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1 Introduction

Let 7 be an integer > 1. Let t1(= 1),1s,...,ts(= r) be the divisors of 7, where s
is the number of divisors of r. The integers x with 1 < z < r fall into s mutually
disjoint classes

C1,Ca,...,Cs,

where
Gi=4g: 1Lz <5 (2,7 =154}

The number of elements in C; is equal to ¢(r/t;), where ¢ is the Euler totient
function.
The sum of C; and C;, denoted by C; @ C}, is defined as the multiset given by

Ci®Cj={z+y(modr):zeCiyeC;}.

It is known that in C; @ C; elements of a class C occur the same number M (%, j, k)
of times, see R. Vaidyanathaswamy [11]. For a concrete example, see [10, Chapter
XV] or [11]. The coefficients M(3,j,k) can be evaluated in terms of Ramanujan
sums ¢(n,r), see K. G. Ramanathan [9]. To be more precise,

Ci®C;i= | M(i,5,k)Ch, (1.1)

k=1

where

M(i,j,k)=r"" Z c(r/d,r[ti)e(r/d,r[t;)c(tk, d). (1.2)

d|r

The product M(4,7,k)C means the multiset, where each of the elements of the set
Cy occurs M(4,7,k) times.

A divisor d of r is said to be a unitary divisor of » and is denoted by d||r if
(d,r/d) = 1. K. Nageswara Rao [7] gives class division of integers mod r with
respect to unitary divisors of r. In this paper we give a class division of integers
mod 7 with respect to A-divisors of 7, where A is Narkiewicz’s regular convolution
[8]. This class division contains as special cases the usual class division of integers
mod r and class division of integers mod r with respect to unitary divisors of r.
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2 Regular convolution

In this section we introduce the concept of Narkiewicz’s regular convolution. Back-
ground material on regular convolutions can be found e.g. in [6, Chapter 4] and [8].
We here review the concepts and notations needed in this paper.

For each n let A(n) be a subset of the set of positive divisors of n. The elements
of A(n) are said to be the A-divisors of n. The A-convolution of two arithmetical
functions f and g is defined by

(Frag)n)= Y f(d)g(n/d).

deA(n)

Narkiewicz [8] defines an A-convolution to be regular if

(a) the set of arithmetical functions forms a commutative ring with unity with
respect to the ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the constant function 1 has an inverse u4 with respect to the A-convolution,
and pa(n) = 0 or —1 whenever n is a prime power.
It can be proved [8] that an A-convolution is regular if and only if

(i) A(mn) = {de:d € A(m),e € A(n)} whenever (m,n) =1,

(ii) for each prime power p® (> 1) there exists a divisor ¢ = t4(p®) of a such that

A(p®) = {1,p",p*, ..., p""},

where rt = a, and ' '
A(P*) = {1, o', 0%, )0 <i<r

The positive integer t = t4(p*) in part (ii) is said to be the A-type of p®. A positive
integer n is said to be A-primitive if A(n) = {1,n}. The A-primitive numbers are
1 and p', where p runs through the primes and  runs through the A-types of the
prime powers p® with a > 1.

For all n let D(n) denote the set of all positive divisors of n and let U(n) denote
the set of all unitary divisors of n, that is,

Un)={d>0:d|n,(d,n/d)=1}={d>0:d| n}.

The D-convolution is the classical Dirichlet convolution and the U-convolution is
the unitary convolution [3]. These convolutions are regular with ¢tp(p®) = 1 and
ty(p®) = a for all prime powers p* (> 1).

Throughout the rest of the paper A will be an arbitaray but fixed regular con-
volution.

The A-analogue of the M6bius function gy is the multiplicative function given
by

ay _ ) —1 if p*(> 1) is A-primitive,

Ha(p®) = { 0 if p® is non-A-primitive.
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In particular, up = p, the classical Mo6bius function, and puy = p*, the unitary
analogue of the Mobius function [3].
The symbol (m,n)4 denotes the greatest divisor of m, which belongs to A(n).
In particular, (m,n)p is the usual greatest common divisor (m,n) of m and n.
The generalized Ramanujan’s sum c4(n;r) is defined [5] by

ca(n;r) = Z exp(2minz /).

z (mod r)
(z,r)a=1

An arithmetical evaluation is given [5] by

ca(mir) = > dua(r/d),

deA((n,r)a)
In particular, denote
¢)A(T) = CA(O; T).
Then ¢4(r) is the number of integers z (mod r) such that (z,7)4 = 1. Also

pa(r) = Z du(r/d).

deA(r)

Cohen [1] defined an arithmetical function f(n;7) to be even (mod r) if

f(nsr) = f((n,7);7)

for all n. An arithmetical function f(n;7) is said to be A-even (mod r) [5] if

flnir) = f((n,7)a57)

for all integers n. Alternatively, we may say that f(n;r)is A-even (mod r) if
f((nyr)asr) = f((m,r)a;7)

whenever (n,7)4 = (m,7)4. In particular, D-even functions (mod r) are even
functions (mod 7).

