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THE NUMBERS WHICH CANNOT BE VALUES OF EULERJ S FUNCTION

Mladen Vassi lev - Missana 
b, Victor Hugo Sir., Sofia-1124, BULGARIA

In thi s paper we shall describe all elements of the set. of these 
natural numbers which cannot be values of the Euler's function (see
e. g. [ 1 3 )•

Initially, we shall give some definitions. Let.

A = g r 2 . 11 i = 1

Bi
qi (i >

where g, r, B , B , . . . ,p B > r 1 are nature. 1 numbers and 2 < < v -
< q are prime number s. Let K : { 1 , 2, . . . , OJ-r'-i

'v
'

A19 ..., r } be ar
permutation function.
DDefinition 1; The h-tuple Q = <q , q , . . . , q >, where 1 < hk(i) K (2) k(h)
< r, will be called a real-component (R-component) of A iff

h11i = l (qk (j) - i ) =
rt r j 2 . n q , j = 4 J

where 1 < t < g and 0 < r < B for 1 < j < r ,

Definition 2: The h-tuple Q = < qK( 1 ). q , . • . k (2) * qk(h)
< r, will be called a solvable R-component. (SR - component)

h 7 h k ( j )n (q . 1) = n. 2 . n q
j = i k (j) H J o.where B Br J h k (j )n = n q / n qj -1 j j = i k (j)

and 1 <; 7 < 1 and 0 < r s B f or 1 < j < h ,K (j ) k (J )

(2 )

where 1 < h

of A iff

(3)

(4)

Obviously, every SR-component, of A is a R-component of A, too.
The validity of the following assertion follows from (2) and (3),

... < qLEMMA 1. Let q < q < ...k (4) k (2 )
sary condition Q = <q , qK ( 1 ) K ( 2 }

k(h)
q.k(h)

where 1 < h < r. The neces-

> to be a SR-component of A

is the following: at least one number t for some .1 € (1, 2, . , . , h>k (j)to be equal to 0.
:p , p , . , . , p >, where s > 1 is a na- 1 2  sDefinition 3: The s-tuple P l

tural number and 2 < p < p < , . . < p are prime numbers will be cal1 2  s
led a solvable imaginary component (SI-component) of A iff

A = n (p - 1 ) . (5)i = l i
Let. A have the form from (1) and let

t= H A ,  i = 1 iA (6 )
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where

g , ni i and B
i. J

g ni i
a = 2  . ni j = i

0 for every l

Bi. jq. . ,1, J
(1 < i < t) are natural numbers

(7 )

and 2 < q < q < ... < q are prime numbers.i,l 1,2 l, n
LEMMA 2: Tbe necessary and sufficient condition for tdat tbe number A 
does not. have a SI-component, is tbe following: in every factorization 
of A in tbe form (G), at least, one of the numbers A i l  for 1 < i < tlto be a composite number.

Tbe proof is obvious.
Below we shall discuss the question related to the solutions of

V ( x ) - A , (8)
where A is an arbitrary natural number. For A = 1 we have **> ( 1 ) - f(2)
- i, so x = 1 and x -- 2 satisfy (8). If A > 1 i s an odd number, then
EulerJ s formula for (see e.g. [1]) shows that. (8) does not have so-

glutions. If A = 2" (g > 0) , then (8) is satisfied at. least for x =
g + 1 m2 . I t  remains only the case when A f 2 for every natural number m,

but A is an even number. Then A is given by (1). The following theorem
solved this case completely.
THEOREM 1: Let A be given by (1), The equation (8) does not have solu­
tions iff the following three conditions are valid simultaneously:
(a ) A does not have a SR-component;1
(b ) if Q = <q , q ..... q > is a SR-component of A (see Def. i k (l) k<2) k(h)

2) and if p, n and K ( j ) are natural numbers for which: i

g - t, n
B -rr .1 j hn q / n q.1 = 1 .i ,i = i k (j)

b -rk (j ) k ( j ) o < k (j) bK ( j ) k ( j )

