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Abstract

An arithmetical function f is said to be weakly multiplicative if f is not iden-
tically zero and f(np) = f(n)f(p) for all positive integers n and primes p with
(n,p) = 1. Every multiplicative function is a weakly multiplicative function but the
converse is not true. In this note we study basic properties of weakly multiplicative
functions with respect to the Dirichlet convolution.

1 Introduction

An arithmetical function f is said to be multiplicative if f is not identically zero and
f(mn) = f(m)f(n) whenever (m,n) = 1. It is clear that if f is multiplicative, then
f(1) = 1. In 1985, Subbarao (see [2]) defined an arithmetical function f to be weakly
multiplicative if f is not identically zero and

f(np) = f(n)f(p)

for all positive integers n and primes p with (n,p) = 1. Weakly multiplicative functions
are later named quasi-multiplicative functions but we prefer the term weakly multiplica-
tive function because the term quasi-multiplicative function is also used to arithmetical
functions f such that f(1) # 0 and f(1)f(mn) = f(m)f(n) whenever (m,n) =1 (see
4]).

It is easy to see that every multiplicative function is a weakly multiplicative function
but the converse is not true. If f is any arithmetical function, then the function f (k > 2)
defined as fr(n) = f(n'/*) is weakly multiplicative provided that f; is not identically
zero. (Here we assume that f(n'/¥) = 0 if n!/* is not a positive integer.) Let w(n) denote
the number of distinct prime divisors of n. Then wy is weakly multiplicative but not
multiplicative.

The Dirichlet convolution of two arithmetical functions f and g is defined as

(f*g)(n)=>_ f(d)g(n/d).

dln
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The function §, defined as §(1) = 1 and 6(n) = 0 otherwise, serves as the identity under
the Dirichlet convolution. An arithmetical function f possesses a Dirichlet inverse f1
and only if f(1) # 0. The Dirichlet inverse is unique and is given recursively as

f‘l(l)z?%, fYn Z':f “L(n/d) (n > 1).

d>1

It is well known that the set of all arithmetical functions f with f(1) # 0 forms an abelian
group under the Dirichlet convolution and the set of all multiplicative functions forms a
subgroup of this abelian group (see [1, 3, 4]).

In this paper we study basic properties of weakly multiplicative functions with respect
to the Dirichlet convolution.

2 Properties

We divide the class W of weakly multiplicative functions into two disjoint subclasses Wy
and W,. The class W; consists of those weakly multiplicative functions f for which there
exists a prime p such that f(p) # 0, that is,

Wi={feW|3peq:flp)#0}

If f € Wy, then f(1) = 1. The class W, consists of those weakly multiplicative functions
f for which f(p) = 0 for all primes p, that is,

Wy ={feW|Vpeq:f(p)=0}
It is easy to see that f € W, if and only if f(n) = 0 whenever n = mp, where m is a
positive integer, p is a prime and (m,p) = 1.

Theorem 2.1 If f,g € W, then fxge W.

Proof. Let n be a positive integer and p a prime such that (n,p) = 1.
Suppose firstly that f,g € W;. Then

(fx9)(np) =D_ > f(de)g((n/d)(p/e))-

dln elp

If ¢ = 1, then f(de) = f(d)f(e) (since f(1) = 1) and g((n/d)(p/e)) = g(n/d)g(p/e)
(since (n/d,p) = 1). Further, if e = p, then f(de) = f(d)f(e) (since (d,p) = 1) and
g((n/d)(p/e)) = g(n/d)g(p/e) (since g(1) =1). Thus

(f*9)(np) =D f(d)f(e)g(n/d)g(p/e) = (f x 9)(n)(f * 9)(p).

dln elp

Suppose secondly that f,g € Wy. Then
(f*x9)(np) = Y fla

ab=np
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Now, pla with (a/p,p) = 1 or p|b with (b/p,p) = 1. Thus f(a) = f(a/p)f(p) or g(b )
g(b/p)g(p). Since f(p) = g(p) = 0, we have f(a)g(b) = 0 and therefore (f *g) B =

Further, (f*g)(p) = f(p)g(1) + f(1)g(p) = 0 and therefore (fxg)(n)(f * g)(p) = 0. Thus
(f * g)(np) = (f x 9)(n)(f * 9)(p)-

Thus we have proved that f+g € W. O

Corollary 2.1 If f,g € Wy, then f g € Wa.

