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1. Let ABC be a triangle with lengths of sides Be = a, 11C = b, /IB = c positive 

integf'rs. Thf'Tl ARC is ,allen a Hf'fOn trianglp (or simply_ H~triaTlgle) if its area ~ = 

,1no(A He) is an integer number. TIl(" theory.' of H-triangles has a long history and certain 

results are many times rediscovered. On the other hand there appear always some lIe'''' 

<jlH-'sl ions ill this theory, or ('vell then' an' famous unsolved problems. It is enough (see 

e.g. [2]) to mention the difficult 1I1lso1yed problem on the existence of a, H-l rii:l,nglf' having 

all medians integers. The simplest II-triangle is the Pythagofp;ul trii-lnglp (or P-lriaJlgle, 

in what follows). Indeed. by supposing All as hypothenuse, the general solution of the 

C<jllnl ion 

(1) 

(i.e. the so-called Pythagorean numbers) arc given by 

b = 2).mn, C = ). (m ' + rt,) (if b is even) (2) 

where"\ is arbitrary positive integer, while m > 11 are coprime of dirfen'nl parities (i.e. 

ob 2 2 2(m. n) = 1 and In and n cannot be both odd or pven). Chuly .6.. = 2 = ,,\ mn(m - n ), 

intl·g(·r. 

Ld p be the semiperimeter of the triangle. From (2) p = ,,\(m 2 + mn); and dClJoting 

by,. lh(' inradius of a stich triallgle. it is well known that 

1'=P-C (3) 



implying that 7' is always integer.
 

On the other hand, the radius R of the circumscribed circle in this case is givcJI by
 

11,,=-; 

the simple fortlllJ1<-l 

11=­
c

2 
(4 ) 

whit'h, in view of (2) is integer only if ). is ('VPTl, ). 2,1 (,I > 0). The heights of a 

P-triangl(, arc given by 

ab
ha = b, ha = b, (.5 ) 

c 

therefore all heights are integers only if clab. which. by (2) can be written as (m 2 + 

n 2 )12>.mn{m 2 
- n 2 

). Sillcc (m,n) = 1, of different parity. it is immediak lhat (m 2 + 

n2 ,2mn(m2 
- n2

)) = 1. giving (m 2 +n2 )1>'; i.c.). = !{(m 2 +n2 ) (H > 0). 

By sUTIlming, in a P-triangle the following elements: ~, hr.. lib_ hc , r, R are integers at 

the same time if and only if (J, b. c ar(' giv('n hy 

212 
C = 2d(m + n ) , (6) 

2where we have denoted f{ = '2£1 (as by (4). >. is even and m 2 +n is odd). 

Tn fact this contains the particular ca:-;(' of thp P-triangles with a = :10n. b = 40n. 

c = 50n in a problcm [7] hy F. Smarandache, and in fact gives all such trianglps. 

2. An inlcrcsting example of a lI~triangle is that which has as sides consecutive 

integers. Let us denote by CH such a H-triaJlglc (i.e. "cons('clllive Heron"). The CIl­

triangles appear also in the secolld pad [6] of 1his series, where it is proYed that l' is 

C1lways integer. Since in all-triangle p is always iTlt('gPf (SPf' P.g. [:3]. [4]). if x - 1,x. x + 1 
:3:1: 

aTC lhe sides of a Cll~triangle. by p = T' we have lhat :T is ('\,pn, x = 2y. Tlw-refore 

the sides are 2y - I, 2y. '2y + 1, when p = 3y, p - a = y + 1. p - b = y. p - c = y - 1 

giving .3. = )3y(y + l)(y - 1) = y);1(y2 - 1). by Heron's formula of area. This gives 

..l 
= )3(y2 -1) = rational. SiIln~ 3(.112 - I) is intpger, it must be a perfect square. 

y 
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n = yl. (,) 

Since the priull' 3 divides (1, clearly :3It, let t = :1u. This implies 

, 3' 1Y ~ 'U = (8) 

which is a "Pcll~cquation··. Here V3 is an irrational nllmlwr. and the theory of such 

equations (see e.g. [.'lJ) is we]]~kHown_ Since (,l)l.ud = (2.1) is a basic solution (i.e. with 

