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ABSTRACT. In this paper we investigate some properties of non-Archimedean integration which
is defined by T. Kim, cf. [2]. By using our results in this paper, we can give an answer of the
problems which is remained by I.-C. Huang and S-Y. Huang in [ 1: p. 179]

§1. INTRODUCTION

Throughout this paper Z,,Q, and C, will respectively denote the ring of p-adic rational
integers, the field of p-adic rational numbers and the completion of algebraic closure of Q.
Let v, be the normalized exponential valuation of C, with |p|, = p~vr(P) = p—1,

Let [ be a fixed integer and let p be a fixed prime number. We set

X =1lim(z/ip" Z),
N

x*= J (a+ipzy),
0<a<lp
(a,p)=1

a+1pNZ,={r € X |z=a (mod ip™)},

where a € Z lies in 0 < a < Ip".

For any positive integer N, we set
(a+1pNZ,) = L

and this can be extended to a distribution on X (see [2]).
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This distribution yields an integral for non-negative integer m :
/ 2™ dpy () = B,
X

where B,,, are called usual Bernoulli numbers.

The Euler numbers E,, are defined by the generating function in the complex number

field as follows:
2

et+1

00 gm
> En, (<), 1)
m=0 “

where we use the technique method notation by replacing E™ by E,, (m > 0), symbollically,
cf. [2], [4], [5], 6], [7].

The Bernoulli numbers with order k, B

k 00 -
<ett—l> =3 BP—, ot 5], 6] )
n=0 ’

,Sk) , were defined by

Let u be algebraic in complex number field . Then Frobenius-Euler numbers were defined
by

1

per

— - ZHn(u)g, of. [2], 3] 3)
n=0 ’

By (1), (3), note that H,(—1) = Ey.

In this paper, we will give the interesting formulae for sums of products of Euler num-
bers (= Frobenius-Euler numbers ) by using p-adic Euler integration which is defined by K.
Shiratani-S. Yamamoto, ( see [3]). Our result is an answer of the problem which is remained
by I. C. Huang and S.-Y. Huang in [1: p. 179].

§2. SUMS OF PRODUCTS OF EULER NUMBERS

Let u € C, with |1 —u/|, > 1 for each positive integer f. Then the p-adic Euler measure
was defined by

E,(z) = Ey(z + dpNZ,) = ude"x/(l - ud”N), ef. [3]:

Now, we define Euler polynomials with order n by

< u )mHT(:n)(u’x):/}(.../}{(m+m1+---+a:m)”dEu(:U1)---dEu(a?m)- (4)

1—u

m times
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In the case x = 0, we use the following notations :
HP (u,0) = B (u), HY (u) = Hy, (u), cf. [4: p. 77).

In [3], K. Shiratani-S.Yamamoto have given the following formula:

/ T dEy(x) = g ﬁ an(u). (5)
Zyp

By (4), (5), we easily see that limg_,; Hflk)(u) = H, (u].
For any positive integers m, H,gm)(vl, x) can be written by

n

M) =3 (7)o" B W),

=0

We may now mention the following formulae which are easy to prove:

i i—1 ml—31 1
u - - u i=1 :E+l1+---+l
<1—u> H’(l )(u,x) =1 Z (1_ul)m Hr(zm)(ul, ] m)» (6)
lly"' 1l'm,:O
where
-1 -1

DD 39 IS 38

a"'»lnz—O ll 012=0 l'nl'O
For m = 1, Eq.(6) is same the result of K. Shiratani-S.Yamamoto (see [3]).

By using (4) and multinomial coefficients, We obtain the following theorem:

Theorem. For a;, oz, 04, € Cp, and positive integer n, m, we have
n
H™ (uy0q +ag + -+ o) = E <1, ; )Hil(U,m)Hiz (u, ) - -+ Hy,,, (u, ),
T
7:11"'17:11; ' o
n=t1+ " +inm

where (z.l o ; ) is the multinomial coefficient.
b 1Ym

Remark. The above theorem is an answer of the problem which was remained in [ 1: p.
179].

Remark. Note that H,(—1) =Y 1, (”:1)2’“Bk, where By, are the kth ordinary Bernoulli
numbers.

Remark. By using Volkenborn integral, it was well known that

_1_2/;”1”1 ,cf[23]
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In [4], note that

k 0o
t " "
(755) =3 [ [ [ erms b mrdn @) dotwmg. O
£ n—olXJX X
k times

The Bernoulli polynomials with order k, Bﬁlk)(:z:), were defined by

@) = [ [ [ @b m i )din ) - d ), of 8 14,16

k times

In the case z = 0, we write B,(lk)(O) = B®  of. [4].

In [1], the authors proved the formulae of sums of products of Bernoulli numbers of higher
order by using theory of residues. By using the properties of invariant p-adic integrals in this
paper, we can also give the same formulae on the sums of products for BSC) in [1].

Let x be a Dirichlet character with conductor f. We set p* = p for p > 2, and p* =4 for
p= 2.
Let f = (f,p*) be denoted by the least common multiple of the conductor f of x and p*.

Now, we define the generalized Bernoulli numbers of higher order with x as
Bg&) = / . / x(@1 4 Az (@1 4 Tw) " (21) - - Ay (Tan)- (8)
X X

We easily get in (8)

-1
B = Y B

Ti, a‘rnz:O

[

X(@1 4 4 ).

where B, , is the generalized ordinary Bernoulli number with x.

By (8), we have

. 1
BT({:;):pl—l—»nolo (f__ p)m Z Z X(xl+"'+$m)($1+"'+.’11m)n.
P o<t 1<am<ipe

The investigation of these numbers are left to the interested reader.
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