Proof. According to Theorem 2.1, f x g € W. Since f(p) = g(p) = 0 for all primes p,
we have (f % g)(p) = f(p)g(1) + f(1)g(p) = 0 for all primes p. Thus fxg € W,. O

Remark 2.1 It is possible that f,g € Wi but fx g ¢ W;. For example, if f(n) = 1 and
g(n) = (=1)“™ for all positive integers n, then f and g are multiplicative functions such
that f(p) = 1 and g(p) = —1 but (f % g)(p) = 0 for all primes p and therefore f,g € W,
but fxg¢& Wi.

Theorem 2.2 If f € W with f(1) #0, then f~' € W.
Proof. Let p be a fixed prime. We prove that
fHp) = () f 71 (p) (2.1)

for all positive integers n with (n,p) = 1.

Suppose firstly that f € W;. We proceed by induction on n to prove that (2.1)
holds. If n = 1, then (2.1) holds, since f~'(1) = 1/f(1) = 1. Assume that f~'(mp) =
f~Y(m)f~1(p) whenever 1 < m < n with (m,p) = 1. Then

o) = = fd)f T (mp/d) = = 3 f(ab)f((n/a)(p/b))

d|np aln
d>1 blp
ab>1
= =Y f@)f N ((n/a)p) = Y_ flap)f~*(n/a).
aln aln

a>1

Now, f~Y((n/a)p) = f~*(n/a)f~(p) (by the induction assumption) and f(ap) = f(a)f(p)
(since f € W). Thus

f (np Zf n/a Zf n/a

aln a|n
a>1

Clearly,

> fla)fH(n/a) = —f(n)

aln
a>1

and

> fla)f~H(n/a) =d(n) =

aln
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(since n > 1). Therefore (2.1) holds.
Suppose secondly that f € W, with f(1) # 0. We proceed by induction on n to prove
that
fH(np) =0 (2:2)
for all positive integers n with (n,p) = 1. Since f(p) = 0, we can conclude that (2.2)
holds for n = 1. Assume that f~!(mp) = 0 whenever 1 < m < n with (m,p) = 1. Then

fnp) = Z f(d)f~ (w/d) = = Z f(ab) f~((n/a)(p/b))

d|np aln

d>1 blp
ab>1
= Z f(a)f~H((n/a)p) Zf ap)f~(n/a).
aln Mn

a>1

Now, f~'((n/a)p) = 0 (by the induction assumption) and f(ap) = 0 (since f € Wa).
Thus (2.2) holds, which shows that (2.1) holds. O

Corollary 2.2 If f € Wy, then f~! € W;.

Proof. According to Theorem 2.2, f~! € W. There exists a prime p such that f(p) # 0
For this prime p we have f~'(p) = —f(p) #0. Thus f~' € W;. O

Corollary 2.3 If f € W, with f(1) #0, then f~ € Wh.

Proof. According to Theorem 2.2, f~! € W. Since f(p) = 0 for all primes p, we have
f~Y(p) = —f(p) = 0 for all primes p. Thus f~' € W,. O

Remark 2.2 Using the above results we make the following observations:
1. The pair (W, %) is a commutative semigroup with identity.
2. The pair (W, *) is a commutative semigroup with identity.

3. The pair (W*,«) is an abelian group, where W* is the set of weakly multiplicative
functions f such that f(1) # 0. Note that W* is the set of units in W.

4. The pair (Wy,*) is an abelian group, where W5 is the set of weakly multiplicative
functions f such that f(1) # 0 and f(p) = 0 for all primes p. Note that Wy is the
set of units in Wj.
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