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Different methods in number theory, related to the solution of 
Diophantine equations, determine as a result a list of all soluti­
ons of such a given equation, or information, that a considered 
equation has no solutions. Below we shall introduce a method which 
is based on some elements of the set theory. The solutions are gi­
ven as sets of natural numbers, which satisfy some conditions. 
These conditions must be described by some recursive and calculab­
le functions or predicates. One elementary example is the follo­
wing: the set of the solutions of the Diophantine equation
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and E+(a,b) is the predicate, which notes that a and b are with 
the same evenness and predicate E - (a, b) notes that a and b are 
w i t.h d if fere n t eve n n e s s .

The elements of this set are obtained through the following
procedure:
1, 1t 1 s fixed an arb 1 1rar y natural n umb e r f
2 . It i s replaced y - a;

11. 1 s t r an s f orme d (1 ) t o the system with a form:

(z - x) . (z -- x) = 2a (2)

4. I t is determine an arbitrar y natural number q such that q €
2 2

D (a ) and E+(q, a /q);
5. 11. a. s t r an s f o rme d ( 2 ) t o the f orm:f T — x = q1 Z 1 2X - a /q
6, It is determined the elements of the first member of the above

set., i , e . ,
2 2 2 2 < (a - q ) / 2. q , a, (a + q )/2.q>.

The elements of the second type members of this set are obtai­
ned through substitution of x with y in 2, 3 and 5 from the above
pr o c e dur e s .

Through similar procedure we can solve other Diophantine equa­
tions, also. It is important to mark, that the solutions of (1), 
obtained by other methods, can be represented by the solutions of 
(1) obtained through the above method.



Actually, it is well Known t.hat the solutions of (1) can be r e ­
presented in the form:

2 2 2 p
X - u - v , y - p u ,v , z - u f Vor

- 2 2 2 2 2X . u, v, y - u V PTf J-j - u + v ,
for s ome natura 11 numbers u and V for whi ch (u, v) - 1 and E - (u ,

2( see e. g . , [ l 3 ) Let u > v and 1 et a - 2 . u. V and q - 2,v . Then
2 2 2 2 4 2 2 2(a - q ) / 2. q : ( 4 .u . V - 4 - V ) ./ 4. V - 11 - v .

The othe r cases are checked ana 1 og i cally

v)

On tlie otlier band, tbe three-tuple <448, 840, 952> is a soluti­
on of (1) and it can be represented by tbe above method as fol-

3 3 2lows: a - 840 - 2 .3,5.7, q r. 504 = 2 .3 .7, but u and v, which 
can represent tbe components of tbe three-tuple do not exist, be-
cause these components have a common divisor 2 .7; there exist u 
and v for which (1) has a solution <8, 15, 17> and the first one
i s o b t a m e d  from the second one,

The author does not Know publications in which this method is 
used. Some of its elements can be seen in the author's papers [2- 
4] .

How we shall apply the method to some D i o p h a n t m e  equations and 
thus wre shall illustrate it.

In [5] a list of 21 open problems is given. The problem 10 is 
the following: "Is there a rectangular parallelepiped for which
all arcs and diagonals of the lateral faces are natural numbers, 
l . e . is t.he I)iophant m e  equa1.i on

2 2 p o px + y + 2, z ‘ = u~ + v (3)
resolvab1e in natural numbers7"

Below we shall comment especially the formulation of the prob­
lem following [6]. Initially, we shall determine (by the above m e ­
thod) the solutions of (3). Let a, b and c be three arbitrary 
(fixed) numbers for which the following relation is valid:

2 2 2 n - a + 2. b - c > 1
and if n is an even number, let 4 be a divisor of n.

Let
' x - a
z - b (4)
u - c .

Therefore (3) contains the form:

i . e .
2 2 2 2a i y + 2 . b - C +
(v - y ) . (v + y ) - n

Let q € O(n). Then
v - y
v + y

q
n/q



and lienee
fv = (n + q")/2.q
\  2 '5>
[ y - (n - q ) / 2. q

Directly it is seen, that (4) and (5) are the solutions of (1),
i .e . the S O 1 U 1 1 O 21 s o f ( 3 ) 3.1“- 0 t he e 1 erne2it s o f the set
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+ 2.

o1:7' 2- c ) ) & (q € 2(a 2 2+ 2. b — c )) 8r
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o
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c *" ) / q ) } .
Tlie set A is infinite, Decause a, D and c are three arbitrary num­
bers, For example, two elements of A are t.lie following: <1, 1, 2, 
1, 3>, <3, 3, 4, 5, 5>. Let us discuss the geometrical interpreta­
tion of the problem. The solutions <3, 3, 4, 5, 5> can be inter­
preted as lengths of the arcs of a rectangular parallelepiped 
ABCDEFGH (AB, CD, EF and GH are parallel; AE, BF, CG and DH - al­
so; AD, BC, EH and FG - also) for which the lengths of AB, BC, BF, 
AF and CF are respectively the above five values.

On the other hand, the values 1, 1, 2, 1, 3 cannot be the 
lengths of arcs of any rectangular parallelepiped. Therefore the 
text in [5] is not correct. The algebraic interpretation of the 
problem 10 from [5] is related to the system with the following 
two Diophantine equations:

2 2 2x + z = u
\ 2 2 2
[ y + z = v

Below we shall construct the set of all solutions of (6).

(6)

Let b be a fixed natura1 number. Lei:
rT
1-j b.

