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ABSTRACT. By using g-Volkenborn integration, the multiple Changhee g-Bernoulli numbers
which are an interesting analogue of Barnes’ multiple Bernoulli numbers were constructed
in [4]. The object of this paper is to define the extension of multiple Changhee g-Bernoulli
numbers and to give the new explicit formulas which are related to these numbers.

§1. INTRODUCTION

Let Z, Z,, Q, and C,, will be denoted by the ring of integers, the ring of p-adic integers,
the field of p-adic numbers and the completion of algebraic closure of @, and let v, be
the normalized exponential valuation of C, with |p|, = p~*»(P) = p~!. When one talks of
g-extension, q is variously considered as an indeterminate, a complex number or a p-adic
number. If ¢ € C,, then we normally assume |q — 1|, < p_P_if, so that ¢ = exp(xloggq)
for |z|, < 1.

In this paper, we use the notation:

ol = [+ ) = 7L
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Hence, limgy_,[z] = = for any 2 with |z, <1 in the present p-adic case.
Let d be a fixed integer and let p be a fixed prime number. We set

— 1 N
)('_1HE(Z/dp ZD)
N
X* = U a+ dpZp,

0<a<dp
(a,p)=1

a+dpNZ,={r € X |r=a (mod dp")},

where a € Z lies in 0 < a < dp", cf. [2,3,4,5,6,7,8].

For any positive integer N, we set

a

_a

uQ(a+deZ ) [d N]

and this can be extended to a distribution on X. This distribution yields an integral for
each non-negative integer m:

[ o) = [ gt mz() i et b5,

The multiple Barnes’ Bernoulli polynomials were defined by

r o0 f"

(].) H e—wjh tremt = Z T|w17w27 awr);,!'
j=1 n=0

bl

for each w; > 0,0 <t < 1, cf. [1].

The numbers B,(,,r) (wy,wa, -+ ,wyp) = B,(lr)(0|w1,w2,--- ,wy) are called the multiple
Barnes’ numbers.

Throughout this paper, we assume that ay, - - - , ay are taken in the positive integers and
let w € Z,. Now, we can rewrite the multiple Changhee ¢-Bernoulli numbers, polynomials
as follows, cf. [4]:

ﬂy(,,r)(W,(1|061,042,"' , Oty :/ / / [w+ a1ry + - - + ]t dpg(xr) - - - dpg(xr),
Zs

r times
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and

B0 (glon, az, -+ ) = / / / [cnzs + - + ar, " dg(21) - - dpig (2r).
z,Jz, Z,

T times
In this paper, we construct the numbers ﬁ,(lh’r)(w,qlal,ag,-o- ,a,) for h € Z which
reduce the multiple Barnes’ Bernoulli numbers B,(LT) (ay, a9, ,a,) as ¢ — 1. Also, we

give the new explicit formulas which are related to these numbers.

2. AN EXTENSION OF CHANGHEE q-BERNOULLI NUMBERS

For h € Z, we define the extension of Changhee ¢-Bernoulli polynomials, numbers as
follows:

/B(h r)(w Q|Oll,0l2, )

(2) / / Lia =0T 4y + -+ aredpg () - - - dpsg (),
r tlmes
and
/B'SLh,T‘) (CIlal, Qag, - 7047*)
(3) - / oo [ oz + -+ o, g = BT (1) - dpg (24).
Zp Zp
7 times

These can be written as

/B'r(lh,'r‘) ('U), QIalv Qag, - aar) =
J

n i A . .
(j)qw“ﬂﬁh’ N(glan, @iz, -+ )]

0

By (3), we have
/81(1’1’1") (qlalu Qg, -, ar)

= / P / [alml + EE) + armr]nqz:=l(h’_i)miduq(ml) o 88 duq(xr)

r times

1 =~ (n\, .l +h)Gaz+h=1)---(jar+h—r+1)
_(1—q)"§0<1>( Y ar+ Mljas +h—1] - Gar th—r+1] -

Therefore we obtain the following :
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Theorem 1. For any n > 0, we have

ﬁ(ja,+h,—l+1)
i\l +h—1+1])°

1 N <n> .
(hs7) (a0 — § : W]
2 y 4|0, O, , & == . q
7 ( | 1y 2 T') (1 — q)n par j ( )

Remark 1. Note that

£ = B A0 = TR i =

20 (g11) = _d*(q 13}[)4(]2[51 ta)

- alt) = g

50D (gl1) :ﬁ(l+q+---+q"‘1)+q[(;][4’;q+w;]~-+qh‘2)+---+q"‘1. .
672 (ql1,1) = %['1] 22 (ql1,1) = —2—([%];;)72),
£,y = -HO 200

r!

