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O N  SE Q U E N C E S OF C O M P O U N D  B R A ID S  
—  SO M E P R O P E R T IE S A N D  P R O B L E M S

A. G. Schaake, W.J. Rogers & J. C. Turner 
University of Waikato, Hamilton, New Zealand

Nature uses only the longest threads to 
weave her patterns, so each small piece of 
her fabric reveals the organisation of the 
entire tapestry. R ichard  Feynm an
(in Genius, p.13, J. Glieck, A bacus)

1. IN T R O D U C T IO N

This pap er introduces a type of closed b ra id  which is a com pound of two cylindrical 
braids bridged by a flat b raid  (we call these CFC -B raids). We shall tre a t only the 
special case where the two cylindrical braids are identical; these we call CFC*-Braids. 
Such a b ra id  can be described also (and equivalently) as a cylindrical b ra id  w ith a hole 
occurring centrally  w ithin it. W hen viewed in this way, we call them  CW H*-Braids.

F irst we shall give a general description of CW H*-Braids, using grid-diagram s (see 
[1],[2],[3],[5]) to define them . T hen we shall investigate four p a rticu la r classes of CWH*- 
B raid string-runs. Each class will be defined by specifying the  special kind of behaviour 
which its m em bers display around the hole in the braid.

Equations and  param eter-conditions which determ ine the dim ensions of b raids in these 
classes will be presented. The m ethod of deriving these equations and conditions will 
not be described fully; bu t brief indications will be given, sufficient for the reader to 
ex tract them  from the diagram s th a t accom pany them .

Then we shall show how the basic Fibonacci integer sequence m ay be used in various 
ways to  generate infinite sequences of solutions for m em bers in three of the  classes. We 
shall tab u la te  a satisfyingly com plete set of all such solutions which provide the four 
values for (H ,V ,X ,B), which m ark the dimensions of the Hole and the Cylinder, and 
which four values belong to some general Fibonacci recurrence. Again we shall not give 
proofs of the  entries in the solutions Table; though not difficult, it would take m any 
pages to  present them  in full detail.

2. C Y L IN D R IC A L  B R A ID S  W IT H  H O LES

F irst we m ust introduce some concepts and term s.



24

A cylindrical b raid  string-run  [1] is formed by passing one or m ore strings over the * 
surface of a cylinder, in two diagonal directions, between the left and  right circular 
boundaries of the cylinder. Each string in due course re tu rns to  its s ta rtin g  point. Such 
a closed string  p a th  will be called a string-polygon. If one string-polygon does not 
com plete the  string-run  of the cylindrical braid , then ano ther is s ta r ted  and  finished; 
and so on, un til the whole string-run  is completed. We shall use the  sym bol #  to  denote 
the num ber of string-polygons in a given string-run.

D escriptive term s are needed for two kinds of ‘p o in t’ which occur in a string-run , nam ely 
bight p o in ts and crossing points. W henever a m oving string  changes direction, it 
forms a bight point, ju s t at the tu rn ; when it crosses ano ther string , it forms a crossing  
point, where the two strings cross.

The following diagram s show bight points (labelled K,L on the left); and our conventions 
for ind icating  string crossings (on the right). Since we shall no t be discussing weaving 
p a tte rn s  in th is paper, we shall only use the unspecified type of crossing point.

Bight Points at K  and L Crossing Points

A cylindrical braid  w ith B  bight-points (on each circular boundary ) has a cylindrical 
length  which we ‘m easure’ by the num ber of P arts  P , or un it steps counted in a pass 
betw een the  circular boundaries (see [2]). The to ta l num ber of crossing points in the 
grid-d iagram  of a cylindrical b raid  (w ithout a hole) is easily shown to be B ( P  — 1).