Yl 1,11(-' sma11pst), all other solutions of this equations ,H(' provided hy 

(9) 

Bv writtin<T 
" 0 

W(' get the recurrence relations 

Yn+l = 2!J" + ~:htn 
(n=I,2 .... ) (10) 

{ 
Un+1 = y" +2u n 

which givp all solution of (8); i.e. all CH~triallgles (all such lriangles have as sides 2y,,­

1, 2Yn' 2Yn + 1)_ By Yn = 2,7,26,97, ... we get the Cll~triangles (3,4,5); (13.14,15); 

(51..52,5:3); (19:3,194,195) •. 

~'Jow, we study certain particular elc'nwnts of a, CH-triangle. As we ha\-e remarked,,, 

is always integer. since 

-" L'> 1 
1'=-=-=-=U 

P :ly 3 

(in other words, in (10) u" represents the inradius of the nth CH~triangle). If one denotes 

by h2y the height corresponding to the (siIlglc) eVPlI side of t 11 is lrianglp. clparly 

2L'> -" 
h2y = ~.~ = - = 3r. 

2y y 
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Therefore we ha\'c the illlcresting fact that h1y is illl('gf'1". and eVt"1l more. r is the third 

part of this h£'ighl. all I Ill:' other hane!. in a CH-triallgl(" which is not a P-triangle (i.e. 

excluding the triangle (3 ...1.5». all olh('r h('ights cannot be integers. (11) 

Ind('(·d. (2y ~ L).r = ~ = yt gin'S (2y-l l.r = 2yi (here.r = h2,,_1 for simplicity). Since 
- ')yt

(u.y) = J ami 1 = :311 w(" han' (t.y) = l. so J' = . - is integer only if ('.ly -1)lt = :311. 
2y - I 

~ow. by yl - :3/12 = 1 we get ty2 -1 = 12u2 + :3. i.(-'. (2y - 1)(2y + 1) = 3(4u2 + 1) = 

1(:lu2) f :3. Therefore (2y~ 1)1:3u implies (2y - J )I:3 u"l. <"0 we must ha\'e (2y-l )1:3. implyiug 

.. (~y + 1)= 2yt 
y = 2 (y > 1). For "211+1 W(" han" BHUllark = ~ = yt. so .: = . where

• 2 2y + I 

(2y + 1)11 =:lu {:} (2y+ 1)1:3 ¢:} y = 1 (as above). rh('rdore:: = cannot beh 211+1 

integC'r ill all CII-triangles. (Rememb('r that .r = 11 211 _ 1 is integer only in the P-triangle 

FJ.4.5)). 

For U the things arc immediate: 

alx- 2y( Iy' - I) Iy' - I mid J.'R--- - = -- "t"" lIltcger. ( 12) - 4-" - 4yt - 21 ('V("l1 

Let now "11 <1('1101(' 1he radius of the exscribed circle corresponding to the side of 

length a. It is wdl-kJloWIl that 

-" ra :;::: --. 
I) - tI 

yt _. . . yt
Uy r211 = - (= ar. In fad). we get that I'/.y IS 1I1teger. Now rZy_l = --. r211+1 

y y+l 

~. Ilere (y + 1. y) = 1. so r2y_1 is integer only when (y + I )it = :311. Sinc£' yZ - :3u z = 1 
y - l 

illlplie, (y-l)(y+l) = ;lu' ~ u(:Ju). hy au = (y+l)kone has :](y-I) = 3uk ~ (y+l)k' 

3(y-l) G . 
and y-I :;;; Ilk. Uy 1.:2 = = 3- -- \\"('g('l thai (y+ 1)16. I.e. y E {1.2.5}. We 

y+1 y+1 
Olll ha\(' ouly y ;:; 2. when k = 1. 

J herefore I'l1/-1 is integer only in the P-triangle (:J.1.a). (l:J) 
., '] 

In this case (ami only tbis) 1"11/+1 = 2-~'1 = 6 is integer. too. 