1

(1 < 1 < h) , then the number A = A (p, z , z , . . . , z ) -1 1 k (1) k (2) k(h)rr
M h k (j) x2 . n q .n does not have a SI-component;J --1 k (j )

) for every p which satisfies the inequality i < p < 1, the number
B

V r jA = A (p) - 2 . 11 q does not. have a SI-component.2 2 j - 1 j
b -rg - t +1 h k (j) k (j )Proof: Let. Q be a SIR-component of A. Let x = 2 . II q

j 1 k ( j )
From (3) and (4) it follows that. (8) is valid. Therefore condition

(a ) is a necessary one for the theorem,1
Let. Q be a R-component, of A and let. P - <p , p , . . . , p > be a SI-1 2  t.

p h k (.1 ) xcomponent, of A - 2 . n q . n from (b ). Then from (5) it followsi j = i k ( )) i



til at n (p 
j = i 3

P * ii K (J)1 ) - 2 , n , n q , from wherej = 1 K ( j )

g-y-v ia 2 . n (qj = 1 K { J )

B
1 ) . q K ( j ) K ( j ) K ( j ),11 (p - 1) = A, i - 1 iK { j )

because Q is a R-component of A,
Now it is easy to verify directly that the number x given by

x
B -r -z +1 g - 7 - p + i b K (.]) K ( j ) K i j ) s 2 , n q . II pj = 1 K ( j ) i -1 :

is a solution of (8), Therefore condition (b ) is a necessary one for1the above theorem, too.
Let P P

We set x

p - . 2 * r f p > be a SI- c omponent. of A , Thent 28
g-p s g r Jn (p - 1 ) = 2 , n q A,

3 -1 j 3 - 1 J
-p + 1 s, n p . and see that x is a solution

3- 1 3
condition (c. ) is also a necessary one for the theorem. Therefore the 1
three above conditions are simultaneously necessary, a a0 s jLet (8) have a solution x and let x have the form x = 2 . O p ,

3 - 1 3
where a0 1, , because y> (2x) = (x ) if x is an odd number.

Therefore
a - 1 a - 10 s j 2 . n p , (p

j - i J J 1 ) A, (9)

There are two poss for p and q , where 1 < i < s and 1 < 
i j

i < r. The fir st. case is: p f q 
i 3

for every i and for every j satisfy-

ing the above inequalities. From (9) it foilow s that a i - 1 for every

i (1 t 1 < s) . Then the equality A <P> =
sn (P - i ) = A is valid2 i= i i 2

for some p (1 < p < g). Hence P - <P - P , . .# f P > i s a SI - c. o mp o n e n t.1 2 t.
of A , The second case is: 2 P - q for every j (1 < j < h) and h <J K ( J )
s. There are two subcases: h - s and h < s.

Let h - s, From 1 < h < r we obtain
a -1 a -10 h K ( j )2 n q . (q - 1 ) - A . (10)j=1 K (3) k (. j)

From the obvious inequalities a i < B for 1 < i < h andk {3) k (j)

h 7 h fk{j)n qfrom (10) we obt a i n n (q i ) = 2 .n . ( c f. {4 ) ) , wherej -i k (j ) J --1 k {j)
y ~ g - a + 1, r = B a + 1 f for 1 < .3 < h. Thereforeo K (J) K { j ) k (j)
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<P , p > be a SR-component of A.s1 2
Let h < s be the greatest number for which p 

( 1 < .] < h) , Then
= q for every )

3 K (..1 )
a -1 0 b a. . . - 1k ( J >2 . 11 q . (qj - i k (j ) k ( j)

a -1
i) • n p 1 . ( pi - h + 1 i l 1) A, (11)

k (j)
1 for b + 1 < i < s. On the other band, A has the form (i)

where it is necessary to be valid that. 0 < a 

< b and ai
too. From (11) it follows that.:

2

1 < 8 for 1 < ik( j)

g-aQ+1

n ( p - i)i - h + 1 i

, B, ... -a, . .. +1 b k (j) k (j)• n qj = i k (j )
bII (q•3-1 k ( j ) 1 )