G rid-d iagram s for a C W H *-Braid

If we take two identical cylindrical braids, and bridge them  by a flat b raid , we obtain  
a special C FC -B raid , nam ely a CFC*(or CW H *)-Braid. These are the  only kinds of 
C FC *-B raid to  be studied in this paper. The left-hand diagram  below shows an exam ple, 
in CFC* form. A string-polygon is shown upon it, in heavy lines.
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The diagram  on the right shows the equivalent CW H*-Braid.

Grid-Diagram for a CFC*-Braid Equivalent CWH*-Braid
(showing one string-polygon only) (parameters (H ,V ,X:B))

P aram eters o f  a C W H *-B R A ID

As the righ t-hand  diagram  shows, four param eters are needed to  specify a CW H*-Braid, 
nam ely (H,  V, Ar, B),  where 2A' is the num ber of parts  of the  whole cylindrical length, 
B is the  num ber of bights on each circular boundary; and  H and  V are the num bers of 
b ights on the  horizontal and vertical Hole boundaries respectively.

T hus for the  above exam ple, (iJ , V, A', B)  — (3, 2 ,8 , 5).

Note th a t a CW H *-Braid m ust have a cylindrical length of an even num ber (2X) of 
P a rts  to  enable the Hole to be centrally placed.

Som e P rob lem s for S tudy

The fundam ental problem , for all types of braid , is to determ ine w hether or not they 
can be braided  w ith one continuous string. In general, one wishes to  determ ine the 
n u m b e r(# )  of string-polygons th a t are needed to com plete the  string-run . This num ber 
is a fundam ental property  of the braid.

Then, for any given string-run  one can study the dispositions of the  string-polygon or 
string-polygons, as they are laid down on the cylinder-w ith-hole. For exam ple, one 
can study  the ir ‘shapes’; we shall see below th a t for the C W H *-Braid classes of this 
paper, each m em ber has a certain  num ber of string-polygons, and  th a t the  sets of these 
string-polygons p a rtitio n  into two or three equivalence classes.

As a h istorical note, string-polygons for flat braids, w ithout holes, have been studied 
as p a th s of b illiard balls on a table w ith reflecting boundaries (see [4]), and are known 
as Konig-Szucs polygons. Kronecker( 1823-1891) w rote on the ir global arithm etic  be
haviour, placing the work in the field of D iophantine A pproxim ations.
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A m ore general problem  is to allow the four param eters i / ,  V , A , B  to vary according to 
some fixed rules, m ain tain ing  constant relationships betw een th e  param eters . Any set 
of rules will serve to define a class of the Braids; w ithin th is class one can, for exam ple, 
look for single-string m em bers, and study their properties.

One can also, for exam ple, look at all the 2-string m em bers of a  class, and  determ ine 
how the  pairs of closed strings in teract. It is very instructive to  use com puter software to 
carry  out exploratory  studies. W hen viewing the braiding process on a com puter-screen, 
the  m oving strings can be observed as they fill the  grid-diagram , and  the  s tring  polygons 
can be draw n w ith  different colors; then  the in tersecting string-polygons form  in teresting  
colored w eave-patterns. G eom etrical p a tte rn s  can be discerned; and  arrangem ents of 
b ight form ations around  the  Hole can be observed, which are d istinctive to  p articu la r 
string-polygons. A ttem pts m ay be m ade to  classify these geom etric w eave-patterns, 
and the  associated  Hole b ight form ation arrangem ents, in m ath em atica l ways th a t are 
am enable to  analysis.

3. F O U R  SIM PL E  C L A SSE S OF C W H *-B R A ID S

We shall now define four classes of CW H*-Braids, and study  th e ir  m ath em atica l p roper
ties. They are particu la rly  simple ones, since the ir m em bers have string-polygons which 
have easily defined and understood bight p a tte rn s  around the  Hole. N evertheless, these 
braids have m any in teresting  algebraic and p a tte rn  properties; and  they serve as a good 
in troduction  to  the  theory  of CW H*-Braids.

D efin ition s

(i) Two string-polygons are equivalent if they can be traced  sim ultaneously  in such 
a way th a t edges m et along the way correspond in parallel pairs. (N .B. This is an 
equivalence re lation , which partitions the set of string-polygons of a given b ra id  into 
equivalence classes.)

