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The Euler constant is defined as (see, e.g., [1]):

' l l
C = lim V ( T -  In ^— ) =  0.5772156649....

k—►OO ^ J l l
i=l

Hence,

where a k >  0 and then

C — Hk — ln(l  +  k) +  atk, 

Hk = h i(l -f k) +  C +  7*, ( 1)

where 7k =  — &k <  0.
For each integer k >  1 there exists a corresponding integer nu such th a t

Hnh- 1 <  A’ <  Hnk.

In [2] it is posed as a problem to prove th a t

n k = [ek~c } or n k = [ek~u ] + 1,k-c-\
( 2)

where [:r] denotes the integer part of the real num ber x. A weaker assertion is given by the 
author together with L. Asenova (now -  his wife L. Atanassova) in [3]: for every integer 
A’ >  3 :

k +  l '

In [1] it is proved tha t

1 2 1
ek~c - k-C 1

-  -  <  nk < e - n +
1

+  v24efc- c  e3(fc- C) 2 " “ 24efc~c e3(fc" c ) 2

and in [4]: if ek~c = m  +  cv, where m =  [ek~c ] and 0 <  a < 1, then

, r 1 1 1 1 ,
01 1077/ 9  +

(3)

111
( 4 )
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Here we shall prove the following 
T H E O R E M  1: For every natural num ber k >  3 :

n k =  [efc C +  -]• (5)

Proof:  Initially, we shall note tha t

7fc+i — 7k =  Fffc+i — hi(A? + 2) — Hk +  In(k +  1) =  ̂^  ̂ — ln(l +  ̂ ^  ̂) > 0,

i.e.
7fc+l >  Ik

and the sequence {7 } ^  is growing.
It is valid the following 

L E M M A :  For every natural number k :

k +  |  +  ^  & +  |
In — . 2 2A~ >  7  ̂ >  In 2

A’ +  1 A' +  l

We shall use the formula

Hk = lnk  + C + —
1

+12 A-2 120 A'4

for 0 <  £k < 1 (see formula (6.66) from [5]). From here and from (1) we have th a t

ln (l +  Is) +  C +  7* -  ln i ' +  c +  ±  _  A j  +  j ^ r

( 6)

i.e.,

Therefore,

Ik _  i ^ +  1 , J _
U k +  2 At

1
+

t  k
12A’2 120At4 •

In +  2 +  2k
k +  1 7 fc

=  In +  I  +  2k ■ i +  1 1

=  In

i  +  i  + ln  t

k + 1 + h

-  TTT +
1

k 2k +  12A’2

2 A1 12A’2 120 At4

1 £k

, . 1 1 . 1  1
~  +  2^  +  2I?2) ”  2ifc+  m 2

120 A-4
£k

120A-
(from formula (601) from [6])

_L_ J _ _ l  J _  J _  2
> 2At + 2At2 2 2At 2At2

1 1 
2k +  12P 120 At,4
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11 1 1 1 1
+2k2 8k2 4A:3 8k4 12k2

11 1 16
120 A:4

24A2 4A’3 120 A:4
41 n  1

O 7,2 V 1 O O 7,2A2 v 12 2k 15 At2

and

-  In
2 A’ +  1 
2k +  2

1 ,11 1 4 n
>  2 F ( l2  ~  2 “  15 ) >

2A’ -f 1 A’ +  1 1
=  — in ———- — In —;-----|- ——

2 k +  2 k
i  «.

2k 12 k2 120 A:4

> - 1n (i  +  7 ) +  _ L _  J _

(from formula (601.1) from [6])

1 1 1 1 
-  ^r +

1
2 k 12 k2 2k 8k2 24A’3 +  ...

>
1 1

+  ... > 0 .
24 A2 24A’3

w ith which (6) and therefore the Lemma are proved.
In the proof of the Theorem  we shall use the m ethod of induction and only the right 

inequality from the Lemma.
First, we shall prove th a t for every integer A- >  3 :

[H[ek-c+u\ -  k. (7)

W hen k — 3 the assertion is valid:

551
=  [* » ]  =  ['̂  277201 =  3-

In this case ?i3 =  [e3~c +  |]  =  11.
We assume th a t (7) is valid for some integer k > 3, and let

H[ek-c + \) -  [U[ek-C+u\ =  6

% k + l- c  + l] -  7p-C+i] -  //.
( 8)

Obviously, 6,7) > 0.
Let us denote a — ek+1~L . From k >  3 follows tha t a > 11). It is necessary to show 

that:

0 <  6 +  7) +  In ^  2J1~t~ 1 , <  1- (9)
e ([a +  2J +  !)
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But
8 +  7] +  In

[a +  \] +  1 
e { [ a  +  §] +  !)

1 CL 1 CL 1
7[a+|] -  7[f+i] +  ln ([« +  +  *) ~  ln e([“  +  9] +  !) +  7[f+ |] +  C' +  ln([— + - \  + 1) -  k

= 7[a+|] +  M [a +  r ]  +  1) — ln ([-  +  d  +  1) — 1 +  C +  ln ( [ -  +  - ]  +  1) -  k

-  7[o+|] +  M [a +  ~] +  1) -  1 +

=  7[o+|] +  M  [a +  9 ] +  1) _  ln a

( la +  7 ] +  1 )
=  7[a+l]+ l n --------“--------'

Let a =  m  +  a , where 0 < a < l . l f a < | ,  then:

, , VL +  7 ] +  1 , , m  +  1
7[«+§] +  l n --------------- - 7 m +  In — -

(from the Lemma.)

If o  >  ^ then

(from the Lemma)

7  [a+I] +  111

m  +  fj m, +  1
>  I n ------- f  +  l n ------- t- =  0.

