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A b s t r a c t . We define th e  q-Bernoulli num bers by using an p-adic q-integral due to  T. 
K im  (see [2]) and investigate th e  properties of these num bers. In th e  final section, we 
will give th e  form ula for sum s of p roducts of these num bers.

§1 . I n t r o d u c t i o n

Throughout this paper Z, Zp, Qp and Cp will respectively denote the ring of 
rational integers, the ring of p-adic rational integers, the  field of p-adic rational numbers 
and the completion of algebraic closure of Qp.

Let vp be the normalized exponential valuation of Cp w ith |p|p =  p Vp(p) =  p 1. 
If q E Cp, we normally assume |q — 1|p <  p - p-1 , so th a t qx =  exp(x log q) for |x |p <  1. 
We use the notation

[x] =  [x : q] =
1 — qx
1 — q

Hence, limq^ 1 [x : q] =  x for any x w ith |x |p <  1 in the present p-adic case.
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Recently, I. C. Huang [3] and K. Dilcher [2] obtained formulas for sums of products 
f  2n \of the form ^  I I B 2j1 • • • B 2j N and J. Satoh [6] gave a formulas for sums
\  2 j  1, • • • , 2 j  N  J

of products in the  case of two C arlitz’s q-Bernoulli numbers.

In this paper, we define the q-Bernoulli numbers of higher order by using multiple 
p-adic q-ntegral due to T. Kim [4] and will give the formulas for sums of products of 
any number of the our q-Bernoulli numbers which is induced the formulae of Dilcher( 
[2]), I. C. Huang ([3]) at q = 1 .

§2 . O n  q-B E R N Q U L L I NUMBERS

Let d be a fixed integer and let p be a fixed prime number. We set 

X  =  lim (Z /dpN Z),
A

X  * =  y  a +  dpZp ,
0 <a<dp 
( a ,p)  =  1

a +  dpNZp =  {x G  X  | x =  a (mod dpN) } , 

where a G Z lies in 0 <  a < dpN .

For any positive integer N,

Pq (a +  dpN Zp)
qa

[dpN ]
qa

[dpN : q]

can be extended to distribution on X  [4].

This distribution yields an integral for each non-negative integer m  [4]:

1 dpN -1
(1) I f (x) dPq(a) = I f (x) dPq(a) =  li^ “T M  Yl f  (x)qX,J Zp Jx  [dPN ] ^

where f  (x) is the uniformly differentiable function.
N=0

In this section, we can consider a uniformly differentiable function f  (x) =  x n , 
(n > 0), in the p-adic q-integral given by (1). Now, we define q-Bernoulli numbers and 
polynomials as follows:

fin  =  / tn dpq (t) and fin  (x ,q )=  (x +  t)n  dpq (t).
Jzp Jzp
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in the variable x in Cp w ith \x\p <  1.

For k G N =  { the set of natu ral numbers }, it was well known th a t the Bernoulli 
numbers w ith order k were defined by

(2) (-
t

? -  1 )k =  £
B (k)

n t r ,
n=0 n!

where are called n -th  Bernoulli numbers w ith order k, (cf. [2], [3], [5]).

Now, we define the q-Bernoulli nu 
Cp, by using K im ’s integral as follows

(k) (k) /Now, we define the q-Bernoulli numbers and polynomials of higher order, R d  and Rn (x, q) G

P m  =
Zp J Zp J Zp

(tl +  t2 +------ + tk )m d^ q (t l )d^q (t2) ■ ■ ■ d^ q (tk ),

V

k times

p m (x, q) = (x +  t l  +  t 2 +-------+ tk )md^q (tl )d^q (t2 ) ■ ■ ■ d^q (tk )■

v
k times

Let F q (t) be the generating function of Rn in the above which is presented by

^  R
Fq (*) =  E  tn ■

n=0

Z D  Zp JZp

It is not difficult to  see th a t

(3) Fq (t)
( q — 1 ) !°g q +  t 
v log q qe* — 1

and Fq (t)ext E
n=0

R (x ,q) tn 
n! t

In [4], an invariant p-adic integral on Zp can be found by

p n - 1

^1 (f)  = f  (x)d^1 (x) =  Nlim f  (x ).
./z„ N PN n̂=0

Note th a t 

(4) I i  ( f i  ) =  I i  ( f ) +  f ' (0)
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where f 1 (x) = f  (x + 1 ) ,  (cf. [4]).

If we take f  (x) =  qxext, we can prove (3) from (4) and [4]. 