Remarks 1. .-\s we han' shown. in all CII-triangle. which is not a P-triangle. we can 

exactly olle height. which is integer. Such triangles are all acutC'-anglcd. (Sillc(' (2y - 1)2 + 
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(2yr.! > (2y + 1)2). in [4] it is st.aled as an open question if in aU acute-anglcd H-triallglcs 

t.lwrf' f'xists at least an integer (-valued) height. This is not tnif', as can be seen from the 

example a = 35. b = 34. c = 15. (Here :31 2 + 152 = 11.56 + 225 = 1~181 > 352 = 1225, so 

.41JC is acute-anglf'd). i'\ow p = 42. p - a = 7. p - b = 8. p - c = 27. .6. = 2.12 = 2'1 . ;3'1 . i 

and :1.5 = 7 . 5 f 2~. 34 = 2· 17 f 2~, I.) = :1· ,1 f 2.6.. We not.e that ha = 2~ is inlpgpr 
a 

only when a divides 2.6.. Lct 'II \)(' an intf'ger such that .1)·17 f n. Then 35n, 34n.15n arc 

I he sides of a ll-triangle. which is acuu'-itllgled. and no height is integer. The ll-triangle 

of sides :19, :3.5,10 is obtuse-angled. and no llcight is integer. 

3. Ll'I now ABC be an isosceles triangk with .'\ B = AC = b. Be = a. Assuming 

that the height.s .J1A I = J." ftnd BBI = yare integers (clearly, the third height. ee' = BBI 
). 

, 2
 
, 2 (") a '1 '1
by b =.r + 2" we have 4 = b -1' = integer. implying a=('vell. Let a = 2u.. Thus 

(11) 

xa 
We note that if1' is integer, t.hen a = 2u, so A Re is a H-triangle, since ~ = 2 = ,ftL 

Thf' general solutions of (14) (sec (2)) ("an hp wriUen as one of the followings: 

2(i) b = A(m'1 + fI'1)' :r = A(m2 - n ), 'Ii = 2AHW; 

(ii) b = A(m2 +n 2
), x = 2),nut, u = ),(m2 - n 2 ). 

\Ve shall cOllsi(kr Oldy the case (i). the case (ii) can be studied in a compklely ilnal-

OgOllS	 way. 
.J..'. 

"Kow (J = l),mn, b = ),(m 2 + n 2): so ~ = 2)'".!rnrl(m'1 - fl2). Thlls y = ~b is integer 

2	 2.:'> 
only when A(m2 + n2)]4),2mn(m 2 - n ). Thus y = b is int.eger only	 wlwlI ),(m2 + 

2n2 )14),2mn (m2 
- n ). Sinc(' (m'1 + n'1,4nlll(rn2 - n 2)) = 1 (see 1.. where the case of 

P-triangles has been considered), this is possible only when (m2 + n 2 )1),. i.e. 

.\ = s(m' + n').	 (15) 

Therefore. in an isosceles H-triangle, bavillg all heights int.egers. we mils!, have (in 

2	 2case (ii) a = 4.smn(m2 + n ); b = s(m2 + n )2 (where a is the base of the triangle) or (in 
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(16) 

\rp nolf' hf'fe that case (ii) can hI'" 'itudie« similarly to the n\S(' (i) and we omit the 

details. 

In fact. if <:Ill i~os('eles triangle. \ Re wit h integer sides lI. b (haw (I) is H-triangle. then 

a a 
p= b+"2 = integer. so 0 = 2u = even. So /) = b+1I and p-b = H·IJ-(/ = b~ 2" = b~/1. 

implying ~ = Jp(/I- a)(p - b)2 = 1I.jb1 1/. 1. This is integer only when b2 _ /1'1 = q'l, 

when ~ = uq. :\fow b'1 - U Z is in fact £2 (\\'11('1'(' .r is the height corresponding 1.0 tll(' 

hasp a), so q =..r. In other words. if an isosceles triangles .\8C is II-triangle. then its 

height :r must be integer. and wp r('capture relation (14). TlwfPfore. in an isosceles 

H-l riangle a height is always integer (but the other Diles only in case (16». In such a 

lrian~le. r = ~ = ~. where b1 = u1 +ql. Ry (2) wp can write the following cquatiolls: 
p b+ II 

i) b = A(m 2 + Jll). 1/ = 2Aml1. q = A(m 2 _ n 2 ); 

ii) b= A(m 2 +11 2 ). II = A(m1 _n2 ). q = 2Amn. 

