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Let us denote by 7(n) the number of all divisors of n. It is well-known (see, e.g., [1])

that
Py(n) = Vn7(n) (1)

and of course, we have
Pi(n
pa(n) = Uy, (2)

n

But (1) is not a good formula for P;(n), because it depends on function 7 and to express
7(n) we need the prime number factorization of n.

Below, we give other representations of Pi(n) and py(n), which do not use the prime
number factorization of n.
Proposition 1. For n > 1 representation

n

Pd(n) = H k[%]-["_;l] (3)
k=1
holds.
Proof. We have " o
1, if kis a divisor of n
= (4)
0, otherwise

Therefore,
H ELEIE = H k = Py(n)
k=1 k/n
and Proposition 1 is proved.
Here and further the symbols

[Jeand > e

k/n k/n

mean the product and the sum, respectively, of all divisors of n.



The following assertion is obtained as a corollary of (2) and (3).
Proposition 2. For n > 1 representation

n—1
pa(n) = H L2 (5)
k=1
holds.
For n =1 we have
pa(l) = 1.

Proposition 3. For n > 1 representation

LIl
n):H nEl|
[*7—1

holds, where here and further we assume that 0! = 1.
Proof. Obviously, we have

(2! %, if k is a divisor of n
[n — 1]! = _
k 1, otherwise
Hence
LI
H[n—1]| H Hl‘_Pdn
k=1 k/n k/n

since, if k describes all divisors of n, then % = describes them, too.
Now (2) and (6) yield.
Proposition 4. For n > 2 representation

holds.
Another type of representation of py(n) is the following
Proposition 5. For n > 3 representation

n—2

pa(n) = H(k!)ﬁ(n,k)—ﬂ(n,k+1)’ (8)

k=1

where 6(n, k) is given by (4).
Proof. Let
N r(n,k) = 0(n,k) —0(n,k +1).
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The assertion holds from the fact, that

(1, if k is a divisor of n and
k + 1 is not a divisor of n

r(n,k) = ¢ —1, if kis not a divisor of n and
k41 is a divisor of n

i, otherwise

We are ready to prove the following interesting
Theorem. For n > 2 the identity

n n—1
[T = T ckyti-tee (9)
k=2 k=1

holds.
Proof. By induction. For n = 2 (9) is true. Let us assume, that (9) holds for some n > 2.

Then we must prove that
n+1 n

k=2 '

k=1

holds, too.
Dividing (10) by (9) we obtain

n m3+1ly a1
II ﬁ = [y, (11)

k=2 [%]' k=1

Sinse, for k=n+1
n+1

| =
[ k {=1
and for k = n
[n-l-l]_[n-{-l]_o
k k+1

Then (10) is true, if and only if (11) is true. Therefore, we must prove (11) for proving of
the Theorem.

From (7), the left hand-side of (11) is equal to pg(n+1). From (8), the right side of (11)
is equal to pg(n + 1), too. Thetrefore, (11) is true.
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