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Abstract

This paper uses a novel approach to analyse the diophantine equation
dn=ex+ f2nin a number of ways for even and odd n, and with the
use of the equivalence classes of the modular ringZ6, the characteristics
of primitive Pythagorean triples and right-most digit patterns.

1. Introduction

We have previously used the modular ring Z6 to classify Pythagorean triples (Pts) in
a novel way [4]. This ring is used, together with a z-j grid that accommodates the
primitive Pythagorean triples (pPts) [5], to analyse in a different approach why
exponents higher than 2 are excluded from the integer triple solutions in Z6. Of
course the unrestricted case has been the focus of recent successful attention [6].
The quest to make the solution as accessible as the problem remains undiminished.

If c,b and a are components of a Pythagorean triple, with ¢ >b>a, and ¢ = dn,
b=enand a = / n, with na positive integer, then

d :ez77- iy /(f[j_)
Is not valid whenn > 1, which means that the components of a pPt cannot all be

equal to integers raised to the same power. For example, in the case wheren = 2, c,
band a cannot all be perfect squares for a given pPt.



The basic equations for the z-j grid are [5]:

(a) z Odd:
c=/ + (j+ 22 (1.2)
b=c—z (1.3)
a=¢c —?j'z (1.4
1

wherez =c—b= (21- N2,t=1,23,...,andj> (7)2,j = 1,2,3,
(b) z Even:

Z\ 2
c= +2 0 1.5
b=c— (1.6)
a=c-(2)- 1 (1.7)
wherez =2t ,t=123...,and j > (:1+0 j =1,2,3..
Section (a) 2 odd (b) 2 even
(2)n even (2a.1) grid-grid method (2b. 1) grid-grid method
(2a.2) FLT and the right- (2b.2) FLT and the right-
most digit method, with most digit method, with
(i) cand b prime to 5 (i) cand aprimeto 5
(i) cand a prime to 5 (i) c and b prime to 5

(2.3) Fermat’s triangle theorem method

(3 nodd z —j grid with Z6 classes: 2 — grid with Z6 classes:
0 21,6 (i) 2,6,1
(U 2,56 (i) 2,6,5
(i) 1,3,2 (iii) 4,2,3
(iv) 4,3,4 (iv) 4,4,3

Table 1.1: Plan of paper

For both (a) and (b) we shall consider two cases of equation (1.1), in sections 2 and
3, namely, (2) n even, with c=dn,b=enanda=f\ n=246,..., (3 n odd, with



c=dn:b=enand a=fn,n= 13,5,... The plan of the paper is set out in Table
1.1, in which FLT stands for Fermat’s Little Theorem.

2. Case 1: n even

As shown previously [4 squares of even integers only occur in equivalence classes 1
and 3 of Z6. Whereas squares of odd integers fall only in classes 4 and 6. Because of
this and the characteristics of Z6, ¢ (which is always odd) must fall in class 4. When
(c—b) or z is even, bis odd and falls in class 4 as well. The remaining component,
a, falls in class 3. Whenz is odd the classes for b and a are reversed, so that the
three components are confined to the classes 4 4 3 (even z) and 4 3 4 (odd z). This
applies for all even values of n.

2 (a) z Odd

When n is even the three components are confined to the classes 4 3 4. Apart from
this constraint, the characteristics of the z-j grid [5 and the required right-most
digits for even powered integers prevent equation (1.1) from having an integer
solution. For 4,3,4, (j,3) > 1but (z,3) = 1[45]

(2a.1) Grid-grid Method. With the components ¢ and b both squares and since
their difference equals z, which is a square, there will be two ‘intertwined' triples.

