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ABOUT GOLDBACH’S PROBLEM (III)

by Aldo Peretti

Abstract:

Without any condition, is proved conjecture [A] of Hardy-Littlewood, in their paper P. N. I1L

1.- In a former paper (1), the author has proved the following theorem:

Theorem [A].
Let v (t) defined by:

(1] v(t) = 2 logpi logp:
p1+Pz=t

Then we have the exact relation:
2] vy = L7 { &0 LT (W) }
where:

S(u) = 2 logp
psu

p are the prime numbers and £ (f(u)) 1is the usual Laplace transform.

5.- A standard theorem in the theory of the Laplace transform.
Theg ralized theorem of the final value runs as follows:

Theorem [B].
If F(t)~G () when t—>® , then f(s) ~ g(s) when s—>0 where f(s)=.4{F(t)}
and g(5)=£{G(@®)} (and reciprocally).



This holds equally well for continuous and discontinuous functions.
That F (t) ~ G (t) means that:

fim F(t)
to>o G()
3.- Some examples of the above theorem.
1) It is known that if
© = —
g(s) =
("~ 1)
then
[3] r(t) =n n<t<n+1 n =012, ..
But
1 1
S = 2 = 1
s»>o0 s(e—1) s
and
[4] LV fs) = L {1/8} =t = G

It is obvious from [3] and [4] that F (t)~ G (t) .

2) If we have, in change,

e
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(5] F(t) = ~

k=1
But
LT
s»o s(e-1) s(1-1)
and
6] L g = L7 {—s—é:—)—} = 1l-r = G(1)

It is evident from [5] and [6] that F(t)~G () . (lrl <1)

3) In the case that

we have

xt 2a § (——1)ll nnx nmt
. FO=—+x & T
But

sinh (sx) X
s >0 —sT(sinh(sa)) T oas £

and
(5] L5 = L7 (=} = — =60
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Again we have F (t) ~ G (t) .

The interested reader can also check the theorem, for instance, using the formulas [87], [91],

[92], [114], [117] to [123] that appear in Appendix B of the textbook “The Laplace Transform”,
by M. Spiegel from where are also taken the preceding examples.

4.- We apply now theorem [B] to formula [2].
On the one hand, let v* (t) be a function such that v* (t) ~ v ().

On the other hand,
slim0 et (1-e°) = sli_[:lo s?
so that:
f(9) = ¢ (1) £? (S)
and:

gs) = s* L (S )
are such that:

f(s) ~ g(s)

as s—o0.
The theorem, when applied to the formula:

L{v}) = & - L {9}
yields:

197



Vi ~ vy ~ L LW}

In other words:
[9] vy ~ L LS}

But as stated in ref. (1) formula [20], we have (“Farey dissection”).

1 ol ¢l 1 (Q
[10] L{sw}=— X X S A nOH/+E
1 h= + i
8 ol o ¢ (q) (s +2nih/q)
where:
n (qQ) = Moebius function
¢ (q) = Euler’s function
o = upper limit of the real part of the imaginary zeros of the L-series involved.
From [10] follows:
1
L2 {sw)} ~ - Z YT Y n(q) n(Q)
s h g h @(q) 0 (q) (stA1) (stA2)
(hl A=l (h,q)=l
where:

A = 2nih/q A = 2nihy/q

Next “ve separate the terms with Aj = A2 from the others where Aj # A :
V Hbtain:

W’ (q)

+
¢ (@ (s+A)

1
(1] LP{sw} ~ =

?.::'M

2
&,
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.\ _12 D) n(q) n(q2)
s lx ck hy @ (q1) ¢(q2) (stA) (stAz)
1 ¥ A2

We insert now this expression in formula [9] obtaining thus:

2
- 4-1 Z Z 1 (q)
e { e 0@ (s+A) b

+ 1_1{ Z Z E Zh H(QI) p‘(qZ) }
1 1 2 ¥
& - )r; 1 ?ﬁz,q,)=1 ¢ (q1) ¢ (q2) (s+A}) (stA2)

