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The following problem is a combination of the ideas from [1-3):

to determine the value for X for which ml = max mk. where n ) 1
O<K<sN
1s a fixed natural pumber N - {°-%-! ana a &= By K
= 5 mk 2 K }.n .
It is directly checked that mO = 1 < mi = (n - 1).n and
m (n - N + i) nn—i 5 _ (n = N) N
N-1 N -1 Mg ° N
Therefore, 1t exists at least one K (0 < K ¢ N) for which:
-1 ¢ Mg ]
nk+i = mk

Let us assume the existence of a natural number g (1 < g < N)
for which:

Pq-1 * "q ;
- +1 N el
Hence: 9 q

{n-g+1). (D-q)... {(n-2.9+3) qg-1 (D-q). (N-g-1}... (N-2.g+1} q

. n 2 . n
(g - 1)! q!
{n-g-1). (n-gq-2)... (n-2.9-1) g+1 {n-q). (n-gq-1)... (n-2.q+1) q
. n 2 .n

i1.e., the following two inequalities are valid simultaneocusly:
(in - q +« 1).9g 2 (n - 2.9 + 2}).(n - 2.9 + 1).n
(n - 2.q).(n - 2.9 - 1).n 2 (n - qgq}. (g + 1).

Hence

{in - q «+ 1).q 2 { - 2.9 ¢+ 2).{n - 2.q +«+ 1).n

= (n - 2.q). (n - 2.
> (n - 2.q). (n - 2.
2 (n - g + 1).q
which is impossible.

Therefore, there are not three numbers for which (2) is valid.

In particular, there are not three numbers for which mq_j = mq =

n
q - 1).n + 4.ne - 8.n.q +«+ 5. n
q - 1).n + 1 2 (n - q). (g + 1) + ¢

m o
qg+1

The following question 13 interesting, too: 1is there a natural
number K (1 < K ¢ N} for which

mkcl - mk ? b

Let K have this property. Then

(n-K-1). (n-kK-2)... (n-2.k-1) nk*i (n-K). (n-K-1)... (n-2.K+1) nk
(k + 1) : - X1 .
1. e,
(n - 2.K).(n - 2K - 1).n = (n - K). (kK + 1).
Then
(4.n + 1).k2 - (A.n2 - n - 1). K + n3 - na - mn = €
and
2l 3
K - 4. n - n-131+ 4.n + 13.n + 6.n + 1



From K < H follows that the sign “31*

must be changed with the sign

"om, Therefore, the equality (3) will be valid only for these n
4.n2 - n - 1 - A.na + 13.n2 + 6.n + 1 .
for which is a natural
2. (4. n + 1)
number. The smallest n for which there are two numbers mk and mk”
for which (3) is valid is n - 6. Then ma = m3 = 216,
How, we shall show the solutions of (1). From that it follows
that
(n—kfi).(n—k)...(n—z.koa) nk—i (n—k).(n-k—i)...(n—a.K+l) nk
(k - 1) ' K! '
(n k—i).(n—k—a)...(n—a.k—i) nkfl p (D-K}. (D-K-1)... (n-2.K+1) nk
(K + 1) ' K! '
1.e., the following two inequalities are valid simul taneously:
(D - K ¢+ 1). K < (n - 2. K + 2).(n - 2. K +«+ 1).n
(n - 2. K).{n - 2.K - 1).n ¢ (n - K}). (K + 1)
or
(4.n + 1).K2 - (4.n2 + 7T.n ¢« 1). K + n3 + 3.n2 + 2n >0
(4. n + 1).1(2 - 14.n2 - n - 1). K + n3 - n2 - n < 0
Therefore every solution K satisfies the condition
K € ([- 4.n2 + 7.n + § - JB] U (4.na + 7.n ¢+ 1 + {5 saj) N
! 2. (4.n ¢+ 1) 2. (4.n + 1) !
lq.na - n - 1 -\fE A.na - n - 1 - JE]
2.(4.n + 1) ! 2. (4. n + 1)
i.e. 2 P
K € [4.n - n - —‘JE 4. n + 7.n + 1 —\IB] U
2.(4.n + 1) ! 2. (4.n + 1)
4.n2 + 7.n + 1 + D Q.DE - n - 1 —\fﬁ)
[ 2.(4.n + 1) ! 2. (4.n + 1) '
3 b 5 2
where D = 4.n° - 13.n + 6.n + 1 and E - 4. n + 5. n - 2.n + 1.
But q,na + 7.0 +«+ 1 + (B- 4.n2 - n - 1 - E] : g
% 1 2. (4.0 + 1) ' 2. (4.0 + 1)
and
4.n2 + 7.n +« 1 —\(B A.na - n - = JE " J; = JE
d 2. (4. n +« 1) 2. (4.n + 1) 2.(4.n + 1) '
an
0 < JE - D < 1.
2. (4.n + 1)
Hence, the unique solution (the unique two solutions) of (1) 1is

this K (are these K and K +

A.na - n - 1 - fﬁ 4

S K

1) which
.n2 + 7.n + 1 - JB

for

2.(4.n + 1)
Therefore (as in [1)):

2. (4. n + 1)

To My Moy M My O me, o> my
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