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T R A N SLA TIO N -IN V A R IA N T  p-A D IC IN T E G R A L  O N  Zp

HAE-SOOK CHO AND EUN-SUP KIM

Abstract. In this paper, we treat the some formulas to be related 

an invariant p-adic integral on Zp. As an application of an invariant 

p-adic integral on Zp, we give the formulas for sums of products 

of the analogue of Bernoulli numbers to be defined by an invariant 

p-adic integral on Zp.

1. IN TRO D U CTIO N

Throughout this paper Z, Zp, Qp, and Dp will be denoted by the 

ring of rational integers, the ring of p-adic rational integers, the field 

of p-adic rational numbers and the completion of the algebraic closure 

of Qp, respectively.

Let vp be the normalized exponential valuation of ilp with \p\p = 
P~Mp) = p - 1.

When one talks of ^-extensions, q can be variously considered as an 

indeterminate, a complex number q G C, or a p-adic number q G ilp. 

We use the notation

N  =  : Q]
1 -  qx
1 ~ q '
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Hence,

liiri [.T : q] — x
q-* i

for any x  with \x\p < 1 in the present p-adic case. Let d be a fixed 

integer and let p be a fixed prime number. We set 

X =  J im (Z /V 'Z ), X '  = ai +  dpZp and
a+dpNZp = {.t G X \x  = a (mod dpN )}, where a G Z with 0 < a < dpN. 

For any positive integer N,

p,q(x +  dpNZp) qx
[dpN]

qx

[dpN : q]

can be extended to a distribution on X,(cf.[5]).

Let UD(Zp, Up) denote the space of all uniformly differentiable func

tions on Zp.

For /  G UD(Zp,flp), this distribution yields an integral in the case 

d =  1,

p N - i  x

f  (x)dpq(x) = Jim  ^  / W o t  =  W )
x = 0  U i

, which has a sense as we see readily that the limit is convergent. 

Recently, K.Dilcher has studied the formulas for sums of products of 

the form ^  (2ji ,2n2̂ ) H 2ji • • ■ H2jN,(cf.[l]), and I.C.Huang also have 

studied the generalized formulas for sums of products of Bernoulli 

numbers, (cf. [2]). Later, T.Kim found formulas for sums of products 

of any number of Carlitz’s (/-Bernoulli numbers,(cf. [5]).

In this paper, we treat the some formulas to be related an invariant
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p-adic integral on Zp and give the formulas for sums of products of the 

analogue of Bernoulli numbers.

2. AN INVARIANT INTEG RAL ON Zp

By using an invariant integral on Zp, we consider the following num

bers:

For n € Z+ =  (the set o f  positive integers},

Indeed, these numbers are analogue of Bernoulli numbers. So, we call 

these numbers an analogue of Bernoulli numbers.

Let G(t) be the generating functions of the above analogue of

Bernoulli numbers, that is , G(t) = -gf-tP-

Proposition 2.1. For q £ Qp with |1 — q\p < l, we have

By using proposition 2.1, we obtain the following: 

Proposition 2.2. (1) For q £ Ftp with |1 — q\p < 1, we have
r < u \  _ t + lo g q  _ v ^ ° °  B n ,q 4-n

~  qe* —1 — A>n=0 n! 1 ' 2
(2) For q E flp with |1 — q\p > 1, we obtain

•V

/iq{x) =  qxp0(x)

where fi0(x + pNZp)

Proof. It is not difficult to prove proposition2.1. □

72



Proof. It is well known that

Izp f ( x  + lW o (x )  = f Zp f(x)d/j,0(x) +  /'(0), (c/.[3j)
By the dehnition of the above analogue of Bernoulli numbers, Bn q, 

we easily see:

B n,q =  JZp x ndfi,q(x) =  f Zp qxx nd/j,0(x).

To prove (1), it is sufficient to show that lirn^o 9 ex -1 =  t +  log q. 

Indeed,

x „ x t _ ^q e
lim■t—>o x

1

n = 0

lim i{ e xl -  1 4- y  ( T ) (q -  1)V*} 
x—>o x  ' V n

n = 1 v 7

n=1

t +  log q.

The proof of (2) is trivial, ( cf. [3], [10]). □

For each qj G flp( j  G Z+). let fiqj be the p-adic distribution on Zp, 

and let fiq — Y\i<j<r Ihj be the product measure on the product space 

Z /  =  Zp x • • • x Zp.