(ii) Three types of string-polygon are:

Type-A: The string-polygon fills ju st one bight-point on each horizontal Hole bound
ary.

Type-B: The string-polygon fills ju st one bight-point on each vertical Hole boundary. 
(It can be proved th a t these two bight-points are horizontally  opposed across the 
Hole.)

Type-C: T he string-polygon fills ju st one bight-point on one vertical Hole boundary  
only.

T he four classes

It can be shown th a t the above types of string-polygons serve to  define ju s t four classes 
of CW H *-Braids. These are as follows.
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V=BtB - ( n 2 M ) X M u 1 - t 0 ) n2 =EVEN
V=m3B - ( n 3 M ) X~( u ,  - t 0 ) n3 = EVEN

2B = 2(n, M ) V M n 2 * n3 *2)H 

2X = 2mjV + ( ra2 ♦ m3 )H n, M = n2

( n 2 ♦ 1 ) m 3 ■ ( n 3 l ) m2 = 1 r a . = r a2

3

2

3

3

H=EVEN
V = E VE N OR ODD

Class I: contains only string-polygons of 
Type-A and Type-B , where for a Type-A  
string-polygon the following condition ap 
plies (see the diagram ): |u i — t 0| =  H / 2.

Class II contains only string-polygons of 
Type-A and Type-B , where for a Type-A  
string-polygon the following condition ap 
plies (see the diagram ): u\ = t q.

H = ( n ,  M  ) X - n , B  n ,  =ODD
V=ra2B - ( n 2 M  ) X  n 2 = EVEN

B=(  n ,  + 1 ) V * ( n 2 +1 ) H 
X = m, V ♦ m2H

( n ,  ♦ 1 ) m 2 -  ( n 2 ♦ l ) m,  = 1
ra j = ODDH= E V E N  OR ODD 

V= E V E N  OR ODD



2 8

H=(  n , ♦ l ) X -  ni jB n ,  = EVEN
V= ra2B - (  n 2 +1 ) X n 2 = EVEN

B = ( n, ♦ 1 ) V ♦ ( ne ♦ 1 ) H 

X = m,V * n2H

( n j ♦1)m2- ( n2*lJm,=
H=EVEN OR ODD 

V=EVEN OR ODD 1

1

AND m2 OF DIFFERENT 

PARITY

Class I I I  contains only string-polygons of 
Type-A and Type-C , where for a  Type-A 
string-polygon the  following condition ap
plies (see the diagram ): u i =  to-

IB

2B

H = (n , H  )X - rn,B n, =EVEN
V=m2B - ( n 2 M ) X  n2 = 0DD

B=( n, +1 ) V t ( n2 ♦ 1 ) H 
X = nijV ♦ tn2H

( n, ♦ I )ro2 - ( n2 ♦ l )mj = l
H=EVEN OR ODD _

n.=ODD
V=EVEN OR ODD

Class IV  contains only string-polygons of 
Type-A and Type-C , where for a Type-A 
string-polygon the following condition ap 
plies (see the diagram ): t\ = t q.
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O bservation

It is clear from the above class-definitions that the total number {#)  of string-polygons 
in a braid string-run is equal to H + V for a braid in Class I or Class II; and is equal 
to H +  2V for a braid in Class III or Class IV.

E quations relating  (if, V, X, B)

The equations presented above, under each of the class-diagrams, show that for each of 
the four types of Hole ‘geometries’ to occur, the pairs (H,V) and (X,B) (which determine 
respectively the Hole and the Cylinder dimensions) are linearly related.

In these equations the integer variables m and n indicate the following:

m counts the number of times that the string-run of a single string-polygon, running 
between consecutive boundaries, makes a complete revolution around the cylinder. 
We call this a winding number of that string-polygon. Note that a total string- 
polygon may have two winding numbers.