III case i) b + u = A(m + rl)2luq = 2.\.2 mn (m2 - n2) only iff (//I +H)211.\.mn(m1 
- 11

2). 

i.e. (m + IJ) 12.\.mn(m - n): allu siTl("f' (111 +n, 2mn( m - n» = 1. This is possihle only wben 

(111 + n)I.\., i.e. 

.\.=s{m+lI) 
( 17) 

rase (ii) we get. mlA. 

Therefore in an iwsce!es lriangle ,. is integer only when 

i) b = s(m + n)(m2 +»2). a = '1n = -4""t~(m + n): or 

ii) b = "m(m 2 + n 2 ). a = sm(m2 _ 1/ 
1).
 

. abc ab1 2nb1 b1
 

l'or R = - = - = -- = - we have that R is integer oilly wlll'll 2qlb'2. where 
I.'> I.'> 4"q 2q 

b2 = »1 +(/. In ca'i(' i) we get 2A(m 1 - n'2)1,..\1(m 2 + n2 )'2. which is po~sible only when 

2(m1 - »2)1.\ or ill ntse ii) 4Amnj.\.l(m 1 + /1'2)2 i.e. Imnl.\.. By SlIllllllillg. R is illtegeT olll) 

if ill i).\. = 2.~(1Il2 _11 1), while in ii)."\ = -l8f1lft. Th('l1 lhe corresponding sides a,b can be 
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written explicitely, 

From the above considerations we can determine all isosceles H-trianglcs, in which all 

heights and r. R Me integers. Tllcsc arc 011(' of the following two cases: 

(18) 

where k 2: 1 is arbitrary and (m, n) = 1, m> n are of different parity. 

~ //(1
In the same manner, by ra = -- ~ -b-- in case i) 6 - 'Ii = "\(m - n)2luq = 

p-u -u 
22)hnn(m2 - n ) only if (m - n)l>. i.e. >. = s(m - n), while in case ii) b - 'Ii = 2>.n2luq = 

2).2ffw(nz2 - fl'l) iff fIl>., i.e. >. = 8'/1. \:Ve <:lUi sa.y Ihat f'a. is intcgcr only if>' = s(m - n) in 

i) and>. = SIl in ii), VI/e omit the further details. 

4. As we have seen in Remarks 1 there are infinitely many H-triangles having none of 

ils heights integers (though, they are of coursP, ra,tionals). Clearly, if ai It'as!' a llcight of 

an integral triangle (i.t'. W1l05(' sid('s an' nil inj,egers) is integer, or rational its area is 

rniiolli:ll. \V(, 1l0W prove tlla.t. ill ihis cas(' ill(' triangle is HCTOn. More precise-Iy if it height 

xu 
of an illtcgri:ll triangle is ratiollal, then this is a H-triangle. Indeed. b,Y .6. = -2- = rationaL 

we have that ~ is rationaL 

On the other ba,ml. by Heron's formula we easily can deduce 

(19) 

Therefore (4~)2 is integer. Since ~ = rational, we must llavc 4.6. = illtegcr. Tfwe can 

prove that 414~ then clearly ~ will be integer. For this it is slIfficicnt to show (4.6.)2 = 8k 

(sincf'. then 4~ = 21 so (4~)2 = 4f2: implies 1 = even). It is an aritmetic fact that. 

2(0 2 &2 + 02(;2 + !J2(:2) _ (0 4+ 64 + (;4) is always divisible by 8 (which uses that for x odd 

:/,,2 == 1(mod4), while for x even, x 2 == O(mod4)). 

Let now AHC be a H-triangle with Be = a = odd. \V(, prove that the height 

11;1/ = li" is integer only if al(62 
_ el 

). (20) 
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Indeed, let .6 be integer, with at b, c integers. Then hll is integer iff a[2.6.. But thi:!! is 

equivalent to a'146' or 4a'1166'. Now, by (19) 

4a'1I2(a'b' +a'c' +b'c')..., (a' +b' +c')J. # a'J(2b'c' - b' - c') = -(b' - c')' 

(since the paranthesis in bracket is divisibleby 8 and (a',4) = 1). Or, a'l(b' - c')' is 

equivalent to alW - c'). 

