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On a Generalization of Identities of Hoggatt and Horadam
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It can be established for the sequence of Fibonacci numbers {F,}, that
F,21+F,2,_1 :Flrral- (1)

This is actually a particular case of slightly rearranged forms of identities (I119) of
Hoggatt (1969) and (4.2) of Horadam (1965),

F;2; = (-1)n+kF2 = B 5Fk, (2)
wi —qwi | = awy, + (b — pa)wai, (3)

in which {w,} = {w,(a,b;p,q)} 1s a generalized second order sequence with initial
conditions wo = a, w; = b and defined by the linear homogenous recurrence relation

Wn = PWn1 — qWn2,(n 2 2). 4)
It can be seen that the ordinary Fibonacci numbers are the particular case given by
Fra =we(1,1;1,-1). (5)

It can also be seen that (1) comes from (2) when £ = n — 1, and from (3) with the
appropriate changes from (4) and (5). A stronger generalization is given by

2 -
w;{'g — Wy, = WeWoar — qWr A Wop—r-1. (6)

The result in (6) can be proved by induction on . When r = 0, we get the result in (3).
Assume the result is true for 7 = 1,2,..,k— 1. Then from the inductive hypothesis and
repeated use of (4):

Wi = qWi | = Wit Wonket — QWi Wank
= Wit (PWank — qWan-i—1) — qWi2Wank
= (PWi-1 = GWi-2)Wantk — qWi—1W2nk1
= WiWak — qWi-1Wank-1, as required.
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