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1 Introduction

In the paper an explicit formula for the sum

o ko ok k

Se(n):=af + a5+ ...+ a* (1)
is pygposed, where n > 2 and k£ > 1 are integers and the sequence ay, a,, ... is an arbitrary
arithmetic progression. An interesting fact is that this formula has the form:

_ Silantr, an) — fi(ay, ap) 2)

(k+ 1)d B
where: d is the difference of the progression; ap:= a; — d and fi(x,y) is a symmetric
polynomial of two variables. The degree of this polynomial is equal to k+ 1. The coefficients
of fe(x,y) depend on the classical Bernoulli numbers and on the binomial coefficients. The

Sk(n)

case k = 1 provides a new formula for the sum of the first n terms of an arbitrary arithmetic
progression. :

Another interesting fact is that the right hand-side of (2) admits a represantation in
symmetric form with respect to x = a,41,y = a,, after the introduction of an appropriate
symbol.

2 Definition and Some Useful Properties of
Bernoulli Numbers and Bernoulli Polynomials

Bernoulli numbers are denoted by B,,n = 0,1,2,... and are introduced by:



and

m.

3 ('"‘ i3 ") B,=0,m=1,2,.. (1)

)
p=0 !

Using (3) and (4) one may calculate that:

) -1 1 —1 1 -1 d
By, = By = —, B, :",—“,B,:—_,B = —,B = 3
1= = = g s = i B = g P10 = g )
It is a well-known fact that:
YB-M.H = O,f Z 1 (6)

The relation (4) admits the umbral calculus representation:
(1 4B o B =0, m'="1:2, 3.

Bernoulli polynomials are introduced by:

m . ~ .
R T g

p=0
or in umbral calculus form by
_[31)7,(:): = (,:f + .B)m‘, m Z ]

Obviously we have

B (0) = Byu,m 2 1

It is known that the relation:

B.,,L(,‘Z:) = (—'I)ml}m(l - Z),"l Z | (

9.9)
N

holds. The umbral calculus form of this relation is
(z+B)"=(z—-1-B)",m2>1 (9)

All of the facts mentioned above about Bernoulli numbers and Bernoulli polynomials may

be found in [1], [2], [3].

3 The Polynomial fi.(z,y) and Some of Its Properties

The polynomial fi(x,y) is introduced by

k

; k+1 : e[ P\ _k+1-t ¢
fk-w,y)::Z( )BpZ(~1.) (,) v, (10)

)
p=l1 ! t=1
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where k > 1 is an integer and B,,p = 0, 1,2... are the Bernoulli numbers. From the above
definition fx(:x,y) is a polynomial of two variables and deg fi.(x,y) = k+ 1, where deg denotes
the degree of the polynomial.
Lemmal. The recurrent relation

filz,y) = Be(z — y)* + 2 iz, y) + m(‘ - ;z.)(()y (2, y),

holds.

Proof. We have

k
(k41
f};(-ﬂ,?/) = .'1?k+1 + Z < + )Bp( I/)p k+1-p

p=t N P
= k+1 KH1—
- +Z(> (p—l))B(lny)p -
p=1
=1y k "
= oy Z ([l) B,(x — y')p;c"'“*” + Bi(x — ;l/)k + Z (p " 1) B,(x — y)Pxhti-p
p=1 p=1
= Bi(z —y)F + zfi1(z,y) + J,
where
ok
s k1
J —Z (})—— ])B”(r /)p 4
p=1
[t is clear that )
I [(k+1 \
- B pk+l-p
/ A_*_]pz:;( p ) PP( ?/)

On the other hand we have:
! k
Jd . k+1 o e
w—wbghUw)=g;(1,>wa—yVﬂ“P
The last two equalities yield:
l (') .

The above equality and the first equality from the proof provide that the assertion of Lemmal
15 proved.

An important property of fi(x,y) that we will use further is the following.
Lemmaz2. fi(r,y) is a symmetric polynomial, i.e.

f/\:(l‘a !/) = fk'(y)"l’-) ([ l)

Proof. First we observe that fy(z,y) admits the representation

L g '
nwmmw+z(?)w yp i, (12)

p=1

17



which follows from (3) and (4) for rn = k + 1. We rewrite (12) in the form

k+1
_ k+1 g T 1
fe(zy) =) ( )B”(’r =y = By (x - )t

p

p=0

Let # = y. In this case (11) is true.

Let x # y. We put in (13)

and using (7) we obtain

fe(e,y) = (& = 9)* ' Byt (2) = B (z — y)*+!

Now (9) and (14) yield

fe(z,y) = (2 — )" (=)' By (1 — 2) = By (2 — y)*H!