We rewrite (12) in the form:

2
g-«0+l

bn (q - 1 )j -1 k (j )

, B. . . -a. . . . +1 b k ( j ) k ( j ) n q.1 --1 k (j)

r j n q.J = 1 J
b Bk (j ) n qj - 1 K ( j )

£ Bk (J )n qj = h + 1 k ( j )

(1 2)

s
5 4 (pi= h +1 i 1

The denominator of the right-hand side of the above equality is a 
divisor of A and it does not have prime divisors different from 2 and
q , for 1 < j < r, because of (9). So the last equality means that Qj

! 1 a r qk{2)'''1 * f qk(h> > i s a R-component of A
L, *3

. Therefore
bII
J - 1 (q - i)k (j)

7 r- 2 . II q 
.3 = 1

(13)

where 1 < T < g - ao + 1. 0 f r .J A 8^ ( 1 < .3 < r) From (12) and (13)
direc 11y i t fo11ows

sni ~ b + 1 (P - 1 ) i = 2
7+1 *

. n . 1
8b Pk (j ) n qJ=1 k (J)

a. . .. k (j)-rk (J)+1 J (14)

where 8 .£ Jn . q . 
j -1 j

{ j

n i bn
j -1

Bk (j) 
qk( j)

"rk ( j )

Using that. 1 < g - a0 7 + 1 < g - 7 and o < 8k (j) ak ( j ) - rk ( j )
i 1 < 8 - r , we set pk ( j ) k ( j ) a - f i l l  0 6 - Qk ( j ) k (j )
- rk (j)
(14) by A

k( j)
+ 1 for every j (1 < .j < b) and note the right-hand side of

- A (p, z 1 1 k (1 ) k(h) ), Then from (14) we obtain that

<P , P b+1 h+2 , p > is a SI-component of A . s 1
Therefore, the simultaneous validity of conditions (a ), (b ) and1 1

(c ) is a sufficient condition for the fact that, the equation (8) do­

es not have a solution. With this the theorem is proved.



Theorem i gives an algorithm for checking of all even numbers .A (A 
n

i- 2 , for every natural number n) , which are not values of 'p-function,
It is the foilowing:
1. Check of condition (c ) with the help of Lemma 2.1
2. Construct the set 0 of all R-components of A .
3. Construct the set Q - Q , where Q is the set of all SR-components1 1of A .
4. Check of condition (b ) for the R-components of A belong to set Q -1Q .1

The number s will be called an order of a component (R- or SI-) P -
<p , p , . . . , p >. The following assertion is obvious.1 2  s
LEMMA 3: Every R-component of A from order r is a SR-component of A. 
There are only one R -component, of A from an order r.

The R-components which are not SR-components of A we shall call a 
unsolvable R-components (UR-components) of A.

The following assertion is related to the necessity for separating 
of Q and Q , Its validity follows from the above lemma.

4 5

LEMMA 4; A R-component Q - <q , q ....  q > of A is a UR-com-k (1) k (2) k(h)
ponent. of A iff the following conditions are valid simultaneously:
(a ) 1 < h < r ,
(b) There is ] f (1, 2....' 0 r > - (k {1), k(2),... , k (h ) } such that the

hprime q , from the fact o n  
J0

zat. i on of primes for b - n ,j -1 (qK(j) ■ 1)1
has a multiplicity different. to B

J0
Below _we shall show some applications of Theorem 1.
In (1) we replace g - 1. Then t - 1 and from the inequality 1 < h < 

r it follows that, h = 1. The SR-components can be only of the form Q - 
q (1 < ] < r). If Q - q is a SR-component, we obtain from (3):

’ ■« - ■ 
Let r > 2. When ]

2 . q
). i -1■ o o . n .

Jo 1 = 1
q

r
II q . 