As we are dealing with finite sums, we can write:

u(Q)z -1 1
v(t)NZZ( )‘4{ 2}+

&,q):li ¢ (9 (st+A)
1
LT YT Y p(q) n(q) e
Q hoo@ by ¢(q1) ¢(q2) (stA)) (stA2)
(hi,q)=1  (ha,q2)=1
From elementary tables:
£ - e ™
{ (st A)2 } ¢
1 1 _ 1 {e—Alt B e—Azt}
(stA1) (stA2) Ay - A

Hence:

199



(Vn] ¢l 2
[12] vit) ~ X —uj@ e™ ¢t +
¢l h=o ¢ (q)

At

M Z Z E 2 n(q) m(q2) €

@ b @ h  0(q) ¢(q) Ay - A
(hi,q)=1  (hg,q2)=1

The term in the second line can be majorized as follows. The minimum value of Az —A; is

2 m i (hy/q1 — ho/qz) , where both fractions are contiguous Farey fractions.
It is known (ref. (2) ) that:

h h 1 1
b B o (L) -0 (=)
q1 q2 q1 q2
so that
1 l 1 1
| <o (=) =0 (=
Ay - A q ( q
Besides:
e—Alt e-A2t| <2
Hence:
Ch-l e—Alt _ e—Azt | (h—l ‘ e—Al‘ . e—Azt 2
< < (0)
h,=0 Ay - A o Rs — Ay o (1) O)
(h,q1 (h,9=1

with an analogous result for the sum along hy .
It follows from the preceding inequalities:
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—At —At
1 e 2

l Z E Z E 1(q) n(q) € - -

q h @ h o) 0(q) A - A
(hy,q =1 (hy,q2)=1

N N
q:}=:1 Cbz=:1 O@? 0@") = ON) O(V) = O (N=[Va])

so that [12] can be wiitten as:

2

N 1
[13] vi) ~ Z b3 _uT(ql e™ t + O
q=(;\’ q)go 9" (q)
But:
1
l:i eM = cq(t) = Ramanujan’s sum
(b1
Hence:
TR ()
[14] vt ~ X cq(t) t + O(N®)

1 0’ (Q

We choose now N = [k‘/_t_] where k is a fixed number > 6.

We deduce from [14] that:
(i v (@

[15] vit) ~ 2 5 cq() t
¢l ¢ (q)

in the cases where the series does not vanish.
Next, we have that:
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WO () IR )

im v(t) = lim X . G t = X —— cg®) ¢

t— o t>0o gl 0" (q) =l ¢ (q)
if the series at right is convergent.
According to R. Vaughan (ref. (2) ) this is the actual case and its value is:

© 2 ®

L (Q 1 p-1 p-1

6] 2% —g=cq®) = 20 {1 -—5} 0T — = 13203 .. 0 —

Fl 9 p=3{ (p-1 }pg/:g -2 gitz p—2

if t is even, and zero if t is odd (ref. (3) p. 27).
Hence, we have proved the following result (valid for even t ):

17 t) ~ 211 1 = T — t
(7] v (1) p=3{ — I —

which is very exactly Conjecture [A] of Hardy-Littlewood in his paper ref. (3), which we
reproduce textually here:

“Conjecture [A] : Every large even number is the sum of two primes. The asymptotic formula
for the number of representatives is:

n -1
[4.11] N@ ~ 2C —— I (=)
where p is an odd prime divisor of n , and

[0 o]
4.12 c, =1 (1 -
[4.12] 2 e ( (—;ﬁr "

(In 4.12 © denotes any prime number > 2).

By Theorem C (ref. (3) p. 30), we have:
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If n and r are of like parity, then

i = (lvog(g
where N; is the quantity of solutions of:
(18] n=p *tpt .. +p
and:
vi(@) = 2 logpy logpz .. logpa

where the sum is extended to the primes that fulfil [18].

Hardy and Littlewood state that r must be 2 3 ; but the proof they give also covers the case
r=2. Hence, in connection with our [17].

Na(t) ~ —z—; ;t)t

if t is even.
This is exactly (4.11) of Conjecture [A], finally proved after 75 years.

5.- The same method can be used in order to prove the conditional theorems [B] and [D], and the
conjectures [E], [G], [H], [I] and [J], of ref. (3).

This will be the subject of a next paper.

sk %k %k %k %k %k k k k %k
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