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THE TWIN PRIME PROBLEM, ACCORDING TO IIARDY-LITILEWOOD

by Aldo Peretti

Abstract:

The ideas suggested by Hardy and Littlevvood in their paper (1) concerning the subject of the
title, are explained at full length. A further contribution is made by the introduction of
Poisson’ integralformula in the solution ofthe problem.

1 In pages 41 and 42 of their celebrated paper on P. N. Il (ref. (1)), Hardy and Littlevvood
indicate, in a too condensed form, how could be proved the existence of infinite twin primes.

Furthermore, they conjecture a formula for (n) , the pairs of primes pi ,pi + k =p2, less
than x , expressed in their conjecture B, given below.

The purpose ofthis paper is to develop in full detail the central ideas of these two pages, as dense
as fruitful.

2. Obtention of a generating function for the twin primes.
Consider the function

[1] f(x) = Z logp. xp
p

where p denotes the prime numbers. It is well known that f (x) has a natural boundary on | x|
= 1. Next, we choose

2] X = R eif

where, ofcourse 0 <R < 1.
Afterwards, we form

2k

3] JR) = — { f(Rel) f(R e<iT) (R elf)k d'F
211 O

where k denotes a fixed natural number. We have then
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[4] JR) = — J {2 logpi Rpi ep',p} logp2 R2 e pdJ} Rkel dT
2k o

Inside the unit circle the series are uniformly convergent; their product is equally well uniformly
convergent, and so term by term integration is permissible, over a finite interval, even after the

L I
multiplication by e
We obtain thus:

271

[5] JR) = 2 2 logPi logp2 Rpitp2tk j eifi(prp2k) d 'F
2c Pi P2 O

Now, it is an obvious fact that

2n fO ifpi-p2+ k A0
[6] é[ eiPrp2k) d T -
{2« if pi - p2 + k = 0

7
[7] (lf eiT(r<VK d'F =

f 271 if pi and p2 are twin primes of difference k

| 0 in any other case

Hence [5] reduces to:

[8] J(R) = 2 2 logpi logp2 Rpitp2k

where now the double sum is no longer extended to all the primes, but only to the twin primes of
difference k.

Evidently, formula [8] can be regarded as the generating function for the logarithms of the twin
primes. (This does not exclude, of course, the fact that the double sum could be a finite series).

In order to draw some conclusion about the order of magnitude of J (R) as R approximates to
the unit circle, we need to find some alternative way for evaluating J (R) , and this is what we
perform in the following paragraph, through an alternative representation of f (x).
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3. The Farey dissection of f (x).

The formula
Vvn] g F(a)
[9] f(z) = E logp. zp = E 2 + A n"+ A+
p gl h=0 <P(g) z1 _ \
(h,g)=I 1 p )

is to be found in ref. (2).
Here fi (q) is the Moebius function; @ (q) is Euler’s function: quantity of naturals < q and
prime with q . p denotes a primitive root of unity: p = eZnillld ?with (h,q) = 1 and $ is the

upper bound ofthe real part of the zeros ofthe L-series involved in the problem.
My

The approximation isvalid asfaras z=R e ™, with R = e-n
I Kk 2k
[10] X=ey y = - Si Si <SS <32 —= <% , M2 <m
| 2Vn Vn
Now, J(R) is nothing but
2k
[11] JR) = — j f(z) f( z) zk~l dz
2k o
( z = conjugate of z), or, what is the same:
[12] J(R) —7- { f(z) f(z) zkl dz
20 ¢

where C can be any circle ofradius R < 1 surrounding the origin.

4. We form now:

. 1
13 f(z)f(z) = o e

E -
4 ® N "2 i) @
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+ ANNYE 2 2 P(@) + A2 n2$+HES +
9 h <@ (i-a j

+ AnrHag 2 2 P(@)

a h o [i--z
pi

The arcs along which we can perform the integration of [13] are those limited by the inequalities
[10], that represent only a small part ofthe whole circle C . But here Hardy and Littlewood make
explicitly the following hypothesis:

Hypothesis

When we perform the integration of [13] along C, we obtain an asymptotic value for J (R).
That is to say that they assume

K-l
[14]  J(R) Mg Mo :(??2)) Vﬁ’g z
p(g )
A" prd P2
A
+ nO+/48 { 2 2 H@ k1 g g
2ni cqg h (@ ~ji_zj 2d c
A fi(g) 25
+ _ ™8 J 2 2
2N c g h (O

fhe third term at right vanishes, because it is the integral along C of an analytic function inside C .