) 2 2 r 3 -
= (z — i'/)kH(-‘l)kHBkH(—m) - Bz — y)=e

and Lemma2 is proved.
At the end of the proof we used that

Biyi(z — y)' = By (y — )

The above equality is true if k£ 4+ 1 is odd, because of (6). If k& + 1 is even, then

(-’F - L‘l)H1 = (‘.'Il = J:_)Hl

and the equality holds again.

4 The Main Result Of The Paper

k+1
k+1 .
= ( A )Bp(z/—r)"y'”““”—Bk+|(:r~y
p

k1L
k+1Y\ . ,
= Z ( ! >Bp(!j —&)y* P — By — @)

Now we are ready to formulate and prove the main result of this paper. Let ay,a,, ... be an

arbitrary arithmetic progression and d- the difference of that progression. We put
: prog p

ag:=a; —d
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Theorem. For Si(n)introduced by (1) the representation (2) holds, where fi(r,y) is given
by (10).
Proof. We will use the well-known Euler-Maclaurin formula

. B
f)+ fR2)+ ..+ f(n) = ﬁg(f"(n +1) = F(1)) + —“i(f(" +1) = f(1))

0!

Bs

+ 5 SO+ 1) = W) + o+ (f“ D(n+1) = f50(1)), (15)

where: F'(x) is a polynomial and degF'(z) = k + 1; f(z) = %F(a:); fO(z): = (%)'f(.c),t =
2....k—1.
Putting
(a1 + (z — 1)d)F+!
(k+ 1)d

Flg)=

we obtain
flx) = (a1 + (z — (l)(l)k

and (15) after elementary computations yields:

Srco (5 By (abfi ™ — anhior

Ag- = l(
k(n) G 1)d (16)
Now we use that
d=tnp1 —ap;d =a, — ay
Using the last two equalities we may rewrite (16) in the form
Sk(n) =1 — [, (17)
where
E b
(k+)dl:=akt + > ( : ) Bp(tny1 — an)Palt? (18)
p=1
and
k+1
(k+ 1)dl,: = a’f“ + Z ( i ) (ay — ﬂo)pdlfﬂ*p (19)

From (12) the right hand-side of (18) equals to fi(@,41,a,) and the right hand-side of
(19) equals to fi(ay,ap). The last observation and (17) prove the Theorem.
Corollary. Si(n) admits a second representation of the form

.‘]/c(fl'n+1, an) — gk ('(11 , dp)
d ’

Sk(n ) =

where

i ¥ L ' ;
gr(e,y): = Z (p) By Z(_l)tﬂj(l) fe— t/z+1 (21)

p=0 t=0



Now let us define for an arbitrary arithmetic function E(n) the symbol

[R(n)]2=5: = R(n) — R(0), (22)
Using (22) we may rewrite (2) in the form:
Syin) = Uile = it ot @)lizh (23)
(k+ 1)d
In the same way we may rewrite (20) in the form
B o) = [gx (i = Ot Y = an)]nZo

d
[n the numerator of (23), inside of the symbol defined in (22), we have a symmetric expression
with respect to r = a,4, and y = q,,

5 Examples and Applications

For k = 1,2,3,4,5 from our formula (2) and from (23) we obtain after some calculations:
? ] b

Ap41y, — @10y
2d

Sin):=ay+ay+ ...+ a, =

An41 an(("n—}—l Ei an)

Sy(n):=ai+a;+ ..+ d? =

6d
2 .2 2.2
. a: ,a: —a‘a
~y & : - n+1 . 14
Sa(n): = a3 + 8 A e al = il m
4d
3 1a? 12 3\]n=n
& 4 4 [a'n-#la-n,(_—(l‘, + 1a: + f—]-a," — i F=
Ss(n): = aj + aj + ot al = Lo Wy n a)lnzb
' 30d
2 ) ¢ 2 NnN=n
S - 5 5 Unt105)°(60n 1100 — (i1 — a,)?)]"=r
Ss(n):= a’? +ay+... +a; = [(@ntian) nt _71") /( n+ n )]n,f()
..l(/ <

The first of the above five representations is a new formula for the sum of the first n terms

of the arithmetic progression N R,

6 Final Remark

[t is not difficult to see that Ji(z,y) admits also the following representation

k , k
N wfk+1 k+1—c .
.fk(:z-,y):Z(~1_>°'< g )(Z( e ”) B,y

a=l1 P=cx
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Also gi(r,y) admits the representations:

k p
PR P\ ra
g ey (p— 1) EB”Z(—l)t(JwM &
p=1 t=1
k
aen =2 F )8 ‘2(‘—1)‘l P L) phttotyt
g\, Y ) = [)—1 P s P Y
p=1 t=1
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