Let d2—e —z2and d —e = 2\. Then, for the (d,e, )triple, (section 1):

1\ 2

d—ii + \Ji + zi \ (2.1

e=d—2\ (2.2

=d- 2t (2.3)

Whilst for the (d2,e2,/2)triple, i.e. (c,6,a)
1\12

d2=h + (j2+ 22 (2.4)

e2 = a2 —_ (25)

|°= &~ 2f (2.6)

From equation (2.3) we get
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i

d — +z2+4jiz2 (2-7)

so that by, combining equations (2.4) and (2.7) we obtain
21 (h +z]) =j2(i2 + *2) (2.8)
If 'l > i2then 27, < j2)which is impossible, so that j2>j\ and j2 < 2j2. Hence

hé < (2-9)

From equation (2.8) we have

Ggi+ h "
9 =0'- 2 o F (2.10)
02- 2i7) (2~ 21

Because (a) the first term on the RHS of equation (2.10) is smaller then the second,
and (b) (j2- 2\) and (j\ —j2) are both negative, the first term is positive, whereas

the second term is negative. Thus z2 is negative.
% ,i )
Let 22= —z 2sothat z—z. Then
e2=2/ - 2jz* (2.11)
and
f=-2jz2'*+2 (2.12)

Ifj >z 2,then / will be negative and have imaginary roots. However, ifz 2> j, e
will be negative. Thus d, e and / cannot all simultaneously be integers.

It should be noted that if we simply square ¢ to get ¢ = (be) + (ac) , (which of
course will not be a primitive Pt), it might appear that c¢ does not have to be a
perfect square and only (be) and (ac) need be squares, say g2 and h2 respectively.
However, since h= (I\/} 2g and taking (c—a) = 2jl\ (from the (c,b,a) triple) and
(c2—ac) = 22 (for the (c, 6c, ac)triple) so that cZ1=j2, we see that we need to
have c, b and a perfect squares for an integer solution, as above.



Another situation to note is that if yj + z2) and j of a pPt (c,b,a) are equal to b

and a, respectively, of another pPt (c, 6,a), thenc7will be a square. Alternatively, if
c and b are taken for j +z2 and j, then the new pPt gives a as a square. These are
two grid-grid cases that lead to the same conclusion as above, namely, that all the
components cannot be squares. In the first case, using equation (1.2) to (1.4) we can

[
easily show that ¢ = 121+ 2j1zx + 21 where the subscript indicates that j andz2

are from the (c, 6, @) triple. Thus ¢ is a square. However,

b = kjxz{ + 7+ 2N
and

a =zl (8§\ - 4jzi + 43\

For example, if (c, 6,a)=(5,4,3) then z= 1, j = 1so that c7= 25, b7=24and a = 7.

A similar result is obtained for the second grid-grid case, where
a = 2izi +1zi
and
b —4jx(2jx+ Z + 3jxZ + 4j1z
and
c 12j14 + 414 + 16" + 4

So with the same (c, 6, a) as before, we get (c ,67,a7) = (41, 40, 9).
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(2a.2) Fermat’s “Little Theorem” and Right-Most Digit Method.
Since

(c—b)(c+ 6) = a2 (2.13)
and (c—6) or z is a square, (c+ 6)must also be a square. As well, with the
components all squares, i.e. d2,e2/ 2, the right-most digits (indicated by an *) of c,
(c —b)and (c + b) must be 1, 50r 9 and the right-most digits of b must be 0, 4or 6.
According to Fermat’s “little theorem” [1], for prime p, (n,p) = 1, and kNeZ.

Np~l= 1

Thus, if c and b are prime to 5,

c —dA= 1+ 5kd (2.15)

and
b2=e4= 1+ Sce (2.16)

However for an integer triple, a cannot also be prime to 5 [4].
Alternatively, ¢ and a could be prime to 5 and b not prime to 5.
Hence there are two cases to consider.

(i) cand bprime to 5.

As can be seen from Table 21 (c —b) and (c + b) cannot simultaneously be squares
as the right-most digits cannot be 3 or 7 for squares.

c* c*

6* 1 9 6* 1 9
4 7 5 (c-6)* 0 1 9 (c-6)*
5 3 (c+ 6)* 1 9 (c+Db*
6 5 3 (C- 6)* 4 75 et
7 5 (c+ 6)* 5 3 (c+b*
6 5 3 (c-6)*
7 5 (c+o)*

Table 2.1 Table 2.2
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(i) cand a prime to 5.

This gives (d2)* = c¢* = 1 or 9, whilst (e2)* = b*—0,4 or 6. As can be seen from
Table 2.2, when ¢*= 1 and 6= 0 orc* =9 and 6*= 0, squares are possible for
both (c —6) and (c + 6).

