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ON ONE GENERALIZATION OF THE FIBONACCI SEQUENCE
Part. V: SOME EXAMPLES
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The paper is the TfTifth part. of our series related to applica-
tion of matrix methods iIn the research on tlie Fibonacci sequences
{see [1-4]). Here we shall use without definitions the notations
introduced there and we shall give, as examples, the formulas of
the generalizations of the 2-Fibonacci sequences 1introduced in
[5-8}.

Let a, b, ¢, d, p, g, r and s be given real numbers.

Here we shall generalize the schemes from [5] to the following:
Scheme 1

- - — _d
aO a, a1 b, BO c_ 1=
a - p-a + 9. B
+2 +1 n 1
Bn r " + s,a n €N )
n+2 "Tn+l n
Scheme 2
ao - a, a1 b, B0 = cC, B1 = d,
a2 =P Bn+1 T gn (¢
B r.a + s.a nen )
n+2 Tn+l n
Scheme 3
- ’ bs B = 3 = d1
aO a a1 0 (o] B1
_ +
ah+2 P'Bn+1 a-a, (€))
- r.a + s. B nen
Bn+2 “n+l " n

The fourth scheme is a trivial one.
Sequentially, we shall apply the methods from [1-4} over the
three schemes.

Let Scheme 1 be given. We rewrite it iIn the form:

a ’a
n+ 1 n

a a
n+2 n+1
B = A B
n+1l n

B B
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1,e, X where for every natural number K 0:
n+1 n _
a
. - k
~0 1 0 O
0 0 ak+1
A b4 and X N
0O 0 0 1 k Bk
S o 0 r
B
. . B} k +1
Tlie characteris equal, ion 1s
P<P> 0, (4)
where

P(M) =del @ - pB) =p - (®+D.p +prp -gs
wliere E is the single matrix. For tlie solutions of (4) it follow:
from Tlieorem 2 [1] and. Theorem 1 [4] that, there exist the follo-
wing cases:
a) Tour different roots:
n n n n
X 1 V&P, *D.p, +F.p, ®
where B, C, D and F are (4x1)-matrices with complex elements.

h) two equal roots fp3 - p4):

X =B "y C n . O-n + P " 6
n - P P2 ) P3- ©
I t = =
equal roots (p2 Py p4)*
2
xn:B-pr1'+(t:.n +D.n +F)-P;, 6]
1 t -
equal roots - q =P DE
3 2
X - (B.n" +&n +D.n +F)_Pn, @)
e) two tuples of equal roots 031 P, " p3 \/
@.n +C).p i ©.n +F),p 9
n - -P4 - Py (©))

From (4) and Theorem 2 [4] it follows the validity of
THEOREM 1: For every X, and for every natural number n > 0

0
X + r).X - p,r-X + g.s.X ,
n+4 s ) n+3 P n+2 a n
In particular:
a ir). - p-r,a + g,s-a
r n+4 G ) «n+3 P n+2 a n
i .B . B + g,s.B .
Bn+4 ¢ 1 n13 P2 9 s 5,
All other schemes from [8] are solved similarly.
Let J =L = i. From Theorem 1 [Z] it follows that Hn.XO =0,

n n k
where H - P.A + Q + k£0 S.A 1iIs transformed to
N =
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- E-A +5 =0

H P +Q +S.
o Q

i,e., S -Q. A -BE) and P = Q. Al

EXAMPLES:

1, Let. Q = <0, 1, g, O0>. Then
S -Q.A -E) - <0, p-1, 0, g>
P - «QA-<, -, -q -¢

and from Hn.XO - 0 it follows that,

P Ta-Bm a0 yray v a0y K?O (¢-1).a 1%9-0, 4 = O-
and from (1) it follows that:
A2 T %0y ra el E-og -D-a g +aB -0,
1. e., only coeffitients p and g there exist Mere (r and s do not
exist).
2. Let Q - <, -1, O, 0>. Tlien
S= Q (A- B)- <-p, 1, -q, 0>
P- -Q.A- <0, 0, g, 0>
and from Hn.XO = 0 it follows tliat
n+l
a-0 4y *Pag -3, v & Lra ra a0y -0

Therefore, only coeffitients p and g ttiere exist also (r and s
do not exist.).
3. Let Q - <0, 0, r, -1>. Then
°© Q@A-B -<s,0, or. 1>
p = -Q.A " £st 0, 0, 0>

and
n
s.a +r.0 0, + _s.a -r.0 +0
n 0 1 kY’O ¢ k k k+l)
Here coeffitients p and q do not exist.
4. Let Q = <-s, 0, O, -1>. Then
0 . A -B) =<0, s, o( 1-r>
P=-QA-=«<xs,s, 0, r>
and
n
s.a + s.a +r.0 -s.a_ -0 —s.x _+ (1 0.
n n+1 n+ 0 1" =So ¢ k +1 ( k+ 1
and from (1) it follows tLat :
n
+ s.a .a -0+ vy, -s.a + (1-r).0 0,
n+2 n+1 0 i k-0 ( k+i G- k+I)

i.e., coeffitients p and q do not exist also.