1 1

o r , the equa11 t y (i 5 ) l s
When j = r, we put the restrictions q i --- + 10 r prqr
is a composite one. Then A does not have SR- and 
corollary of Theorem I it follows
THEOREM 2: When the number A is given by (1), g = 
the equation (8) does not have solutions iff the 
tions are valid simultaneously:
(V  qr  * 4 -

(15)

obviously impossible, 
and the number A + i

SI- c omponents . As a

1 and r > 2, then 
foil owing two condi-

qr
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(b_) The number A + i is a composite one.

Let. r - t. Then A = 2. q ̂ ' and A does not have a SR--component, iff
> 3. Obviously, A does not have a SI-component, iff A + 1 is a composi­
te number (see Lemma 2). As corollary of Theorem 1 it. follows also

8THEOREM 3: If number A = 2,q , where q > 3 is a prime number and 8 i 1 
is a natural number, then the equation (8) does not have solutions iff 
the following two conditions are valid simultaneously:
(a ) q > 3

(b ) Tlie number A + 1 is a composite one.3
COROLLARY 1: I f q > 2 i s a  prime number sucli tliat number 2.q + 1 is a 
composite one then tlie equation (6) does not have solutions for A = 2q. 
COROLLARY 2: Let a and b be natural numbers for which (a, b) - 1, (a,
2.b + 1) > 1. If q is a prime number which belongs to tlie sequence {b+
K, a / K € N }, then tlie equation (8) does not Lave solutions wlien A - 
2, q. Particularly, if q is a prime number from tlie sequence {6.K + 1 / 
K € 11}, t.lien tlie equation (8) does not have solutions for A - 2.q,

8COROLLARY 3: If A 2, m, where m - 6.K + 1 (K € 11) and m = q (8 > 1)
and q is odd prime number, tben (8) does not. have solutions.
COROLLARY 4: If A - 2, m, widere m = 6.K + 1 (K € N) and both, condit ions
r > 2 and 8 is an even number are simultaneously valid (see (1)) then r
the equation (8) does not. have solution.

8.r AProof: From m = 1 (mod 3) and q = 1  (mod 3) we obtain that. ——■r 8 + 1

0 (mod 3), hence the equality qr A
8. + 1 is impossible. Then the v a ­

lidity of the assertion follows from Theorem 2.
Up to here we researched the case g = 1. For the case g > 1 we must, 

give some definitions.
It is Known (see e.g. [2]) that, the prime numbers of the form F =

2 12 + 1  (t. € N) are called Fermat's prime numbers.
Let. 8 > 0, g > 1, q > 2 and q be a prime number.

Definition 4: We shall call that, the couple <g , d >, where 1 < i < t.i i
and t > 1 generates a Fermat's cha.in about the couple <g, 8> iif the
following two conditions are valid simultaneously:

1, 2.....  t;
g at. i

g ~

a') g > 1 , a > 0 for i i i

b' ) E g i -1 i
me ones.

t.
E ai-l i

i l8 and numbers 2 . q + 1 (1 < i < t.) are p n

We must, note that, the idea for this definition was generated from
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tbe case when 0 - 0, because in this case numbers 2 1 + 1 (1 £ i < t)
are Fermat's prime number s, Tbe number s g (1 < i < t)i can be ca 1 led
Fermat's c h a i n a b o u t g . ±

THEOREM 4: Let g > 1, 0. > 1 and q > 2 be a pr i me numbe r , Tbe equation

(8) does gnot have solutions for A - 2 0• q iff tbe fo1 lowing two con-
di 1.1 ons are valid simu11aneously:

(a ) q tIS
d2 + 1  for 1 < d < g.

(b ) Tbe 4
P 0numbers 2 , q + l (1 < p < g) are corriposite ones f

(c ) For every p (1 < p < g) there is not Fermat's chain < g . , d .> for4 i i
win ch a < B (1 i i < t) about the couple < p, R>. i

The proof follows from Theorem 1. aCOROLLARY 5: Let q be a prime number and q ^ 2  + 1 (1 < d < g). If
p Tnumbers 2 . q + 1 (1 <; v < B, 1 < p < g) are all composite, then (8)

g Rdoes not Lave solutions when A - 2 . q .
COROLLARY 6: Let g > 1 and q be a prime number, Tlie equation {&) does

g 2not have a solution for A - 2 , q iff numbers 2,q + 1, 2 . q + 1, , , , ,
g2' . q + 1 are composite and simultaneously with tins, q is not a Fer-