However, if (d2)* = ¢* = 9 then d* = 7 or3, and since (e2* = 6*=0, e = 0. This
gives (d —e)* —7 or 3, digits that are invalid as(d —e) is a square (section 2a.1).
Thus, (d2* = lonly, so that d* —1 or 9. Aswell, with (e2*=0, =1 It

follows thalt (/2* —1 Thus, since d2, /2 and z are all odd squares, and prime to 3,
d, / and z2 must follow

X =Ax+m X (2.17)

Where Ax = 19 or 31 when x is in class 4 or AXx=29 or 41 when x is in class 2
Since e* =

e= H+ 60 (2.18)
where tx and p are integers.

With B =0 or 30, and (d2—e2) =z,

Ad+ 302td + 60Adtd- B2—60202- 120Bp = A2+ 302t2 + 60Aztz (2.19)
When B = 30, division by 120 gives a residual of 15/2 so that no integer solution
occurs. When B = 0O, it is more useful to use the relationship (d2—f2) = 2j2 with d
and / from equation (2.17) and then it is clear that j must be even and fall in class 3
and j* = 0.

Hence
j = D +60s (2.20)
With s = 0,1, 2,3...and D = 30 or 60.

Using equation (1.3), i.e. 2= (2jz2+ 2j2j,

602p2 = 2D2+ 4 x 60Ds + 2 x 60252+ 2DA, + 60Df. + 120Azs + 120 x 30tzs (2.21)
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when D = 30, division of equation (2.21) by 120 gives a non-integer residual of
(2 x 302+ 60AJ/120. The same applies for D = 60whens is even (division by 240
gives a non-integer residual).

Equation (2.21) may be put in the form
2(1+ s)2 1+s)—p2=0 (2.22)

so that

T+« = (2.23)

As Az is prime, s cannot be an integer whatever parity.

Let e = Az/ 30 (values being 0.633, 0.966, 1.033 or 1.366). Flor an integer solution for
equation (2.23) it is necessary that (t2+ £2+ 2etz+8p2)2= E + 5, where E is an
integer, and that (E —tz)/£ =/, where | is an integer. Combining these restrictions
gives: | —(E —F +s—8)/2 with (F+8) =p2//, 0<8< 1 If p or 8 are zero, |
cannot be an integer. Otherwise, (e —8+ 1)/2 or (e —8)/2 would have to be integer.
But (e—8) <1 for A*=9. When A* =1, the fractions become 1+ (s'—38)/2 or

(e —8+ 1)/2 with e =0.033 or 0.366, so that the same result as above applies. If
e = 8 then E,F and tz have the same parity.

If 8=s, then (F+e) =p2(l+s)=e260j, since B=0  D=60Then
(e2/2j) = 30F + Az. But j* = e = 0 with ] <e, and with e=6r3, '3= 0 or 5, so
that (18r3/j) = 30F + Az. However, Az* = 9 only applies so that &/ s.

2(b): z Even
The analysis for this parity of 2 follows that given for the odd z.

(2b.1) Grid-grid Method. As for z odd, with the components all squares, two
triples arise involving two of the components, that is, (d2,e2,f2) and (d, (2j —1),/).
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Using equations (1.5) to (1.7), the components of the second triple are given by:

d
' I+ (2jwW) (2.24)
@Qj2- ) =d-zi (2.25)
}=d- (2)1- 1)2 (2.26)

From equation (2.25)
d —zf §-2z1(2j2—1) + (2j2—I)2 (2.27)

which, combined with equation (1.5) for d and with z2 = z, gives

—zi(zi + 2(2j2—1)) (2.28)
which show that

M\ 2 (z2v (2.29)

Equation (2.28) may be expressed

_ _ / f2 .
22-d=U -1f)’)Y i+ (Vv U V2
r/, [ \i

(2.30)

(?)/

The first term is negative and larger then the second (which is positive) so that
(2 j2—1) is negative.

As in the case of the odd z result, equation (2.27) is not of the right form.
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Let (2j —1) = —q, then

and
/ (2.32)

[ [ [
If (z/2)2> g, then e2 is negative. But if q> (z/2)2 then 2q(z/2)2>z so /2 is
negative and no integer solutions are possible for d, e and / simultaneously.

