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A b stract In this note, we will give a new formulae on Genocchi num bers. Also we define 
poly Genocchi numbers to give the relation between Genocchi num ber and poly Genocchi 
num ber .
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1. In trod u ction

The Genocchi numbers Gm are defined by the generating function

It satisfies G\ =  1, G3 =  G'5 = G7 — . . .  = 0, and even coefficients are given by Gm =  
2(1 -  22m )B2m =  2ni?2»-i(0), where B m are Bernoulli numbers and E n (x ) are the Eulerian 
polynomials. The first few Genocchi numbers for n even are —1,1, —3,17, —155,2073, • • •. 
By (1), we easily see tha t

CO
( 1 )

with the usual convention of replacing Gm by Gm.
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It follows from (I) and Von Stadut-Clausen theorem  th a t the Genocchi num bers are 
integers. The following formulas ((2)-(3)) were proved by F.T.Howard (see [1]):

m
Em(x) =  ^  x m~k, where E m(x) are the Eulerian polynomials. (2)

k=o

For ???., n > 1 and n odd

ni—1
(nm -  n)Gm = C kmnkGkZm-k(n  -  1), (3)

k=\

where Zm{n) = l m -  2m +  3m ------ +  ( - l ) n+1n m.
In this note, we derive some formulae on Genocchi numbers and also we define poly 

Genocchi numbers to be related Genocchi numbers .

2. Som e form ulae on th e  G en occh i num bers

The polylogaritlims were defined by

£**(*) =  y ' - 1 T , M <  1, k £ N  — {0 ,1 ,2 ,3 , • • ■}, ( cf. [2] ). m Km—1

We define the Genocchi numbers of higher order as

2Lik{ \ - e - x )
ex +  1

n— 0
^  n n\

Note th a t Gn — Gn. For x £ R(=  the field of real num ber), it was known th a t

- ^ L * * ( l - e - * )  =  — for k >  1.
ax ex — 1

By (4),(5), we see th a t

ex +  1 J0 ex -  1 J0 e* -  1 J0 ef -  1 “  n\
v -/ 71—U-------------- v*--------------

k — 1 times

Let S (n ,m )  be the Stirling num ber of the second kind :
n

x n =  ^  S {n ,m )(x )m, where {x)m = x ■ (x -  1) • • ■ (x -  m  +  1), (;r)0 =  1.
m = 0

(4)

(5)

( 6 )

Then they satisfy the following formulae (when n =  0, the identity 0° =  1 understood):

v u ir i , n (e‘ - l  r,S (n, m ) =  ——— > d - 1 )  ( ml ,
??r!I Z -d

1 = 0
ml

oo

V
n —m

S (n , ?n)
t n
n\ (7)
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By (4), (7), we get

rAk) w <  Y ^ r i ( - l ) m+'(m  +  1)! S[l  +  l , r a  +  1) ^  n W;\
G* =  Gn~l 2 ' ■ m--------------- r r h --------> (?? >  VA’)-

/=0 m =0

In (1), (4), (6), we see tha t

(m +  l ) fc / +  1

V  G (2) —^  n 77!

1 /*# ^  ™ ri r< ,~nX 1 r.. /.̂  v̂/ tr/Lrn_/ X
f, .  , , ,  ^ 1-</i =  E { i / 2 E ^ T T r } ±T-??! er +  1 /n e* +  1 / / +  r 11!

n= 0 1=0

Hence, we can find the formula as follows:

,l GiGn — l
2 g <2) =  £  d

1=0
/ +  1

If 11 is odd num ber in (9), then G l2* =  fn+2-iGn_1.
For s € C(=  the  complex num ber field) w ith Re(.s > 1 )  , it is easy to see th a t

-  =  j _  r  t - 1
n s r (s) Jo e' + l

For s € C w ith Re(.s) > 1, define (g (s ) = 2 ^ 2 = 1  — •
Note th a t

( - 1 ,  if k = 1
Cg(1 — k) — < for k e  N  .

( if k > 1,

We can consider the following functions in [2]:

Cg > =  HTT /  T 7 T ^ ( 1  -  e~*)dt, where s e C ,  k € IV.
115) Jo e* + 1

It is easy to see tha t

(8)

(9)

( 10)

( 11)

CS’W  =  *<o(s +  1)7 and Cifc,( - m )  =  (-!)"* £ £ > .

Now, we define the Genocchi polynomials as

2text
e1 +  1 n=0 ??!

( 12)

(13)

By (13), (1), we have

G\(x  +  1) =  G \ (;r), Gn(.r +  1) +  Gn(x) =  2nxn~1, for n =  2, 4,5, • • • . (14)

Note th a t Gn( l)  =  — G'n(0) =  — G„, for n > 2.
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By (13), we can find the following (15):
+n 9 -i x t t 00 /fc j-l

£ g . ( . + i £  =  ^ -  =  S > < 4 £ s -
n= 0 k= 0 1=0

(15)

By (13), (15), we see th a t

n—1
£  CtGk(x)  +  2G„(;r) =  2??.r"_1, for 77. >  1 and Gn( 1 -  x) =  ( - f  f ^ G ^ x ) .
k=Q

Differentiating both side with respect to ;r and comparing coefficients in (13), we have

Gn(*)Gn-l{x) —
11

(16)

0)1 + 1 (y) — Gn+l (g)The above (16) implies th a t J J  Gn(t)clt — n+1
Let [x] be the largest integers <  x, and {:r} =  x -  [.r]. Now, we define the n th  Genoc- 

chi periodic function as Pn(x) =  Gn({.r }), for n >  1. It is periodic w ith period 1 and 
agrees with the Genocchi polynomial Gn(x) in the interval 0 <  x <  1 . Let Pm(x) = 
'EZL-oo an l)^ inx, where G C, n ^  0,??? >  1,7 =  ( — 1 )2 . By the Fourier series expansion, 
it is easy to  see th a t

, ( m ) Pm{x)e~Kinxdx = -(cos(mr)  +  l ) - ^ ±  +  m  > 1.
777 +  1 777 +  1

Thus
a ( m + 1 ) 777 +  1

m n
G[«lm) + (1 + cos{nir)) "Tm+1 ]777 +  1

(?77 +  +  (1 +  C06(n7r))[(m + 1) g -  +  ^ ± 1
( 7T7 77 )2 "

(?77 +  l)!On ')

(irin)1 mn

+  ( i + cos (?7 7r)) y ;
G m—i+2 (777 +  1)!

Note th a t

and

(7rin)m v v " (mn)i (m — j  +  2)!

( l - ( - l ) n)
<!!’ =  / 1 

Jo

(m) [ 1
«0 =

Jo

P\[x)e~ninx (lx =  f 
Jo

1

=
m n

Pm(x)dx
111 +  1 t ' - M K  =  “ I T T

, for 777 >  1.

Hence

Pm ( X) +
2G'm+i 
777 +  1

m—1

=  E  +1' (m n)mn=—oo, n̂=0

Therefore we obtain the following: For ?? >  1 and 0 <  x < 1, we have

\k -i '  n~l

Gm—j+1
-  (Trin.y (in — j  + 1)! K

<?„(*) =  E
k= — OO,k̂ 0

■n!(l+  ( - ! ) — 1 ) + ( 1  +  (_ 1)*) ^ G „ - J-+1 .1!
(Trik)7 4 ^  (iriky (7 7 —j  +  1)!

] ̂ Kikx 2Gn+ie —
77 +  1
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