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Let Pl‘ po, be the seqtience cif the prime numbers (i
the seqlOnice P_ 7t O ... > and 1let for OVR:/ nafural number n\
(1 1f n 1S a prime number
G(n) -<
| Of other Wlse
where A 1S the SOconi Jetter fafte > of the Bill gar!lan

o€ .

al

Phabet and the tirSt one which 1ls diff erent from the Roman alpha

bet 1letters,

We shall prmemve the to llowin 8§ assermion
THEOREM f7 Tet n > 9 be a natural numb>err Then
P P.n 1 T{n} - 5(n,) - 6(pn - 2)

n

(1

proof: The vail dily of (1) is seen directly for n _ 9. Let (1) be

valld for some natural number n. We shall prove it for n
There exist two-cases for this numb>er.
Case 1: n + 1 is a prime number. Therefore

6(n + 1) - 1,
6(n) - 0,
w«(n + i) - ik(n) + 1.
For p 2 also there exist two cases.
nfl
Case 1.1: p is a prime number, Le , p p 1 2. Then
n +1 nil
A - P —Q (n + 1) - it{n + 1) t G(n + i G{p
ntl nli n

1t 1s valia by induetion that

A P ? 2 - 2.(n + 1 w(n) 1T i + i
nll n
P - 2,n - ite{n)
n
=P 2.n - w(n) + 6fn) t 5{p - 2) =0

n n

bee au.se n and P - 2 are not prime numbers,
n
Case 1.2: p q is not a p-rime number-. Then p P + 4 and
n n n

(2) it tollows by ininetion that:

A_n+1>pn+4—2.(n -1} - w(n} - 1 + 1
>Pn - 2.n - w{n) + 2
=¥ - 2.n - n(n) +5fn) + 5(py - 2) >0
n i}
Case 2: n + 1 1s not a prime number. Therefor
6(n + 1) 0.
it(n + 1> - #w(n).
For p P also there exist two caKOS

+ 1.

from



Case 2,1 : p is a prime number, 1i.e, , p - P + 2. Then
n+1 m 1 n

it is valid by induct.ion tbat

A - 12 - 2. 11} -
n41 pnl 2.{n 1 1} k() €1

-P -2n - 1{n) r 1
n
>P -2.n - Tin) 1 6() + 5. 2) >0,
u ) 160 +5@0, 2)
because pn - 2 is not a prime number, i,e. O(Pn -2} = A\
Case 2.2: p is not a prime number. Then p >p + 4 ad. from
ml n+1 n

() it follows by induclion tbat:

An*l > pn + 4 Q,(’l f1) - i{n)

>Pn~2_n-i-(n}+2

>p —2,n—is{n)+b(n)+b{Prl 2) > 0.
Wi tb wincii the thlieorem is proved.

This result !s wealter tban some of the estimations for pn from

& 111 but tliere tbe comesponding estimations are only asym-
ptotic ones. Below we shall discuss anotber inequat lon for pIi
wliicli is rel ated to tiie above one,
ubviously f01 O0Very natural number m tbere exists a natural
number K sucli that
Pm > K + T{K)

Let tbe numbers m > 8 and K > 12 be fixed. Obviously,
P, 19 > 12 + 5 - 12 i P(12).

Then the following” assertion related witii tlie above one 1is va-
lid,
THEOREM 2: For every naturai number n > 1

P >K +2,n + &) €a{n) -5@ +n) -6

mrn m+n
Proof: Tbe validity of (3) is seen for n — 1 as follows:
P K -2 -4K) - A(1) F6 -rl)lb{Pm+l—2)

m+ 1
-K -2 -TF +6@M + 1) +b -
1 © +6¢ > +bdp - 2)

- B

> T P TOWiMri1) T 6 - 2) >0
m Fi m ) {Pm+1 )

Let (8) be valid for some natural numl>er n. We shall pro

n + 1, For this number tbere exist two cases.

Case 1:m rn + 1 is a prime number, Tlierefore

0ﬂfm+nt1)—1j

5(m + n) - O,
if(m + n + 1} - T(m +n) + 1.
For p - 2 also there eXist two

min+1



- 2 1is il prime number, i,e., P -p
m+n+1 *m+n

m+n+1
Then for
. - K - B-(n + 1} - w(K) - w{n + 1
i O-( booow(K) - owf )
6(m+n + 1) + 6(p - 2)
1. is valid (by inducl.lon about n) that
A - P + K - 2¢(n + 1) - MR} - win) - 1 4 1 4 1
n+1 min 2 ( ) (R} )
> P - R « 2, n - iR) - vy
*m+n ®iR) i)
- pm4r; - R -2 n - w{R) - M(n) a4 5 (it 4 n} 4 b(pm4n - 2) >0,
because m + n and p n 2 are not prime numbersS,
m+n
Case 1,27 p . is not a prime number. Then p P + 4
manai man+1 "'m+n
and from (4) it follows (by induction) that:
A > 4 4 R - , (n i - M(R) - mM(n) - 1
e TP 2, (n 4 i) R) (n) - 1 4
> p -k - 2n - MTR) - T) 4 2
~m+n
> P - K- 2. n - T(R) - M(n) a 6(ma n} + b(p - 2) >0,
m+n m+n
Case 2: n + 1 is not a prime number. Therefore
s5(n 4 1) =0,
T(n 4 i) = w(n).
For p - 2 also there exist two cases,
m+n +1
Case 2, T. p . 2 is a prime number, i.e,, p p + 2,
m+n+i m+n + 1| m+n
Then from (4) it is valid that
A - + 2 - - n i - M(R) - w(n) + 1!
qe1 " Pren < —Q (n 4 i) (R) (n)
P ~R “2,n - MR) - T(n) + 1
m+n
_ R - - P(R) - 6 (m + b o\ 0
> Pm4n R 2,n (R) t(n) 4 6(m n) a (pm+n
because p - 2 is not a prime number, i.e. 6(p - 2) =0.
man m+n
base 2,2: p . is not a pm me number, Then p p f
m+n+i m+n +1 m+n
and from (4) it folsows that
A > + - . - T{R} -
. pm4n 4 R 2.(n a4 1) {R} w(n}
- P - R - 2,n - TR w(n) 4 2
man (R) (n)
> P -R - 2,n - T{R) - w(n) 4 6(m + n) + 6(p -2) >0
m+n n
WIil.h which the theorem is proved.
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