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ON ONE GENERALIZATION OF THE FIBONACCI SEQUENCE 

Part VI: SOME OTHER EXAMPLES
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Tlie paper is the next part of our series related to applicati­
on of matrix metliods in the research on tlie Fibonacci sequences 
(see [1-5]). Here we shall use without definitions the notations 
introduced there and we shall give, new examples.

Let the Fibobacci sequence be given m  the form:
X A A. X (n = 0, 1, 2, . . . ) , (1)n +1 n

where X is (M x 1)-matrix and A is a (M x M)-matrix.
THEOREM 1: If all eigenvalues p , p , . . . , p of A are different,1 2  M

then there exists a sequence with complex numbers u , 

u . . . . , each member of which is dependent on A (but

independent of X ) and complex (M x 1)-matrices Q ,0 0
Q ...... Q dependent on A and X with the following1 M- i 0
property;

M- 1
X E u Q (n = 0, 1, . . . ) . (2)
n + M K - 0 n + k K

If A is regular one (2) 1 s valid for negative integers n, too.

Proof: Let us put:
M n

u E C .P (n - 0, 1, . . . )
n r =1 r r

where C , C ..... C are arb 1 1rary comp1ex numbers and all they1 2 M
are ± 0.

Dir•ectly it can be checked that (2) is valid for 0 < n < M - 1
Let the characteristic equation det(A - p.E) - 0 have the form

M M -1 s
P = E P • P ,s - 0 s

where p , p , . , . , p are real (complex) numbers, if A is a real 0 1 M -1
(complex) matrix. Then for every natural number n:

n + M M ~ 1 n + s
P = E P • P J s-0 s j

from where
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M - 1
x -- E p • x 
n +M s-0 s m s

(cf. Theorem 2 [4]) ) ,
Let Q , Q , . . . , Q be determined sued that. (2) is valid for 0 1 M -1

X in - O, 1, .... M - i). Using the metbod of the induction,n+H
we sbal1 sbow that (2) is valid for all other n > M. 

From (2) we obtain:
M - 1 M - i M- 1

E U • Q = E Q . ( E P •u >k =0 n+i+k K k -- o k S “0 s n -M+ i+k +s
M- 1 M- 1

r yc~j p •( E Q , u )s - 0 S K-o k n -M+i+k+ s
M -  i

= E p *y ; Y ,

s - 0 s m i + s m  M + i
with which the assertion is proved for m i .
EXAMPLE i: Tbe Fibonacci sequence a = a + a can be repre-m  2 m l  n
sented in the form:

' a * ■1 o.n 1 1 0 1 n
a 1 A

X am i .

Her e  A - 0
i

1
1 and d e t (A - M.E) - 0 has the

M
2

M - i = o,
f r o m  where p (1 + ^ 5 ) / 2 , M2 = (i -

In the particular case iF - a , n n F0 = 0, F = 1 } : 1
n

F = (M ~ n 1
n /— 'p )/V 5 and F2 n- i

- i n - i
= ( < M - • i i 2

n r~—
P )/V 5,2

from where
n

u = ( (1 i i- '/~5 ) / 2 ) n = - ( (1
/—  - 1

- v 5)/2) .Fn i Fn - i
n

M = ( { i 2 - Vr 5)/2)n -- - ( ( 1 i / T )  / 2 ) 1 . Fn
v.

+ Fn- 1

Let the ani11 a1 conditions are X0 - . Then

b a'X . F ■f Fn , a + b , n . b . n - 1
Let the (1) be given as above, Let 1 and B J 2 be fixed complex

(M x i )-ma t rices and 1e t (n) be comple:: (M x i )-matrices for ik i



< k < s, which represent periodical functions of n. Let p , p ,1 2
. . . , p be tbe eigenvalues of A, and let F be the ordinary Fibo- M n
nacc i nurnbers,
THEOREM 2: For every natural number n:

X - F . B ' + F . B J + S $ (n ) ,
n n+m 1 n+m 2 K--1 K

1 2
{ 3)

M
1 2

(1 ± )/2 and all other eigenvalues of
i, 2

have the form; pK
real numbers and i

K k
1; and eventually, p

and onl y if

ues of A MK
are di f f erent

M - 0.M
Moreover, (3} can be represented in the form;

- F . B + F . B + E (C . c o s (« . n ) + D . s i n (a . n ) ) , (4)n n 1 n -1 2 k= 1 k k k k
where B , B , ĉ ( K D (1 < k < s ) are fixed (M x 1) -ma-1 2 k
trices.

We shal1 denote that in the assertion (3 ) and (4) must be va-
lid for arbitrary initial values of X . If X lias a fixed initial0 0
value, then t.lie necessary and sufficient condition (3) and (4) to
be valid for any initial value of X is that. p - (1 ± Vr~5)/2Q 1,2
to be among the eigenvalues of A.

The proof of the last. theorem it fol lows from Theorem
and Theorem 2 [ 1 ] .
EXAMPLE 2 (see [7]); The eigenvalues of A for the s cheme

( rd11oo a 1 = b, B = c, B 0 1 - d,

**1 a - m  2 an + 1 + 8n
el n + 2 Bn +1 + an

are p = 
1 , 2 (1 ± V5)/2, p - exp i ± i . ti/ 3 > , 3, 4

EXAMPLE 3 (see [6]); The eigenvalues of A for the scheme

/* ' a - a, 0 a 1 - b, 8 = c, B 0 1 -- d,

a - n + 2 Bn + 1 + 8n

1Bn + 2 an+l + an
are p - 1, 2

-Hir-1 / O/ f p - exp{±2.i 3, 4 . TT / 3 ) .

EXAMPLE 4: The eigenvalues of A for the scheme
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are p - 
1, 2

EXAMPLE 5:

are p
1 , 2

EXAMPLE 6:

are p
1, 2

a , a - 1 b,

1 a - a + Bn + 2 n + 1 n
3 = a i aw1 + ro n + 1 n

0

( 1 ± ) / 2 , 4 ±i.

TLe eigenvalues of A for 
/ a - a, a - b, B - c

a

-- a , a - b,0 1
= B + an + 2 n +1 n
- a + an + 2 n +1 n

O

(1 ± ) / 2 , p -1 , P

Th e eigenv a 1u e s of A
f a - a , a - b, aJ 0 1 2
1 a - 2 . a + av n + 3 n + 1 n

c ,

(i i V~5 >/2, P A ,

B = d, A

the scheme
3 - d,1

= 0 .

the sc lie me
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