(2b.2) Fermat’s “little theorem” and right-most digit method.
From equations (1.5) and (1.7)

c-a)=(@- 12 (2.33)

and
c+a) = + (2:34)

As for z odd, there are two cases to consider.

(i) :cand a prime to 5.
Since ¢ (odd) and a (even) are both squares, ¢c* = lor 9 and a* = 4 or 6.

As can be seen from Table 2.3, (c —a) and (c + a) cannot simultaneously be squares
as required so that the components cannot all be squares in this case.

(ii) : cand bprime to 5.

This means that a* = 0, 4or 6. Table 2.4 indicates that (c —a) and (c + a) can both
be squares if c*= 1or 9and a* = 0. As (2 —1) is odd the right-most digits will be
1,50r 9 and with a* or (/2* =0, /* = 0, then d* = 1 or 9 only, so that (d2)* —1
only, and z*= Q.
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A similar result as for odd z follows.

c* c*
a* 19 a* 1 9
4 7 5 (c—a)* 0 1 9 (c—a)*

5 3 (c+a)* 1 9 (c+a)*
6 5 3 (c- a* 4 7 5 (c—a)*
7 5 (c+a)* 5 3 (c+a)*
6 5 3 (c—a)*
7 5 (c+a)*

Table 2.3 Table 2.4

(2.3) Fermat’s Theorem Method. Another simple analysis of the 4th power
triples is based on a theorem of Fermat [2]. This states: the area of a right-angled
triangle with integers for sides can never be the square of an integer, i.e.

-;ab +M? (2.35)

where M is an integer. With b= 2mn, a = m’> —n” and taking m —u® and n = v*,
the area becomes

mnfm2—n? (2.36)

If uA—vA= w2, then the area —(uvw)2. But this is impossible so that uA—vAs not
equal to a square [2]. Consequently, with c=d* b=¢e* and a="f?* and since
dA—e4 7" a2, then dA—e4/ /4.

Since, when n is even, equation (1.1) can be put in the form of a four power triple,
such triples cannot have integer solutions.

3. Case 2: n Odd

Since integers and their odd power exist in the same equivalence class, four classes
will be involved in this case, for each parity of z (Table 1.1).
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3(a): z Odd

(i) Class set 2 16

To illustrate the method n = 3 is used. Extension to the higher prime exponents is
then easily made.

For the class set 2 1 6 the triple components ¢, b and a will be cubes; c = d3, b—e
and a =f . The class equations for d, e and / will be [4]

d=6r2-1 (3.2)
e= 6rx—2 (3.2
/| = 6r6+ 3 (3.3)

where r is the row for the subscripted class. Hence

d3 —6(3672 —1872 + 3¢9) —1 (3-4)
e3 = 6(36r3—36r, + 12r1—+) —2
/3=6(36r3+ 54r3+ 27r6+4)+3 (3.6)

For numbers raised to a power, we use a tilde to distinguish the r values. Hence,
from equations (3.4) to (3.6)

d3=6f2—1 (3.7)
e3=67,-2 (3.8
f =6re+3 (3.9)
so that
r2= 362—18e2+ 3r2 (3.10)
t = 36rJ—36rJ+ 1279—1 (3-11)
ré = 36rg+ 54rg+ 27r6+ 4 (3.12)

Combining equations (1.2) to (1.4) and equations (3.7) to (3.9) gives

r2=h + e (3.13)
2?i = 37g + 3r6+ R (3.14)
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r2=rl (3.15)

Equating equations (3.10) and (3.11) and dividing by 3 gives a residual of m (i) so
that an integer solution is not possible for this z.

In general
t2—r1= 3(12" —rj) —6(r™ —2rd) + (r2—4rq)) + 1
_(@-7
6 (3.16)
Thus when -------- is a non-integer there will be no integer solution. Substituting
values of z into this function shows that for both r2 and r1to be integers,
22—Z T 18kz (3.1T)

where Z = 5 (class 2) or 13 (class 4).

Substitution of equation (3.17) into equation (3.14) and using equations (3.11) and
(3.12) does not readily show non-integer characteristics.