Clearly, (19) implies a'IW - c')' for all a, therefore if 

a I (b' - c') (21) 

hll cannot be integer. But (19) is not equivalent with (20) for all a (especially, for a = 

even). In fact (19) is the exact condition on the integrality of hll in a H-triangle. 

For general H-triangle, the conditions on the integrality of heights 00 r, R axe not so 

simple as shown in the preceeding examples of P, CHlor isosceles H-triangles. 

In fact, from (19) we can remark that, sin.ce for a = even we have 4a1 104 and 4a1 Ia1 .(b1+ 

c') (by 0 +b+c = even in a H·triangle). we can state that in a. H-triangle hll is integer iff: 

alW - c'), for 0 = odd 

{ 2al(b' - 0'), for a = even 

Sometimes we can give simple negative results of type (21). One of these is the foUow­

ing: 

Suppose that in an integral triangle of sides a, b, c we have 

2(a + b +ell abc. (22) 

Then r, R cannot be both integers.
 

6

Indeed, suppose ·a , b, c, r, R integers. Since r .-, clearly .6. is rational, so by the 

p 

above argument, li is integer. So p is integer, too, a +~ + c1t:J. ¢} a +b + cI2t:J.. Now 

abc 
R = 46' so 461abc. Therefore 2(a +b +c)1461abc if all the above are salisfied. Bullhis 

is impossible, by assumption. 

•
Certain direct results follow from the elementary connections existing between the 

elements of a triangle. 

~ I f R b . h. bc cor examp e, rom = . and SID B = - we get R = -, implying the following
2sm B C 2h ll 

assertion: 
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H ill an integral triangle of sid('s a. b, c w(' have ha = integer. then R is int('g('r Oldy if 

(2:1) 

Tllis ('asil)' implies the following ncgativc result: 

[f in an integral triangle of sides a, b. c all heights !la' hb, h" are integers. bllt orw of 

a, b, c is not even; then R ("allllO( 1)(" integer. 

Indeed, by (23) 2h a lbr, 2hb lac. 2hclab so be. ltC, ab are all ('Vf"n numhers. Since a+b+c = 

2p is even. clearly all of a,b,c must be even. 

5. The chnrCldnizCltion of the above gcne!"Cll problems (related to an arbitrary 1I­

triangle) can be done if 01](' ("an give general formulae for the most g('m'raJ case. Such 

formulae for a ll-triangle have !>Pf'n suggested by H.D. Carmichael Pl. awl variants were 

Hlany times rediscovered. \Ve wish 10 nole on advance that usually such gClwral formulae 

are quilc-' difficult to handle and apply ill pClrticula.r cases because the many parameters 

involved. The theon'JT1 by Carmichael can be stated a...., follows: 

An integral triallgh' of sides a. b. c is a H-triangle if (jnd 01l1y if (1, b. c can be represented 

in the following forms 

(m - n)(k2 +mn) n(k' + m')
0= c= (24)

d d 

where d. nI, 11. k are positive inl('gcrsj m > n; and d is an arbitrary com mOll divi:'iOr of 

For a complete proof we quote [:3]. 

m(k2 +mn) 
~~ow, from (24) we call calculate p = d and
 

Jmm(m - n)(k2 + mn)
 
~ ~ d' . 

In faet, the proof of (24) involves that p and ~ are integers for all k,m.a,d CIS giv('n 

above. By simple tr<lllsforJlla1 ions, we get 

2ti 2kmn h = 2~ = 2kn(m - n)(1.:2 +mn)h = -~ --­a b 
a d b d(k'+n 2)' 
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he = 2km'l1(m ­ n)(k'2 + nw), 
d(k' + m') 

" ~ 
..'. 
-
p 
~ 

kn(m-n) 
~---.~

d 
abc

R ­ -- 4.'; 
-
-

(k'+m')(k'+n') 
~---;-;e,-~

4kd ' (25) 

T11('S(' f('la1 ions enables us to deduce various conditions on the integer values of the 

above elements. 