For any positive integer d and k >  0, it is easy to see tha t

(5)
dk d - 1

p k (x ,q) =  qlPk(—+- , qd ),[d]L J i=0 d

(q-Bernoulli distribution).

By using the definition of q-Bernoulli numbers of higher order, we see:

/3k =  lim
t l m —1 p  —1

52 qE  j=1 ij+m E  j=1 (x + 52 ij  +  m 52n i  )kt [m] [p  : qm\ ^  ^  H y ^  ^  jL J ^  J p ,— ,ii =0 n i , -  ,ni=0 j = 1 j=1

m k m— 1

[m]1
£  qi, +•••+* 3k1 > ( 81 +  ••• +  "  , qm).

k mii , ••• ,il =0

Here, we use the following notation:

m m m

E h ’ E =  z  ■
k,=0 k2 =0 kn =0 k ^ "  ,kn =0

Note th a t limq[1  3m > (q) =  B ^  where B ^  is the  m th  Bernoulli number w ith order 
k, (cf. [2], [3], [6]).

Therefore we obtain the  following theorem:

T h e o re m  1. For any positive integers m ,k , we have

3 k >(x, q)
m k m—1

[m]l Z  qi1+ ^ + ii 3 ® ( 81 +  +  tl ,qm )■k mi, ,••• ,ii=0

In particular,

3<fk) (m x , q)
m
[m]1

m 1
J ]  qi1+ ^ +ii 3fc> (x +

i, ,••• ,ii=0

t1 +------- + tl
m

,qm).
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For a i , a 2, ■ ■ ■ , am E Cp and positive integers n, m, we have

(6) ( a i ■■■ +  am +  ti  +  ■■■ +  tm )n — 'y '
. 1 + ■■■ + —n

n
• i , ■ ■ ■ ,

( t1 +  a i )n  ■ ■ ■ (tm +  am)tm .

By (6) and the definition of q-Bernoulli polynomials, we have

n
( a i + -----+ am, q)=  ( •  • )^ii ( a i , q) ■■■ (am, q),

il + -+im  — n V il, ■■■ ,im /

where (. n . ) are multinom ial coefficients.Vi1, ••• ,im '
Therefore we obtain the  following:

T h e o re m  2. For a i ,a 2, ■ ■ ■ , a m  E Cp and positive integers n, m, we have

^  ( a i +  a 2 + ---- + a m , q) = ( •  n  • )A i ( a i , q) ■■■ Pi m (a m , q),
■ i i • \^1, ■ ■ ■ , •m /

where

am
il + ***+. m—n

are multinomial coefficients.\i l , ••• ,im

C o ro lla ry  3. For any positive integers m, n, we have

n

il ,^̂̂  ,im >0 
i l + ■■■ + i m —n

^ im)(q) =  ( •  n • ) A i (q)^i2 (q) ■■■ ^ im -i(q)^im (q)V i i , ■ ■ ■ ,im

n

R e m a rk . If q ^  1, then  we obtain the following [6]:

(1) Bmk) (k -  x) =  ( - 1 ) mB m  (x).

(2) Bmk) (k) =  ( - 1 ) mBmk).

R e m a rk . If q ^  1, we obtain the following formula (cf. [2], [3]):

B nm) ( a i +  a 2 +  ■ ■ ■ +  a m) E  • n • B .. (ai)B i2 («2) ••• Bim (am ).\ • i , , •m /*1, ••• ,im >0 
.. + '"' + im —n



6 H.-K. PAK AND S-H. RIM

R e f e r e n c e s

1. L. C arlitz , q-B ernoulli num bers and polynom ials , Duke M ath  J. 15 (1948), 987-1000.

2. K. Dilcher, Sum s o f products o f B ernoulli numbers, J. N um ber Theory  60( 1) (1996), 23-41.

3. I. C. H uang, B ernoulli num bers and polynom ials via residue, J. N um ber Theory  76 (1999), 178
193.

4. T . Kim, On a q-analogue o f the p-adic log gam m a func tio n s and related integrals, J. N um ber
Theory  76 (1999), 320-329.

5. T . K im  and  H.S. Kim, R em ark on p-adic q-B ernoulli numbers, Advan. S tud. C ontem p. M ath . 1 
(1999), 127-136.

6. K. Kudo, A congruence o f generalized B ernoulli num bers fo r  the character o f the firs t kind, Advan. 
S tud. C ontem p. M ath . 2 (2000), 1-8.

7. J. Satoh, Sum s o f products o f two q-B ernoulli numbers, J. N um ber Theory  74 (1999), 173-180.