Corollary 2.3. For qj G we /iawe

exp(xt)d[iqj(x)
t+iog Qj
qj^-l
Qj~ 1

*/ 11 Qj Ip 1 > 

* /|l  - ? j Ip > !•

Let ,r =  (.t i ,X2 ,--- ,xr) be variables on Zpr , and let t i fa ,-■ ■ ,tr 

be the p-adic variables with sufficiently small absolute values so that

exp(:rifi + -----b xrtr) converges for any (.ti,.x2,- • • ,xr) G Zpr.

By the property of //,<,, we can obtain the following :
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L em m a 2.4. For r  G Z+ . we have

* /|l  ~qj \ p <  1,

* /11 “  (Ij \p  >  !■

By Lemma 2.4, we obtain the following theorem:

Theorem 2.5. Let m x,m2,- ■ ■ ,mr G Z+, y = {yx,y2,- • • ,yr) <7 Z / .

(!) 9j(Vj) with |1 -  <?j| < 1, f Zpr nr=i yimidfiq(y) is the coefficient 

° f  S S  '' • in fhe Laurent expansion of I l i ^ r  •
(2) For q3(vj ) with \ l - q j \ > l ,  f z /  [I[=i yim,dnq{y) is the coefficient 

° f F T F 'S  ‘ ' ' S '  ®n Zawreni expansion of ]li<y<r ^ 7 = r

Proof. Theorem2.5 is proved by Lernma2.4. □

The Theorem2.5 is very useful for doing study p-adic multiple gamma 

functions, and is an answer to a part of question in [7].

/J zr
exp(xxt.x H-------f- x rtr)dfiq(x) =

n q+ioggj 
1 <j<r qje'i —1

111 < j < r  ~~y~qje l - l

Corollary 2.6. For each c, G Z+, we have

fz pr x i mi ' '  ‘ x rmrdfiq(x) =  limBl>...>nr_*0O - 1“J“rE °“a,,“c’P 
(see [7]).

1 X i

[c ip " l ] [C2pn2 ] • • • [C rP n r  ]

In general, many mathematicians have studied the properties to be 

related Bernoulli numbers of high order , ( see [1], [2], [5], [9], [10], 

[11]).
We would like to define an analogue of Bernoulli numbers of high order 

by using p-adic (/-integral on Zp.

Definition 2.7. Define an analogue of Bernoulli numbers with order 

k G Z+ as follows:
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oo

E u n,q ,n
n\

( t+ l ogq \ k 
'  qef — 1 '

fJ tJL)k
'  qef — 1 >

if |1 -  q\p < 1, 

if |1 -  q\p > 1.

Recently, the sums of products of Bernoulli numbers of high order 

have been studied by I.C.Huang and K.Dicher, (cf. [1], [2]). In par

ticular , we give the formulas for sums of products of the analogue of 

Bernoulli numbers of high order.

Corollary 2.8. For k £ Z +, we obtain

^ n ,q  lE j n = a i + a 2 - \  f a k (ai,- - ,0*3 ^ a k ,q  >

where ( n ) is multinomial.i , — ,akJ

Remark. The above formula is the same result of I.C. Huang ([2]) 

and K. Dilcher ([1]), corresponding to the case q = 1.

3. APPLICATIONS

For u £ Qp with \ l —u\ > 1, the Euler numbers are defined by

< ,* # < " , (cf. [3], [10]).
Let a £ Z with 0 < a < dpn — 1, n  > 0. Then the p-adic Euler 

measure on Zp was defined by K.Shiratani as follows :

dpn - a
Eu(a + dpn) = [ _ (cf.[10]).

This measure yields a p-adic Eulerian integral :
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xndEu{x)
pn - 1

lim >
n — t o n  *

X = 0

X
n upn~x

l - u P n’

Tims we have

xndEu(x)
u

1 — u

for n  > 0, (cf. [10]).

For q{^  1) G f lp with |1 — q\p <  1, we define the analogue Bernoulli 

numbers as follows :

logg + * _ £
qe1 — 1 J n,9n\1 n

Note that

lim Bnq Bn,
9-»l

where B n are the ordinary Bernoulli numbers.

Let Cpn be the cyclic group with order pn and let Tp =  hm Cpn. 

Indeed, Tp is the set of local constant. For q(^  1) G Tp, the analogue 

of Bernoulli numbers was defined in [3] as follows:

qel
V - P n ,r ,

^  n\ 'n=0
Thus our analogue of Bernoulli numbers have the following properties

If q G with |1 — q\p > 1, then BnA — Hn(q 1). 

If q G Tp, then B nA =  (3n .
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