NGB

(g1, ,1) =
N—

r times

Remark 2. By the definition of ,Bnh"r)(qlal, g, -+ ,a), we note that

ﬁ1(7,h,r) (O) QIal)a27 e 7a7‘) = ﬁﬁ,h’r) (QIalaQQa Tt ,(17«).

By (2),(3), it is easy to see that

/ P / [alml + 6oy + arm'r‘]an::l(h_i):rid,ufq(xl) e dl'l‘q(’v'l')
Zp Zp

r times

= (q — 1)/Z o ./Z [alml + o e + armr]n'+1qz::=1(h’—ai_i)xiduq(ml) PR dlij(m’r‘)
P P

T times
+ /Z . /Z 12y + -+ armr]an:::l(h—ai—’i)miduq(ml) e dpg(xy).
P P

r times
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Thus we have

/Br(rill’r)(q| 17 1’ R 1) = (q - l)ﬂ-sr’;_l,r)(qI 1a 17 R} 1) + :B'Sr’:—l’r)(d 17 ]-a Ty 1)
e S N—— N e’
r times 7 times r times

It is easy to see that

/ v ./ [w +ayry+---+ a‘rxr]nqz:::l(h_i)xid,uq(ml) 5w dﬂq(:l:r)
X X

7 times
d—1
— [d]n—r Z q(i1+‘--ir)h—i2—2i3—-~'—(T—l)ir
(5) i17i2»"'i1‘=0
w+ oty + -+ apt
x/ /[ lld T f gz + o+ apze; 4"
Zy Zyp
r times

x g (h=Ddtter(h=r)dgy, () o dpga ().

From (3), (5), we have the following:

Theorem 2. For any positive integer n, we have

d—1
B (w,qlar, g, yap) = [T Y gltrinhT 2 (r o)
11,42, +1r=0

w4+ ayiy + -+ ot
X/By(;h,r)( 1 a - rqulala'” aa’r‘)‘

Moreover,

d—1
B gl ) = T3t
11,12, - ip=0

. ﬁT(Lh,r)(w+ ayty + -+ arly

d ’qdlal’... ’a””)‘

Remark 3. Note that

lim1 ﬂ,(Lh’T)(w,q[al,ag,--- G} = B,(Lr)(w|a1,ag,-~ ,ar), (see Eq. (1)) .
q—-’

Hence, ﬂr(lh’r)(w, qlaq, a9, , ;) can be considered by the g-analogue of Barnes’ multiple
Bernoulli polynomials. Now, we will give the inverse formula of Eq. (4).
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Indeed we see
n

Z (?) (q - l)i/@(h’r) (q|a13a2a e ’ar)

() / [oay + -+ + i P g () - - dpg ()
rtlmes
:/ / mlenanttenen) g Ui (DT dy (1) - - dptg (ar)
Zz
rtlmes

_ (nay +h)(nag+h—1)---(na, +h—r+1)
[nay + h)nag + h—1]---[na, +h—r+1]
Therefore we obtain the following:

Theorem 3. For h € Z>¢, we have

m ™ .
m i a(hyr) mo; +h—7+1
§ —1)8! Qap, 9, Q) = I | A .

Let x be a Dirichlet character with conductor d € Z>o. Then we define the generalized
Changhee ¢-Bernoulli numbers as follows: For m > 0,

/B(h )(q|oz1,a2, * ,a'r)

= /X wws /X[alml ST arxr]qugzl(h—j)-’vj H x(x;) | dpg(w1) - - - dpg(xr)
N —

r times

By simple calculation, we see that

/ /[0‘1”51'{~ -+ g, gim DT HX(% dpg(T1) - - - dptg(r)
——

7j=1
r times
d—1 r
_ m—r hii+--+(h—7r+1)i, )
O LD DI [T x(:)
P11, 40r=0 j=1
ayiy + -+ apt
X/ /[ — 5 T SRR - Y, b
Z
r times

X ng:l "Bj(h""j)ddplqd (ml) coe d,uqd (,L‘T)
By (2),(7), we have the following :
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Theorem 4. For h € Z>(, we have

d—1
ﬁr(rilz,’;)(q|a1,a2,--- yap) = [d]™" Z qhi1+"'+(h—r+l)ir
i1, ,4r=0
™ . .
ajty +--+apt
x | T xxs) | S g, an, ).
i=1

Remark. By using our formulae in the case of ¢ = 1, we can obtain many new formulas
which are related to the multiple Barnes’ Bernoulli numbers.
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