If the modular ring Z6 is combined with the z-j equations in an alternative way, we
get

272d3=f +122 (3.18)
z=6r4+ 1 (3.19)

and the classes for z given in Table 3.1. As can be seen, equation (3.17) is derived
by this method as well (Table 3.1, Z values) The same type of analysis for j gives

4,7 =e® - 4" (3.20)
j2= 6fg+ 1 (3.21)
i = J+ 18Kj (3.22)
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where J values and classes for j are given in Table 3.1. For the components of the
triple all to be cubes with integer roots, then the kj and kz values must be the same
and d, e and / must be integer.

However, it is found that for common kj and kz values only one of the components
has an integer cube root. Some cases are illustrated in Figures 1,4 where
kj —kz values are plotted as decreasing values. The disparate curves are separated,
crossing at non-integer N. For the sample shown (components up to 1010 used) the
three curves never intersect simultaneously.

NO j 2 Z(é z 2

1 4 4 4 4 13 7

2 2 4 2 4 5 11

3 I T 4 4 13 16

4 51 2 4 5 20
Table 3.1:

Classes for j and z functions of set 2 16 and parameters for
equations (3.17) and (3.22).

The numbers to form six power triples must exclude all numbers involved in a Pt,
unless all are cubes. As well, if a number contains factors PiP2Ps— it is only
necessary that one of the components of a Pt is one of these factors, say pl. Then
the Pt can be multiplied throughout by (p2p"...) so that a Pt is formed containing
that number. This gives a very large range of excluded numbers.

The above results indicate that only one component can be a cube. This is of
interest since if we take a component of a Pt and raise it to the sixth power it can
never equal the sum of two numbers, each raised to the sixth power if one of the
components is not a cube. For example, if d, e and / are components of a Pt and /
Is raised to the sixth power, then

= d2f- e2 4 (3.23)

so that, ifd2/4 - g and e2/ 4= d6,
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d’2 g6
3.24
e2 hé (3249
i
so that h = 3g with d < 1 If either e or d is not a cube h will be irrational. Of

course, the class set for equation (3.23) will be 6 6 3 which is not a pPt. Here there
Is no obvious indication that only one component can be a cube, namely /.

(if) Class set 256
The class equations for d and / of this set will be equations (3.1) and (3.3)
respectively. The equation for e, in class 5, is:

e=6r5+ 2 (3.25)

so that, using the same method as for set 2 1 6, we get, for the rows of the cubes:

r2= 3r2 —18r2 + 32 (3.26)
r5= 36¢€?+ 367+ 12r5+ 1 (3.27)
ré= 36rg + 54*g + 27r6 + 4 (3.28)

As for the set 2 1 6, we can derive

r = r5+ &9 (3.29)
zr5 Svg Stg R (3.30)

with R = (—z2—4z + 9)/12; f5> f6.
An integer solution of equation (3.29) requires that z is never prime to 3, so that
z*=3 + 6kz (3.31)

Alternatively, the ring properties of d —e —z indicate that z falls in class 6, so
that

2= 6r6+3 (3.32)

Since 24 also falls in class 6, f'6 = "*g2+ 6rg + ¥) and must therefore be odd. This
means rg falls in classes 2, 4 or 6. Substituting d, / and z from the above equations,



into equation (3.18) and dividing by 36 gives a residual of (62 + rl)/3. Class 4 gives
the only integer solution with r'6 = ér4+ 1, so that

2= 36r4+ 9 (3.33)
which for integer solutions gives equation (3.31) as before, withr4= [k2+ kz).

Since (d3—/ 3) = 2j2and d and / are in the same classes as the the previous set 2 1
6, odd j2is in class 4 and even j is in class 1

With j2= (6f4+ I) substituted into equation (3.20) and dividing by 36 we get a
residual of —48(f4+ 1)/36 which indicates r4must fall in class 5. Hence the same
two functions apply for odd j as shown in Table 3.1. For evenj, j =6f\ —2, and
following the same procedure as for odd j, we get a residual of (8f4+ 22)/3 which
gives an integer result only when r[ is in class 4. Again, the same functions of j
apply as shown in Table 3.1.