??? +  1 m +  1

[a +  7 ] +  1
=  7m+i +  In

in +  2

777 +  1 +  7  777 +  2 m  +  7
> h i ------- —A  +  ln — ^  =  l n ------ +  >  0 .

777 +  2

On the other hand,

[a +  7 ] + 1  0 +  7 3 3 3
7[«U ]+>” ------ t ------ < 1 " ^  =  l u ( 1 + 2 ^ , < ^ < S < 1 '

Therefore, (9) is valid.
Hence, from (8), (1), (7) and (9), respective, it follows th a t

[H[ek+i-c+ l]} =  [H[ek-c+ 1] +  # [ e* + i-c  + l]  -  H[ek-c+ L]]

=  [A’ +  6 +  7[efc+i-c+i] +  ln([efc+1 0 +  - ]  +  !) +  C -  7[e*-c+ |] -  ln([efc c +  - ]  +  1) — C]

777 +  1

3

777 +  1
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k +  1 +  [<$ +  i) +  In |et+1- C +  |]  +  1 | 
e l l e ^  +  i j  +  l ) 1

— k +  l.

Obviously, 77, =  [ek~c +  |]  satisfies the inequalities (cf. (2)):

[efc-° ]  <  [ek~L + - ] <  [efe_c ] +  1.

We shall prove th a t nk satisfies inequalities (3). Let ek~° — m  +  a , where in = [ek~c ] 
and 0 <  a  <  1. Then, if o  <  | :

rn +  a —
1

24( 77? +  O') (??? +  O')

> 1 1
-  -  <  rn = [m +  «  +  - ]  =  n ,;

3 9

if 1 >  o  >  | :

m  +  o  —
1 2 i 1 . 1.

-  -  <  m +  1 =  [m +  o  +  -J  =  n k .
24 (in +  o) (777 +  o )3 2

On the other hand, if o  <

1 2  1 1
m  +  a  ~  +77— 7 1  +  7— "T" vf +  + > m = lm + a  +  d  =  n k\24(777 +  a) (777 +  o) 2 2

if o >  | ,  then from (4) it follows th a t a  >  |  +  T  and:

1 2 1  1 1  . 1 .
m  +  Q -  7777-----;----r +  ,  ; ,3 +  -  >  rn +  1 3 -------- ——  > m  +  1 =  777 +  a  +  -  =  nk.

24(777 +  0 ) (777 +  o ) 3 2 777 24/77 2

Therefore, nk satisfies inequalities (3).
Having in mind th a t

(ek~c -  -
1

~ + 9 1. ■k- c  177 +  - )  -  (e24ek~°  g3(fc—C) 2

4

24ek ^ ^ ) 2o)

,3 (fc-C ) +  1e
we m ust show th a t only one natural num ber (i.e., only nk) satisfies (3). For this aim we 
check the expressions

A = ekk-c 1
77 +24efc-c e3(fc-c) 2

1
77 +  -  -  nk

B  =  77, -  (ek~c  - 2 O ~ ) -24ek~c e 3 ( k - ° )  2

Let again ek 0 — m  +  a  for 0 <  a  <  1 and rn > 11, as we mentioned above.
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From (4), if 0 < a < \  -  ^ 7, then

\ek C +  9 ] -  [m  +  a  +  ~j\

and

Therefore,

m = [??? +  —] <  [m +  o  +  -]  <  [??? +  1 — tv— I =  ???.

A  =  ??? +  o

10/71

1 2 1
+  7-----:— +  -  -  m24(??7 +  o ) (m  +  a ) 3 2

1
=  0 +  -  -

1 2
+2 24(777 +  0') (777 + O')'

1 2
<  1 -  — b 7------ :— ~  <  1)10777 ( 777 +  o)"

because for ???. >  11: -h > and
—  10  mz 7

B  =  77? — (777 +  O — 7
1

24(777 +  o ) ( 777 +  o) 3 2 }

1 1 1 2 1 
2 10/7? 24(77? +  o ) (?77 +  o )3 2

1 1 2 17 2
< TT-----b TV----- 1-----7" < 77777-----1-----7 < 1-10/7? 24777 77?3 120?/? 777"

If i  +  T  <  Q. <  1 then/ ?T) --  7

1 1 1
777 +  1 =  [?77 + !  +  —] <  [/?? +  O +  - ]  <  [/?? +  1 +  —] =  777 +  1.

777

Therefore,
1 2 1

A  =  777 +  O — — ---------- - +  7-----:----77 +  — — 777 — 1
24(777 +  o ) (77? +  o )3 2

1
< - 1 2H-----q  < 1

and
jB =  777 +  1 — (77? +  o  — -

2 24(777 +  1) ' 7773

1
24(777 +  o ) (?77 +  O)

1 1  2 1 1  2
2 24m m 3 2 +  240 +  1000

v3 9 )

Therefore, 777. is the unique natural number in the above m entioned interval and with 
this the Theorem  is proved.
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The Theorem is generalized by Mladen Vassilev - Missana in [7] to  the  form 
T H E O R E M  2: For every k £ j\f and p £ 7v+ the identity

[1 +  r P + 1
+  . . . +

1
: kp -  1 

P ■P + 1
-] =  k,

i.e.,
[Hnk(p)(P)] ~~ k,

holds, where 7Z+ is the set of all positive real numbers,

rekp -  L

and

wjfc(p)

Hn(p) =

P

n —1

+  1

i
i-o i-P+1

The present text is prepared on the basis of [8] and [9] in which there are some mistakes, 
which kindly were shown to the author by M. Vassilev - Missana and Prof. Donald Knuth.
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