Then {8 ) c a n  be r e o r g a m z e d  t o :

(u - x ) . (u + x ) b

(v y ) . ( v  + y ) - b
2 rn

Let q, r € 0 (b) and let E+ (b, q) , E+(b,r), If b is a prime num­
ber, then q - r - 1. From (7) we obtain that:

bx q b u -
2 2 b + q

2 , q 2 . r 2 . q
i.e. the solutions are elements of the set

v -
2b + r 
2 . r

{ <b b
2 . q 2. r

r b--, b, - + q2

2 , q

2 2 b + r
2~r : (b € N) & (q, r € D(b)>

& El(b, q) & E+(b,r)>,
Obviously, these values of x, y, z, u and v satisfy (6).
We will go beyond the theme of the paper, mentioning that other 

(equivalent) solutions of the above problem are given in [7], The­
re the following problem is formulated, too, "Is there a rectangu­
lar parallelepiped for which all arcs and diagonals of the lateral
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and basis faces are natural numbers, i.e. , 
pi t an t i n e e qii a t .1 on s

is the systern of Dio-

so1vab16?" (see also 18].
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d i a g o n a 1 ar
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p p P
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oi— 2 2y + Z - V
p 2 2

y + z - t
s o 1 v ab 1 e ? "

The most general (non-solved) problem is the following: "Is
there a rectangular parallelepiped for which all arcs and diago­
nals of the lateral faces and basis and the body diagonal are na-

sys i eiri of D.
o T?L_ 2x1" + y - u.
2 p

x + - V
2 2 2

y + Zj = w
o p 2

rr - t *"

KX

an b0 S Lj 1 v e d
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following (see [9]): to determine the solutions of the D i o p h a n t m e  
equantlon

n 2 2 x i y (8)
wher

2 n,x s n , y s n , z 
and x, y, z, 1, m, n are natural numbers.

Let n and a be fixed natural numbers, where a has the foi- 
1owing properties:

O
1 . a in,
2. a is an odd number, when 4 is not divisor of n, but 2 is divi­

sor of n, or when 4 is divisor of n - a"~ for an odd number n; 
a is an even number, when 4 is divisor of n or when n is an odd 
number.

Let m = n a . Then (8) obtains the form:
2 2 y - z - m . (9 )



Let q € O(m) and E+ (m, q) . Let, it Joe m 
s - odd numbers) , Then (9) can ioe represented as

^ y - Z •- q

k + i k. s, then q _ 2 . r (r,

y + z m
q'

Irom wliere tide solutions n, 
set

y and z of (8) are elements of flat

{ <n, a, m + q m q i (a, n t N ) & (m - n — a ) S (a £ n ) Sr2 . q 2 . q
(E ~ ( a ) e ( (E + (n ) & E - (n/2 ) ) v (E - (n ) S D (4, n - a } ) ) S 
{E + ( a ) e (E - { n } v {L ( 4, n ) ) ) >,

wider e E+ (x) , E- (x ) and D(x, y) are predicates which note tliat x is 
an even number, x is an odd number and that. x is. a divisor of y, 
r e s p e c 1.1 v e 1 y .

A third example for tide application of the set-method is r e l a ­
ted to the Heronus triangular problem (see e.g. [10, 11}). In [12] 
it is given a particular solution which we shall adduce here. The 
problem is the following: "To determine all Heronus triangulars 
whose sides and surface are integer numbers, l. e. , to solve in .in­
teger numbers the Dioplaantme equation;

u . v . w . (u + v + w ) - s . ”
Let a and b be fixed natural numbers and let

r P

(1C>)

t2

Let. q € D(a + b ) . Then a set of solutions <u, v, w, s> (but it 
is possible, that this set. does not contain all solutions) of (10)

4
lias the f orm;

2 2
p

-f cib{ '■ a , b (— — 2, q
2 P

(q € 0 (a + b )i) } .
This set cannot be
the form o f 11 an

) , cl. b.
2 2 (a + b ) q > ; (a, b € M ) &•

4. q

1 e nght.s of the sides of the arbitrary Her onus triangul ars are gi­
ven in [18] (the audios knows only the paper’s abstract). Using 
our method, we can describe the set of these sides in the follo­
wing form;

2 p p p p
( ( a . c  . g ) i ( d . f . h ) ) . b-. e .  i / K , ( a ,  b .  c -  d . e  . f  ) . ( a . e * g +

b .
2

d . h ) • 1 / K ,
2

( ( e . f  . g ) + ( b .  c . Id)
2

) . a . d .  i / R > ; ( a , to c ,  d ,  e ,  f
p p 3 O

e . h , .1 € N) & ( a .  b . c " - cl, e . ± > 0 ) a ( k - GCD ( a . b .  c - d .  e .  { "

a ,
h.

e .  g + b .  d . h " ) 1 •
i.S u c h a  a d e  s e m b e d  a n d 1  1 1 u  s  t r  a t e  d  me t h o d c a n  b e  a p p l i  e  d  t  o cl i  f

r ; i ldt  o t h e r  D i  o p l i a n t  i  n e e  q u a 1 i o n s , t. o o



In  a n e x t  p a p e r  we s l i a l  1 a p p l y  t i n s  me t i l e d  f o r  c o n s t r u c t i n g '  t h e
s e t  o f  t l ie  s o l u t i o n s  o f  t l ie  s y s t e m  o f  Di opl iant  m e  e q u a t i o n s :
t + t : t and t - t  - t , 

m n x m n y
w here  t. - K. (k + 1 ) / 2  i s  t l ie  k - t i l  t r i a n g u l a r  number.
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