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The Fibonacci sequence 0,1,1,2,3,5,... is an object of different modifications and exten-
sions.

In [7, 2, 16] four different ways of constructing two sequences {«;}°, and {5;}2, are
described and called 2-Fibonacci sequences (or 2-F-sequences). The four schemes are the

following

ag=a, fo=0b, oy =c, fi=d ag=a, fo=0, ay =c, 1 =d

Qpyo = Bn—‘rl + ﬁn7 n > 0 Apyo = Qpy + Bn» n > 0
ﬁn+2 =0Qpt1+ap, N > 0 ﬁn+2 = Bn-i—l + an, N > 0
ap=a, fp=0, a1 =c¢, fi=d ay=a, fo=0b, ar=¢c, B1=d
Opi2 = Bn—‘rl +ap, n>0 Opt2 = Qpi1 + Qp, N >0
6n+2 = Op+t1 + ﬁn, n > 0 6n+2 = Bn-i—l + Bn, n > 0

Obviously, the Third and the Fourth schemes contain two standard Fibonacci sequences
and therefore they are trivial modification, while the first two schemes are essential extensions
of Fibonacci sequence.

Clearly, if we set @ = b and ¢ = d, then sequences {o; }3°, and {3;}°, will coincide with
each other and with the sequence {F;}3°,, which is called a generalized Fibonacci sequence,

where
Fy(a,c) = a,

Fi(a,c) = ¢,
Foio(a,¢) = Fhia(a, ) + Fy(a,c).

Let F; = F;(0,1); {F;}32, be the ordinary Fibonacci sequence.

Once introduced, the idea for 2-F-sequences became an object of subsequent research
(see, e.g., [1, 3,4, 5,6,8,9,10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22]). These sequences
were extended to 3-Fibonacci sequences and to 2-Tribonacci sequences. The possibility for
defining k-Fibonacci sequences, m-Tribonacci sequences, and more generally — k-m-bonacci
sequences are mentioned.

Here, we will introduce two new schemes of a Fibonacci sequence, that are combinations
of the first two 2-F-sequences, mentioned above. The first of them has the form:
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O[O:QCL7 /60:2[), Oz1:207 51:2d

By = Lol T Pl —2|— B +a,, n>0

The first 10 members of the new scheme have the form shown on Table 1.

Table 1
an B
2a 2b
2c 2d
2b +c+d 2a +c+d
a+b+c+3d a+b+3c+d
3a+b+ 3c+3d a+ 3b+ 3c+ 3d
3a+ 3b+ 6c+ 4d 3a + 3b+ 4c + 6d
4a + 6b + 8c + 8d 6a + 4b + 8c + 8d
8a + 8b + 12¢ + 14d 8a + 8b + 14c + 12d
14a + 12b + 21c + 21d | 12a + 14b + 21c + 21d
21a + 21b + 35¢ + 33d | 21a + 21b + 33¢ + 35d

where a, b, ¢, d are given constants.
Let o be the integer function defined for every k£ > 0 by:

r|o(dk+r)
0 0

1 1
2

3

—1

Obviously, for every n > 0,
o(n+2)+a(n)=0.
THEOREM 1. For every natural number n > 0

Ao = (Fpp1+o(n—1).a+ (Fopr+o(n+1).b+ (Fo+on+2)).c+ (Fhie +0o(n)).d

Brie = (Fpi1+on+1).a+ (Foa+on—1).b+ (Fue+0on)).c+ (Fue+o(n+2)).d

The proof of this assertion can be made, for example, by induction.
For n = 0 we see the validity of the two formulas from Table 1. Let us assume that these
formulas are valid for some natural number n > 0. Then
Qpg2 + Bnte

Qpig = 5 + Bnt1
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_ ;.<<Fn+1 4 o(n—1))a+ (Fugs + 0(n+ 1))b + (Fugo + 0(n+2))cc + (Faga + o(n)).d)

+(Fop1+on+1)a+ (Fopr+o(n—1)).b+ (Fhio+0o(n)).c+ (Fhie +o(n+2)).d)
+(F,+o(n)).a+ (F,+o(n—2)b+ (Fop1 +o(n—1)).c+ (Fpp1 +o(n+1)).d
=F,.a+F, .0+ F,0c+ F,.d
+(F,+o0(n)).a+ (F,+on—2).b+ (Fopa+on—1)).c+ (Frp+o(n+1))d
= (Fag2 +o(n)).a+ (Frpa+o(n—2)).b+ (Foys+o(n—1)).c+ (Foys+o(n+1)).d
= (Fopa+on))a+ (Fhpa+o(n+2)b+ (Fgs+on—1)).c+ (Fhes+o(n+1)).d
The formula for 3,3 may be checked in similar manner.

The second new sequence has the form:

ag = 2a, By =2b, ay =2¢, 1 =2d

N2 = *27067&1 +Bu1 Bn, n 20

The first 10 members of the new scheme have the form shown on Table 2.

Table 2
n B
2a 2b
2c 2d
2a +c+d 2b+c+d
a+b+3c+d a+b+c+3d
3a+ b+ 3c+ 3d a—+ 3b+ 3c+ 3d
3a + 3b+ 6c+ 4d 3a + 3b+ 4c + 6d
6a + 4b + 8c + 8d 4a + 6b 4+ 8c + 8d
8a + 8b + 14c + 12d 8a + 8b + 12¢ + 14d
14a + 12b + 21c + 21d | 12a + 14b + 21c + 21d
21a + 21b + 35¢ + 33d | 21a + 21b + 33c¢ + 35d

where a, b, ¢, d are given constants.

Let p be the integer function defined for every k > 0 by:

r| p(2.k+r)
0 1
1 0
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THEOREM 2. For each natural number n > 0

tni2 = (Foi1 + p(n)).a+ (Fryr — p(n) b+ (Fuyz + p(n + 1)).c + (Fogz — p(n + 1)) .d

Briz = (Fup1 — p(n)).a + (Fup1 4 p(n)).b + (Fagz2 — p(n + 1)) .c + (Faiz + p(n + 1)).d

The proof of this assertion is similar to the above one.
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