Particularly. we mention the following theorem: 

All integral triangles of sides a. b. c which are H-triangles. and where r is integer are 

givCTl hy ronnula(' (24), w1wI'e d is any common divisor of the following expressions: 

(26) 

6. As we have considered before, among the CH-triangles in which all of r. ra , rh. re 

are integers are in fact the P-triangh's. 

Tn what rolJows we will determine all H-triangles having r, ra, rh. rc integers. 

Therdore, kt 

..'. 
1'" = --= v(p(p - b)(p - e), 

p-a 

..'. 
"b = -- = Vp(p - aHp - e), "0 = Vp(p - a)(p - b)

p-b 

be integers. 

Put P - 0= :1', ]J - b = y, ]J - C= z, when ~3p - 2p = .r + y + z = p. 

Then Vyz(x+y+z), vxz(x+y+z), Vxy(.r+y+z), vxyz/(x+y+z) are all 

integers. and since x. y. z are integer. the expressions on radicals mus1 bc perr('et squares 

of integers. Let 

xyz
xz(:r+Y+Z)=ll , yz(:r+y+z)=q2. _=-=--_ = u2 (27)

x+y+z 
. 

x+y+z=[ tpq j2=V2,
xyz(x + y + z) 
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3where ipq = t'xyz(x + y + z) = v xyz. 

'I . . xyz 2 2 2 '1 - 2 2 2 2
1118 gives -,- = U so xy:: = u t' and tpq = 11 v". Kow xyr = I • ~·zv = p . 

yzv2 = q2 give :r: = (,,-)2, where t = t''TII_ .fZ = (1:')2, where p = I'nz_ yz = (,,)2, where 
v v v 

q = vn;{ (nl.n2,n3 integers). By p3nlnZn3 = /1'2" .... we get Ujn2H3 = 1l'l(,2, Uy:ry = nf. 

(X, Y) ~ 1), n, ~ d,XY; T ~ d,l". z = d,\". n, = d,UV, (C,l') ~ 1; y ~ d3W'. 

that dz is a pf"rfect squarf'. So .T is a square, implying that d1 is a square. implyiTig .If = 

perfect square. Thus 113 = sqllaH', giviTig z = perfect square. All in all, x,y,z arc all 

perfect squares. Let x = 0'2. Y = ,32. Z = ,2. Then 

(28) 

b+c-a '2 a+(·-b .. 2 a+b-c '2
Fromp-a= =0 p-b=y= =8.p-c=z= ="Y

2' '2' 2' 

we can easily deduce 

(29) 

Now. the primitivf' solutions of (28) (i.c. lhosc with (0,.3,"'/) = 1) are given by (s('(' 

e.g. [I]) 

2 2 '2 '2n = Ink - '11.'1, ji = ms + nk, ,=m+n-k-s, 

where m. k. n, s (mk > ns, m'l + n'l > k'l + .~'l) arc illtegers. Uy supposing (0,11, ,) = £1, 

r = dv\. giving 0; + .8; + "d = v;. Thus the gcncral solul ions of (28) can be obtainf'd 

frolTl (30), hy lTlultiplying each term of (30) by a common factor d. 

T1ICS(' give all H-triangles with the required conditions. 
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Remarks 2. ~Ian'y generalized or extensions of Heron triallglcs or arithmetic problems 

in geometry werC' illdlldNI in paper [6]. TIl(' parI r\' of this series (in preparation) will 

Wilt ain other g€'ll€'raJized arithlnct if" probl€'ms in plane or spa«..:e ('.g... IIf'fon trapeziums-). 
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Note added in proof. .\fter completing this paper. we !eaT1lcd Ihat Problem CMJ 

354 (College .\Iath. J. 18(1987). 218) by Alvin Tirman asks for the d('!erlllinatioll of 

Pythagorean triangles with the property that ihc triangle formed by the altitude and 

llw-dian correspouding to the hypothcullsc is ttl!'o Pythagorean. It is immediate that the 

sollli ion or Ihis problem follows from paragr",pll 1. or our papt'T. 
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