Mmates prime number of tlie form 2 + 1 for 1 < p <; g.
Proof: The validity of tbe assertion follows directly from Tlieorem 4
after tbe substitution 0 - 1, because tlie condition (c ) is satisfied,4

Tlie Dirichlet's tlieorem for tbe prime numbers' distribution in an 
arithmetic progression (see e.g, [3]) in combination witb Corollary 2 
gives tbe conclusion tbat there are infinitely many even numbers A for 
wbicb tbe equation (8) does not have a solution, when g - 1.

Tbe analogical assertion for tbe case witb an arbitrary number g > 1 
follows from tbe next

5 490 5THEOREM 6: If f(T) - ( n F ),T + ---. (II F ) + 1 is a prime number,i-0 i 641 i-0 i
gtben tbe equality 'p(x) = 2 , f (T ) does not have a solution.

Proof: Euler bas shown tbat F = 0(mod 641) (see e.g, [2]), Therefore,6
tbe sequence <f(T) / T € N>, which is an arithmetic progression, con­
tains only natural numbers. From Dirichlet's theorem (see e.g, [3]) in 
this sequence there are an infinite number of prime numbers. Let f(T)
be a fixed prime number, Tbe equality f(T) = F for a some n > 0 gene-n

2nrates tbe congruence 2 = 0(mod F ) which is impossible. Therefore
f(T) is not Fermat's prime number, PBelow we shall show tbat numbers B - 2 ,f(T) + 1 are composite for

P
1 < p < g.

Wlien p bas tbe forms p = 4. k + 1 or p - 4.R + 3 for some number K,
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the va 1 id.1 1.y of the assert 1 on fo 1 lows from congr 11 ences

B : 
M

4 . k + 12 , f (T) + 1 e 0 (mod F o>'

B
M

4 . k f 32 . f (T ) + 1 e Ofmod V '
which art? valid. When U - 4 . k + 2 w e obtain:

B M
4 . k 1 22 , f (T ) + 1 e Ofmod F h

1 . e . , B
M

is a composit e number, too. The fourth (the

4. k . Let k - m is an 0 dd number. 11 is eas 1 1y che eke
B M

4. m= 2 . f (T ) f 1 e Ofmod F a >*
1 . e . B .]t s a c ompo s 1 t e Let k ~ 2. m, where m is an O'

1 s c h e c K e d t. h a t
B 8, m
U .f(T) + 1 = O(mod F_}.

Let R - 4. m, where in is an odd number. Then
1 6. mB = 8  . f(T) + 1 e Ofmod F } .M ' 4

Finally, let k - 8,m. When m is an odd number, it is checked that
BM

12, m2 . f ( T)  + 1  e  0 (mod F /641 ),
and when m is an even number, then

B . m f(T) + 1 e 0 {mod 641),
i.e., B is also composite. For R there are no other possibilities andU
hence numbers B (1 .< u s  1) are always composite. Therefore, for theu

numbers A - 2 . f(T) are valid ail conditions from Corollary 6, i.e,,
t h e t h e o r e m 1 s p r o v e d ,

In the following Table we give the first ten primes from set (f(T) 
/ T € 11}, which Sto j an Mihov calculated by computer*.

T f (T )
19 4 3 592 7 696 0 5 519 8 0 540 0 6 61
232 4293745880320768362031
2 5 0 4 6 2 5 7 8 7 2 7 3 64 75 40 2 9 1 101
2 6 4 48 84 0416 9 06 7 947 4 01 3 71 1
3 34 617 5 3 13 7 7 58391426 2 6 7 61

T f ( T )
3 0 5 6 7 0 3 5 7 74 314 3 8 9 3 5 8 01
3 8 715 07 7 5 30021 1 15 387 2 1

112 2080136591475622168231
128 2375284496654974994071
186 344 519 5652930128987741
The paper is based on [4],
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