Let Scheme 2 he given. We rewrite 1t iIn the form:

X - A X ,
n+1 n
where



The cha

P(p) e det

a
0 1 0 0~ :
0 O qg p n+1
0 0 0 i and X, 8
s r 0 0, 5
L n+l

racteristic equation () has a left hand

4 2
A-pB =p -p.rrp - @r +p.s).p -0a-s

The common member has one of the forms from (5)-(9).

THEOREM 2:

For every X and for every natural number n * 0O:

-p.-r.X

X + .r + s. X
n+4 n+2 @ P n

+ g. s. X .
+1 9 n

The proof is similar to the above one.

For a-

fan+4

18..

EXAMPLES:

1. Let Q =

and from Hn

Therefore,

and B-members we obtain:

p-r.a ., * A s.pla . tdsa

p- r. Brl+2 + @-r S. p).Bn+1 + Q- s. Bn

<0, -1, p, 0>. Then
P-0 A-B =<0,1i - +a) o>
P=-Q.A =<0, o o>

.XO =0 1t follows that

n
- +p.B, i £ - (P + .B -0,
4 T TPB T Ry @, G DB )
.B - .B . E - B =0,
9 n+1 a2+p 1+qk-0 03k k+l)
only coeffitients p and q there exist.

2. Let Q = O, -1, -q, 0O>. Then

S-Q.(A-E) =<0,1,0, - +q)>
P=-QA-<0, 0, g p + o

and
n
B+ + .B -a -9g.B + £ ~ + < i =0
-8, *p v @B 1 T 8By T Ey G T E T E)
and from (@) it follows that:
n

a + . B - a - gq. B + E (a - (P + g) .B ):0-

n+2 n o+1 1 o k r.O K+ 1 k +1
3. Let Q - <-s, 0o, 0o, -1> Then

and

n
s.a + {r + s).a - s.a_-B, + £ (—{"““S)-ak+ B .) ®O0.
n

n+l 0 1 k-0



4. Let Q <r 0, O, ~1>. Then
“=Q @A-B =<-( 4
p - Q.A =<, C o ox»
and N
+ r. - B, 4 £ - 4 0.
“ptreag - By 4ty CC K kel

and from (@) it follows that.:

n

B + S.a - s,a + -s. + - .

n+2 n+1 1= Bl k§0 s aK+1 a-r %<+1)
i.e., coeffitients p and g do not exisi-

Let Scheme 1 be given. We rewrite It

Xoa1 = A%
where
O 1 0 O0-
q 0 0 p
AT 00 0 1
.0 r s 0.
The characteristic equation (@) has a left hand

4 2
PM) =det(A -p.E) -p - (p.r +qg +s).p -as.
The common member has one of the forms from (5)-(9).
THEOREM 3: For every XO and for every natural number n > O

X .r + s + X
n+4 @ D n42

The proof 1is similar to the above one
For a- and B-members we obtain:

a - (p-r 4 < 4 q),a g- s-a
1144 114 2 n

» S. X
a n

B (P-r 4 k + g).B

- g-S.B .
n44 114 2 9 n

EXAMPLES:
Let Q = <-q. -i, 0, 0> Then
5 o@-B "9, 94,0, p>
P r=o an = <, 9. O. P>

n
;4 g.a 4 p, - .a_- 4 - . )
nt 9Bt PoBym 9t a2 g (-0 a P-B

n
. .a_-a_ 4 i - .a -
+q q k§0 Gi - a) i - PP

and



3.

and

4.

and

r.a
and

0

Let Q - ¥r, 0, 0, -1> Then
©_Q @ -B ~ <R o - I>
P=2QA-<0,0,s 0>

n
s-On + r.ao 01 + k§o (—r-ak - s.Ok + 0

Let Q - 0, 0, -sr I> Then
@-o. @& ~B - ¥, -r, 0, J-s>
P - Q.A - <, } s>

k+1

n
+ + _ - - - + -r. - . O,
041 Faon s On+1 SOO O1 kE <r.a .+t 1 S)o+i

from (@) it fol lows that:

i — 3% - D Cr. 1 - 9.0 0.
neo TS0 O -0 Tyl Cray, A -9.0.0
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