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ON THE SOLUTIONS OF t + t = t AND t - t = t

m n x m n y
Krassimir T. Atanassov

Math. Research Lab., P.O.Box 12, Sofia-1113, BULGARIA

Tbe problem of determining all non-trivial (i.e. m, n, x, y > 
1) solutions of tbe system

( 1 + t. t.
m n x

V t - t t.
m n y

where t - k. (K + 1>/2 is the k-th triangular number, is formala- 
k

ted in Waclaw SierpinskiJ s monography [11 on the triangular num­
bers. Following the method from [2] and the results from [3], we 
shall determine the set of all solutions of (1) and (2 ).

Initially, we note, that the set of solutions <x, m, n> of (1) 
is determined in [3]. It is

2 2
{< {b . (b + 1 } + r - r ) / 2 . r, (b. (b + 1 ) - r - r ) / 2 . r, tI >

( b £ N ) & (r £ D (b . (b + 1 ) ) & E - (r, b. (b + 1 ) / r ) & ( 2 <
r < b - 1 )>> t 2

where (see [ 3] ) : D(n) = (m : m / n and m < n }
From (1) and (2 ) we obtain:

t - t. = 2 . t (3)
x y n

The set of the solutions <x, y, n> of (3} i s constructed by
the same means as it is done in [33 and this set is the f o 1 1 o -
wing :

2 2
{ < (2. a. (a + 1 ) + q - q)/2.q, (2. a. (a + 1 ) - q - q) /2 . q, 3. y

(a € N ) S< (q € 0 (2.a.(a + 1)} & E- (q, 2 .a. ( a + 1 >/q) & ( 2 <
q < a. '/~2 ) } .

For obtaining o f the s o 1 u.1 1 on s < x, y, m, n> of the system (1)-
(2 ) we must replace:

a - b
and

2 2
(2 . a. ( a i 1 ) + q - q ) / 2 . q = (b. (b 1 1} + r - r ) / 2 . r,



2 ifi

i. e.

q. r

•from w h ere

( 2 . a . ( a + 1 ) + q ) . r i a . ( a + 1 ) . q - 0,

2
sir.

2 2 4
a . (a + 1 ) + q ) / 2. qf(a, q) - r - (2. a. (a + 4} + q - y  4, a .(a + 1) + q )/2.q (4)

The s e c o n d  root does not s a t isfy the c o n d i t i o n s  abour q and r, 

because

2
( 2 . a , ( a +• i ) + q +

> a + 1 .

2 2 4
4. a . ( a + 1 ) + q ) / 2 . q > 2 . a . ( a + 1 ) / q

Let p r e d i c a t e  P(a,r) note that r - f(a, q) f r o m  (4) is a n a t u ­

ral number.

From:
2 2 

{b . (b i 4 ) - r - r ) / 2 . r = (b . (b + 4 ) + r - r ) / 2 . r - r

2
= (2. a. (a + 4) + q - q ) / 2 . q  - f(a, q)

fo l l o w s  that all c o m p o n e n t s  of the s y s t e m  can be determined.

F r o m  (2) follows that m  > n, i.e.

2
(b . (b + 4 ) - r - r ) / 2 . r > b

or

H e n c e :

2
( 2 . a . ( a + 4 ) + q - q ) / 2 . q - f ( a , q ) > a .

f (a, q) < ( 2. a. (a + 4

T h e r e f o r e  all so l u t i o n s  <x, y, 

are e l e ments of the set

2
{ < (2 . a. {a 4 ) + q - q ) / 2 . q

(2 .a. (a + 4 ) +
2

q - q ) / 2 , q

(q € l. a , {a i 4 ) ) a E- (q

a. a P ( a, q) a E - ( f (;

a (f (a, q) < (2 . a. (a i 4 -

By condition, a > 2. 

Let a =

- q) + q - q ) /2 . q .

m, n> of the s y s t e m  (4) - (2)

2
(2. a. (a + 4) - q - q)/2. q,

- f(a, q ) , a> : (a € N) &

a . (a + 4 } / q ) & ( 2 < q <

, q ) , 2 , a . ( a + 4 ) / f { a , q ) )

2
q ) + q - q ) / 2 . q ) } .

L. e t. a

2, then q

3, then q

2, but P (a , q ) is not valid.

3, but P(a, q) is not valid.



2 9

L e t a r 4, then q - 4, but P(a, q) i s n o t v a lid.
Let a = 4, then q - Ff bu t P { a , q) is no il­ v alld,
Let a F, then q - 2, but P (a , q) ls not valid.
Let a - 5, then q - 7 bU t P ( a , q) i s. n o t vaild.
L. e t. a r..- U i then q = 5 and r• = 2. Then <8, t 6 5> is an ele-

me n t of the ab ove set (see [ 1 }) and t his is the minimal one m
this set about the value o f a ,

Another que stion is d iECUS Se d l n 11], to< o : t. o clet ermi ne the
solutions of the system (i)-(2), where m - n + 1.

From the above form of the set follows directly, that the ans­
wer is related to the solution of the equality:

(m - ) ( 2. a . (a + 1 ) + q - q ) / 2, q - f (a , q ) - a + 1 ( = n + 1 ) ,
i, e.

2 , a . ( a f 1 ) + q - q - 2 . q . f ( a , q )
and from (4) it follows that

q . ( a  + .1 )

.) d 2 4
4. a . (a i 1 ) + q .2 . a + 3 } . q - 4. a . (a i 1 ) + q . ( 5)

Let the predicate Q(a, q) be valid iff a and q are soluti­
ons of (5).

solution s < x, y,

( 1 + t. t.
\ nil n X
t t t

lv n 11 n yi s
2 . a . ( a + 1 ) i c3 q ) / 2 .q,
a > : (a f N ) 8c (q t □ ( 2 .a .
& ( 2 < q s a . >/V) a Q (a ,
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