At the remaining teims of the right handside we can interchange the signs »] and 2 because we
are dealing with finite sums, so that

k-1
1 d
05l J(R) p(qo0 p(a2> > o z z

¢ <pE) @ <@ N R oc z
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k-1 A1
I dz y é‘z
+ e iz oz @ RS + f
2ni l g h (p@ Vc 1- 7 c 1- _z 1
p p
5. We must evaluate now:
K1 az Pi P2 &1 4y
[16] It,2 = -
2iti ¢ [ | y 2ni ¢ (ZPl) (z-p2)
Pi P2

Hie integrand is an analytic function of z, with poles at z=pi and z=1p2, ie. at z= p2= P2'I

These poles are exactly in the boundary R = 1, but as by hypothesis, R < 1, the integrand is
analytic inside C . Hence, by Cauchy’s integral theorem:

[17] N2 = 0 whatever be the radius R < 1

There is, however, a unique exception to the former statement, which occurs when pi = PZ'I =p.
Then we have:

k-1 dz
[18] 2 = 112 - _
2ti ¢ () _z 1(1-zp)

eZir ~ g ?\We obtain:

Putting z = Reia p

Rk 27 eika (§a

[19] | 12 =
2k ° 1- 2R cos (a - 27ih/q) 4 R2

This is nothing but a special case of Poisson’s classical integral formula (ref. (3)):

21
o~ ri2 )
u(@?2a) da

[20] Ui, @ = —
271 r22 - 2rjr2cos (a-p) + ri2

o —~

(where 0 < ri < r2), when r2 L, tg=R< 1 u(R a) = (R eiOIjkl
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We deduce thus

u (Ri 27cli/q) R* o
21] 27iihk/q
1- R2 1- R2
Summaryzing, we have:

[o if pi ~ p2 1 whatever be R

22
(22l .2 I . Rk . e2mhk/q jf pi = p2~i
{1- R2
6. We consider now
1 f zk'I dz
[23] Ip o +
2ci ¢ 0 f )

The integrand has only two simple polesat z=p and z = p, that lie outside the contour C
defined by R < i; hence; by Cauchy’s theorem.

[24] Ip = 0

7. With the results [22] and [24] at hand, we return to [15] deducing that:

q .
[25] J(R) p2(q) E eZ?uhk/q
®q M IR 2
(h.a)=I

Next, by definition, we have that

[26] £ e2™klqg = Cq(k
(h.a)=l

where Cqg(n) is Ramanujan’s function. Hence



39

H2
[27] 2 Y g

=l @ (@

is the singular series of Hardy-Littlewood truncated at q = [Vn] .

We denote it by Syn(k). Itis bounded as n -> o, so that we can write:

[28] Svn(k) - Sook) <1 +' ’
Vny

or, otherwise expressed:

[29] SVn(k) ~ Sco(k)

The multiplicative properties of the functions that appear in the singular series enables us to
transform it into a product, the result being (ref. (1) p. 42):

00 1 p - i
[30] ok = 2N 1- n

P=3 (P-1f) pdk p-2
(from Jiere follows the result [29] )
Hence, from [26] follows:

Soo(k) R*
[31] J(R)
1-R 2

But the series development [8] of J (R) can be written as:

[32] J(R) = 2 2 logpi logp2 R22

due to the fact that pi =P2- k.

Hence, ifwe put RZ=r , we can write [32] taking account of [31] as:

[33] J(r) = l2\ 2 logp] logp2 rBZ ~ _1_r____ Soo(k) ~
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The partial sum s (n) ofthe coefficients of J(r) upto p2=n is:

[34] s(n) = Z Z logpi logp2
twins < n

We apply now to the series development [33] of J (r) the tauberian theorem of ref. (3) p. 225,
that states that if

C

i) - g«

as X -> 1, and the coefficients aj in the power series expansion of f (x) are positive, then s (n)
=3[+a2+ ... +an~C.n.
(This is a very particular case of a much more general theorem of Hardy and Littlewood in ref.

(4)).
On account of [33] we obtain:

[35] Z Z logp! logp2 ~ nSoo(k)
twins < n

that isjustly hypothesis B ofP. N. IlI.

This implies, as Hardy and Littlewood point out, that Pk (n) , the quantity of twin primes (with
difference k) <n would be

Pk(«) Soo(K)
log2n

By the way, we can recall that

00 1 P-1
soo) 2 N 1
(P 1)2> Pk p-2

where the p are odd primes and
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8 The question that presents itselfin the preceding lines is if the hypothesis made in paragraph 4
above can be proved by some way.

My personal opinion is that following the model that appears in Landau’s “Vorlesungen”, V Teil,

Kap. 6 Zweiter und Dritter Schritt formulas (224) - (230), p. 220 the hypothesis concerning the

sums that appear in [13] could be ultimately proved.
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