The Cauchy product of two A-even functions f(n;r) and g(n;r) (mod r) is de-
fined by

(Fog)mr)= > flar)g(b;r).

n=a+b (mod r)

The concept of the Cauchy product of even functions (mod r) originates in Cohen

[2].
It is known [5] that an arithmetical function f(n;r)is A-even (mod r) if and
only if it has a unique representation of the form

flmr) = Z a(d;r)ca(n;d),

deA(r)
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where
a(d;r)=r"? Z f(r/é;r)ca(r/d;6)

S€A(r)

The numbers a(d; ) are called the Fourier coefficients of f. If f(n;r) and g(n;r) are
A-even functions (mod r) with Fourier coefficients a(d;r) and §(d;r), respectively,
then their Cauchy product is given as

(fog)(mr)=r Y al(d;r)(d;r)ea(n;d)

deA(r)

and so the Cauchy product (fog)(n;r) is also an A-even function (mod r), cf. [4].

3 Regular class division of integers (mod r)

Let r be an integer > 1 and let A be a regular convolution. Let t1(= 1),t2,...,ts(=7)
be the A-divisors of 7, where s is the number of A-divisors of . The integers z with
1 < z < r fall into s mutually disjoint classes

C1,Cs,...,Cs,
where
Ci={z: 1<z <r, (z,7)a=1} (3.1)

The number of elements in C; is equal to ¢4(7/t;).
The sum of C; and Cj, denoted by C; @ Cj, is defined as the multiset given by

Ci®Cj={z+y(modr):z€C;yeC;}. (3.2)

We show that in C; @ C; elements of a class C' occur the same number of times and
give a generalization for the formula (1.2), see Theorem 3.1.

We begin with a concrete example. Let » = 12 and let A = U, the unitary con-
volution. The unitary divisors of 12 are 1,3,4,12. Further, Cy = {1,2,5,7,10,11},
Cy = {3,6,9}, C3 = {4,8) and Cy4 = {12}. It is easy to verify that

Cl @Cl = 2C1U4C2U3CV3U6C4,
Ci®Cy, = 201U 3Cs,
CieCys = Ch1 U 202,

CioCy = C(y,
CZ @ C3 = C"l)

CoCy = Coy
Ca®Cz = C(C3U2Cy,
C30Cy = Cs,
CispCqy = (4.



Theorem 3.1 Let C; and C; ® C; be given as in (3.1) and (3.2). Then

Ci® Cj=|J M(,35,k)Cr, (3.3)
k=1
where
M(lv ja k) = T_l Z CA(T/dv T/ti)cA(T/dv T/tj)cA(tk'? d) (34)
deA(r)
Proof Let

O (n;7) = { L (nr)a =4 (orm € Cy),

0 otherwise.
The function p()(n;r)is A-even (mod r) with Fourier coefficients given as

a(d;r) =771 Z Vr)6;r)ea(r/d;8) =1~ Yea(r/d;r/ty).

S€A(r

Thus p() 0 pU)(n;r) is A-even (mod r) and
pD o pl)(n;r) = r? Zd € A(r)ca(r/d;r/t;)ca(r/d;r[t;)ca(n;d). (3.5)
Let m € Ck. The number of the element m in C; & C; is equal to
> oo
m=a+b (mod r)

aGCi,bEC]

or _ '
p o P9 (m;r).
Since the function p(*) o pl9)(n;7) is A-even (mod r), we have p() o pU(n;r) =

pD 0 pl)(m;r) whenever (n,7)4 = (m,7)4 or whenever n € Cy. This proves (3.3).
Further,

P 0 pli)(m;r) = p@ o0 pl0)((m, ) 457) = p@ 0 p0) (145 7).
Thus, by (3.5), we obtain (3.4).
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