As for class set 2 1 6, no common kj:kz are found for integer e, d or /. Hence the
components cannot simultaneously all be cubes

(iii) Class set 4 3 2

For this set
d=s6r4+ 1 (3.34)
e= 6r3 (3.35
| =6r2- 1 (3.36)
Sincec —a = o, then
- 10 =e® (3.37)

Combining equations (3.34) to (3.37) and dividing throughout by 36, gives

64(r4 4) + 64(®+ ®) + 15 x 36(r4—4) + 20 X 6(H4+ ")
+ 15(74“ r2) + (r4+ r2) = 64»3 (3.38)

which, by factorising in the manner of Kummer [3] yields:

6 (rﬁ- rdr2+342- @2+ rard- r2l
+ BA(r4—r 2+ rar2—r 43+ r4) + 15X 36(r| 42+ rar?
+20x 6(M- rar2+m) + 15(rr4- r)= (A h) 1 (3.39)
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If (647g/(7*2+ rd)) is an integer then dividing equation (3.39) by 3 shows a non-
integer relationship. However, if [64rg/(r2+ r4)] is non-integer, then since

> (r2+ r4)] we can let the non-integer be (6T + e) where e is the decimal
residual; e < land A an integer.

Then dividing by 3 gives a non-integer equation since (1 —e)/3 will be less than 1

The same applies in the general case with n even and m odd since the factorisation
of (' —r2) and (r™+ r™) gives the same form of equations.

(iv) Class set 4 3 4

For this set
d=6rd+ 1 (3.40)
e=6r3 (3.41)
/| = rA+ 1 (3.42)

Substituting these equations into equation (3.37) and dividing by 36, gives:

64(® - ™ 6) + 64[r\ - + 15 x 36[r\ -
+ 20X 6°P- 'y + 15~ - r'M + (r4- r[) =64 (3.43)
Here we can use

In_ (r4 L T L (3.44)

which applies to all n.

Similar to equation (3.39) we have on the RHS

{ 6v3 \ (3.45)
U 4-01J _1
and the same arguments lead to the conclusion that a non-integer solution occurs for
equation (3.43).

3(b): z even
The same type of analysis as used for z odd can be made.



(1) Class set 26 1
The same class equations as used for the set 2 1 6 apply (equations (3.1) to (3.3))
only the equations for e and / are interchanged.

Since z = 2t , the gz, f functions (1.5) to (1.7) may be expressed, for convenience,
with t replacing {z/2)2. Then, using the same techniques as for z odd, we find

4V =f - etd (3.46)
and
22j- N23=¢e6- (2j- N4 (3.47)

Using the rules of the modular ring and equations (3.46) and (3.47) we obtain Table
3.2 and the equations

t=2"+ 18kz (3.48)

(2j- ) =J "+ 18Kj (3.49)

As can be seen, by comparing the two sets of equations (1.2) to (1.4) and (1.5) to
(1.7), (z/2)2 or t replaces j and (2] —I)2 replaces z in the latter, with e3 and /3

interchanged. This explains the values of the coefficients Z' and j' in Table 3.2.

Consequently, the same result is obtained in regard to integer values of d, e and / as
for the odd z case.

No 2j~1) @ ~Nh2 t t2 z° f

1 2 4 4 4 7 5
2 2 4 2 4 11 5
3 4 4 I I 16 13
4 4 4 5 1 20 13

Table 3.2: Classes for the t (or z/22) and (2j —1) functions and
parameters for equations (3.48) and (3.49).



(i1) Class set 2 6 5
The arguments outlined for the class set 2 6 1 can be applied here, together with the
results for the set 2 5 6 above.

(iii) Class set 4 2 3

Here
d—6rd+ 1 (3.50)
e=6r2—1 (3.51)
/| =6r3 (3.52)
Thus, by taking
/| - e6=f (3.53)

The same arguments as for the set 4 3 2 apply and equation (3.53) is non-integer.

(iv) Class set 4 4 3

Here
d—6rd+ 1 (3.54)
e —brq + 1 (3.55)
[ = 6r3 (3.56)

Again, the same arguments apply as for z odd and the set 4 3 4.
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