triangle because it has Fibonacci numbers along

its left and right edges, it might be appropriate to refer to it as the “Zeckendorf triangle”. It
appears below in a left-corrected form because this makes it more obvious that the columns are
Fibonacci number multiples of the numbers in the Fibonacci sequence than when the triangle is

presented in an isosceles format.
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21 13 16 15 15 16 13 21

34 21 26 24 25 24 26 21 34
55 34 42 39 40 40 39 42 34 55
89 55 68 63 65 64 65 63 68 55 89

The column sequences are actually particular cases of the generalized Fibonacci and Lucas
sequences {Fm,n }Which satisfy the Fibonacci partial recurrence relation [2]

F =F

m,n m,n—1

+F

m,n—-272

m>0,n>2.

We now label the sequences of diagonal, row and partial column sums by{d,}{r, }.{c,}.

n

respectively. We observe in turn that

n 1 2 3 4 5 6 7 8 9 10 11
d}| 1 1 3 4 9 13 25 38 68 | 106 | 182
r} | 1 2 5 10 | 20 | 38 71 | 130 | 235 | 420 | 744
e} | 1 2 6 15 40 | 104 | 273 | 714 | 1870 | 4895 | 12816

In this, the {c,}has been formed from the central column of the original isosceles from of the
triangle in [3], namely

{en} =205 2000 253029 40 Zg s o) = {1,1,4,9,25,64,...} (2.1)

in which the {z;;} are the elements of the isosceles form of the Zeckendorf triangle.

The {r, }is a Fibonacci convolution sequence [4] where

Sr, =nF,

n+2

+(n+2)F,. (2.2)

Then, from the triangle, it can be observed that we get the recurrence relations

d +d +90

Lj

2n—j 2n—ji+1 an—j+1 = d2n—j+27 J=0.l, (2.3)
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in which &, ;is the Kronecker delta and {F, }are the Fibonacci numbers; similarly

rr/ + rn+1 + F;7+2 = rr/+2 (25)
and
cr/ + cn+1 + Sn+l = Cn+2 (2'6)

where {Sn } is the layer susceptibility series for square lattices [1]:

5,

We note that (2.5) reduces to (2.2) with repeated use of the Fibonacci recurrence relation:

{1,3,7,19,49,127,321,813,2041,...}.

Sr, +5r

n+l

+ 5Fn+2 = nEHZ + (l’l + 2)E1 + (n + I)Fn
=n+2)F, +(n+3)F,

n+1

=(n+2)F, +(n+3)F,,, +3F

+(n+3)F,, +5F,,
+ (n + S)F;HZ + (n + l)Fn+3

_Fn+3 +(n+2)Fn+4

+3

n+l n+2
=n+2)F, +(n+2)F, +2F ,+(n+2)F, ,
= (l’l + 4)E1+2 + (n + 2)Fn+4
= 5rn+2 .

3, Concluding Comments
For other connections between the Fibonacci numbers and the Zeckendorf representations of the

integers see [9]. The row numbers, {rn}, are shown by Griffiths to be convolutions of the

Fibonacci numbers. Early identities for the convolutions of the Fibonacci numbers were

developed by Riordan [7].

References

[1] Bondarenko, Boris A. 1993. Generalized Pascal Triangles and Pyramids: Their Fractals,
Graphs and Pyramids. (Translated by Richard C. Bollinger.) Santa Clara, CA: The
Fibonacci Association.

[2] Cook, Charles K., A.G. Shannon. 2006. Generalized Fibonacci and Lucas Sequences with
Pascal-type Arrays. Notes on Number Theory & Discrete Mathematics. 12 (4): 1-9.

[3]  Griffiths, Martin. 2010. Digit Proportions in Zeckendorf Representations. The Fibonacci
Quarterly. 48 (2): 168-174.

[4] Hoggatt, V.E. Jr, Marjorie Bicknell-Johnson. 1977. Fibonacci Convolution Sequences.
The Fibonacci Quarterly. 15 (2): 117-122.

35



Leyendekkers, J.V., A G Shannon. 2001. Expansion of Integer Powers from Fibonacci’s
Odd Number Triangle. Notes on Number Theory & Discrete Mathematics, 7 (2): 48-59.

Ollerton, R.L., A.G. Shannon. 1998. Some Properties of Generalized Pascal squares and
Triangles. The Fibonacci Quarterly, 36 (2): 98-109.

Riordan, J. 1962. Generating Functions for Powers of Fibonacci Numbers. Duke
Mathematical Journal. 29 (1): 5-12.

Shannon, A.G., A.F. Horadam. 2002. Reflections on the Lambda Triangle, The Fibonacci
Quarterly, 40 (5): 405 —416. 27.

Shannon A. G., J.C. Turner, K.T. Atanassov.1991. A Generalised Tableau Associated
with Colored Convolution Trees. Discrete Mathematics. 92: 329-340.

Sloane, N.J.A., Simon Plouffe. 1995. The Encyclopedia of Integer Sequences. San Diego,
CA: Academic Press.

Whittington, S.G., G.M. Torrie, A.J. Guttmann. 1979. The Ising Model with a Free
Surface: a Series Analysis Study. Journal of Physics A: Mathematical & General.12 (12):
2449-2456.

36