77, similarly, counts the number of times that the string-run of a single string-polygon, 
running between consecutive boundaries, oscillates between the left-hand and right- 
hand circular boundaries of the whole cylinder.

The i f  and V equations are derived by considering the string-runs of the string-polygons 
which run between the vertical and horizontal Hole boundaries respectively.

T he particu lar C ase to  be studied

We shall now treat a Case where the CWH*-Braids are such that their parameters 
( H, V, X, B)  are all members of either the general Fibonacci recurrence sequence F(H,V) 
or of F(V,H), wherein the initiating elements if  and V can be any pair of positive 
integers. The Fibonacci sequence requirements demand that the variables m and (77 +1) 
shall all be Fibonacci integers in the sequence 1,1,2,3,... Also, the B and A" equations 
tell us that the coefficients (771 + 1 ) and (772 + 1) must be adjacent Fibonacci integers; 
similarly, so must be the coefficients 7771 and mo.

It can be shown that only the CWH*-Braid Classes II, III and IV contain such braids, 
fulfilling all these conditions.

A common constraint in all these classes is the following:

777 2 7771
77 2 T 1 771 +  1

And since the elements of this determinant must be Fibonacci integers,
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we know th a t they m ust satisfy either of the following two identities:

FnFn + 2 — +  =  + 1  o r  FnFn.f 3  — F n + 1 F n +  2 =  + 1 .

Furtherm ore, in any particu la r class, all relevant conditions on these elem ents m ust be
satisfied. For a b raid  to  be in Class II, for exam ple, parity  considerations require th a t
the elem ents in the determ inant have parities thus: / , , , , \ / . ,

/ odd odd \ / even odd
l odd even I y °dd even

4. T A B U L A T E D  SO L U T IO N  SE T

The following table gives full details of all the possible solutions for the Case studied.



(H,V,X,B) (H,V.X,B)
at positions (2,1,4,3) a t positions (1,2,7,6)
in sequence F(V ,H ) in sequence F(H,V)

(??') 4+6?
2+6j

(H,V,X,B)
at positions (1,2,6,4) 
in sequence F(H,V)

CLASS IV

(0
( F5+61 Fe+6i \
\  -̂ 6+61 F ~ J

(H,V,X,B)
at positions (1,2,7,8) 
in sequence F(H ,V )

(H,V.X,B)
at positions (2,1,6,7) 
in sequence F(V,H)

(0

(H,V,X,B)
at positions (1,2,3,5) 
in sequence F(H,V)

(H,V,X,B)
at positions (2,1,8,7) 
in sequence F(V ,H )

-F7+62 F$+6z |
F~- ) -6j J

(H.V,X,B)
at positions (1,2.9,8) 
in sequence F(H,V)

(H,V,X.B) 
at positions (2,1,5,3) 
in sequence F(V,H

To give b u t one exam ple, let us take the first solution set in the table, nam ely th a t for 
Case II(i). Setting  i = 0 we find the equations (which satisfy all the conditions stated  
for the  Case II Hole geom etry) relating the dimensions of Cylinder and Hole thus:

gives Ii \
V J

T hen X  =  H  +  V  and B  =  H  +  2F ; and so the Hole and C ylinder dim ensions are 
the first four term s in the general Fibonacci recurrence F ( H , V )  = H , V, ( H  +  V), ( H +  
2V ), •••

5. SU M M A R Y

In th is p aper we have trea ted  a special case of C ylinder-W ith-H ole Braids.



The p a rticu la r Hole-geometry involved resulted  in a linear re la tionsh ip  betw een (H , V) 
and (A", B ). There are, of course, m any o ther relationships, linear and non-linear, which 
arise for CW H *-Braids when o ther Hole-geometries are considered.

W ith in  th e  classes resulting from the p articu la r chosen Hole-geom etry, we gave con
ditions and  equations, and tab u la ted  all solutions, for the cases w here H , V , X  and B  
m ust lie w ith in  a general Fibonacci recurrence.
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